Definition of Fundamental Group

A path α in a space X is a continuous map α : [0, 1] → X.

Ça‹Ÿ+ 1 Given two paths α and β in X with the same end points, ie, α(0) = β(0) and α(1) = β(1) .

α is path homotopic to β, denoted by α ∼ β, if α^F≃ β rel ∂I = {0,1} , i.e., ∃ F : I × I → X such that

1. F(t,0) = α(t), ∀t ∈ I. 2. F(t,1) = β(t), ∀t ∈ I.

3. F(0,s) = α(0), F(1,s) = α(1), ∀s ∈ I.

In general for f and g :X → Y with f(a) = g(a) for a ∈ A ⊂ X, f is homotopic to g (denoted by f ≃ g) relative to A ⊂ X, if ∃ a map F : X × I → Y such that

1. F(x,0) = f(x), ∀x ∈ X. 2. F(x,1) = g(x), ∀x ∈ X. 3. F(a,s) = f(a) = g(a), ∀a ∈ A.

Note. ∼ is an equivalence relation.

(reflexive) α ∼ α

(symmetric) α ∼ β ⇒ β ∼ α :

α ∼ β\ę̌ ÅÒŊ›H homotopy F\Ą @/K G(t,s)=F(t,1-s)ŰÐ ÅÒĂ—¨ sffŊ›H β ∼ α \ę̌ ëSSŰ 7áď‚«Ŋ›H homotopy`« İ)a^«.

(transitive) α ∼ β, β ∼ γ ⇒ α ∼ γ :

F: homotopy between α and β, G: homotopy between β and γ ~« ‚«˘«. sff M:, H\ę̌ H(t, s) = { F (t, 2s) if 0 ≤ s ≤^1_2 G(t, 2s − 1) if^1_2 ≤ s ≤ 1

ŰÐ £žĂ—¨ H Ŋ›H α ü< γ ˚«sff_‹ homotopy`« İ)a^«.

α F β

β G γ

α F G γ

Ça‹Ÿ+ 2 (i) £ž >h_‹ path α, β with α(1) = β(0)\Ą @/K"f product path α ∗ βŊ›H ^«6čğõ̆ řúăsff &ñ̇_‹İ)a^«. α ∗ β(t) = { α(2t) if 0 ≤ t ≤^1_2 β(2t − 1) if^1_2 ≤ t ≤ 1 (ii) Ω(X, x_0) := {α : I → X | α(0) = α(1) = x_0} : loop space of X based at x_0 Introduce a group structure on Ω/ ∼: (a) group operationŞÉr [α] · [β] := [α ∗ β]

sff Y–Lsff Ω/ ∼ \Ą"f ÿúŸ &ñ̇_‹`« İ)a^«Ŋ›H ffiŕ̄‘ę̌ ŸÐsff˘«. 7čď α ∼ α^′, β ∼ β^′ ⇒ α ∗ β ∼ α ∗ β^′eŤ̌‘ę̌ ŸÐsffĂ—¨ Ø̋æìfir‚«^«. F\ę̌ α, α^′_‹ homotopy, G\ę̌ β, β^′ _‹ homotopyŰÐ £žĂ—¨ H(t, s) = { F (2t, s) if 0 ≤ t ≤^1_2 G(2t − 1, s) if^1_2 ≤ t ≤ 1 `« α ∗ β, α^′ ∗ β^′ ˚«sff_‹ homotopy \ę̌ ïfir^«.

ÕłfflQÙĳŰÐ [α] · [β] = [α ∗ β]Ŋ›H Ω/ ∼\Ą"f ÿúŸ &ñ̇_‹œ&%3„^«.

α F α^′

β G β^′

α F α^′

β G β^′

(b) Associativity ([α] · [β] · [γ] = [α] · ([β] · [γ]) :

(α ∗ β) ∗ γ ü< α ∗ (β ∗ γ) Ŋ›H ˚«ẑť-ľĲ řúăŞÉr path _‹ reparametrizationsffÙĳŰÐ ^« 6čğ NoteëSSŰ ŸÐsffĂ—¨ İ)a^«.

Note. In general, if β(t) = α(ϕ(t)) where ϕ : I → I with ϕ(0) = 0 and ϕ(1) = 1, is a reparametrization, then α ∼ β.

(7čx"î̇) F(t,s) : = α(sϕ(t) + (1 − s)t) Ŋ›H Čȷ̈5ÅqsffŞę F (t, 0) = α(t), F (t, 1) = α(ϕ(t)) = β(t) ˚«sff\Ą "éű‚«Ŋ›H homotopy\ę̌ ïfir^«.

(c) Existence of an identity e:

Let I → {x_0} ⊂ X (a constant loop). ÕłfflQĂ—¨α ∗ e Ŋ›H α_‹ reparametrizationsff ÙĳŰÐ 0A_‹ Note\Ą ›«~« α ∗ e ∼ α ∼ e ∗ α.

(d)Existence of an inverse:

Given α ∈ Ω, define α(t) := α(1 − t). Then we show that α ∗ α ∼ e ∼ α ∗ α. sffffiŕ̄‘ę̌ ŸÐsfflff 0AK F : I × I → X \ę̌ ^«6čğõ̆ řúăsff &ñ̇_‹‚«˘«.

F (t, u) = α(2t) if 0 ≤ u ≤ 1 − 2t α(2t − 1) if u ≤ 2t − 1 α(1 − u) = α(u) if u ≥ |1 − 2t| ÕłfflQĂ—¨ FŊ›H Čȷ̈5ÅqsffŞę α ∗ αü< e ˚«sff\Ą homotopy\ę̌ ïfir^«. řúăŞÉr ~¡ÓZŎÜĳŰÐ α ∗ α ∼ e Ţÿ %ĩrff ŸÐ{9˚ Ãž eŤ„^«.

α e

α s

Ça‹Ÿ+ 3 (The fundamental group.)

π_1(X, x_0) := Ω(X, x_0)/ ∼‘ę̌ X_‹ fundamental group (based at x_0)~«Şę ÂÒŔÉr ^«.