Functorial Property

Ça‹hœ 1 f : (X, x_0) → (Y, y_0) induces a homomorphism

f_♯ : π_1(X, x_0) → π_1(Y, y_0) given by [α] → [f ∘ α].

ďßÃZ‹ Ă–¨$- f_♯([α])`« ÿúŸ &ñ̇_‹œ&Ŋ›Htff űúŸ(RŸÐ˘«. 7čď α ∼ α^′\Ą @/K f ∘ α ∼ f ∘ α^′ eŤ̌‘ę̌ ŸÐsff˘«. α ü< α^′ ˚«sff_‹ homotopy\ę̌ F ~« ‚«Ă—¨,

(f ∘ F )(t,0) = f(F(t,0)) = f(α(t)) = (f ∘ α)(t) (f ∘ F )(t,1) = f(F(t,1)) = f(α^′(t)) = (f ∘ α^′)(t) (f ∘ F )(0,s) = f(F(0,s)) = f(x_0) = y_0 ∀s ∈ I sffÙĳŰÐ f ∘ F Ŋ›H f ∘ αü< f ∘ α^′ ˚«sff\Ą homotopy\ę̌ ïfir^«. ^«6čğÜĳŰÐ f_♯sff homomorphismeŤ̌‘ę̌ ŸÐsff˘«. f_♯([α][β]) = f_♯([α ∗ β]) = [f ∘ (α ∗ β)]sffŞę,

(α ∗ β)(t) = { α(2t) 0 ≤ t ≤^1_2 β(2t − 1)^1_2 ≤ t ≤ 1

sffÙĳŰÐ f ∘ (α ∗ β)Ŋ›H &ñ̇SXĽyff (f ∘ α) ∗ (f ∘ β)`« İ)a^«. ›«~«"f, f_♯([α][β]) = [(f ∘ α) ∗ (f ∘ β)] = [f ∘ α][f ∘ β] = f_♯([α])f_♯([β]).

Ça‹hœ 2 (Functorial Property)

1) f : (X, x_0) → (Y, y_0), g : (Y, y_0) → (Z, z_0) ⇒ (g ∘ f)_♯ = g_♯ ∘ f_♯.

2) id_♯ = id.

ďßÃZ‹ (g ∘ f)_♯[α] = [(g ∘ f) ∘ α] = [g ∘ (f ∘ α)] = g_♯[f ∘ α] = g_♯(f_♯[α]) = (g_♯ ∘ f_♯)[α]. id_♯[α] = [id ∘ α] = [α].

›«~«"f π_1ŞÉr Category of topological space with base point\Ą"f Category of groupÜĳŰÐ `«Ŋ›H Functorsff^«.

Applications 1. If f has an inverse f^{−1} then (f^{−1} )_♯ = (f_♯)^{−1} by functorial property. ∵ f_♯ ∘ (f^{−1} )_♯ = (f ∘ f^{−1} )_♯ = id_♯ = id.

ffĺ§ßÿÇa‹hœ 3 f : (X, x_0) → (Y, y_0) is a homeomorphism. ⇒ f_♯ : π(X, x_0) → π(Y, y_0) is an isomorphism.

´«Œ̋æ\Ą %3ˇx9˚ô»Ç 7čx"î̇‘ę̌ ‚«fiŠxtffëSSŰ, \V\ę̌ [þt#Q R^2ü< R^2 − {0}_‹ fundamental groupŞÉr yŇŢyŇŢ 0õ̆ ZsffÙĳŰÐ sff £ž /BNçSSŰŞÉr homeomorphic‚«tff ůúğ^«.

2. Brouwer Fixed Point Theorem Ça‹hœ 4 Let f : D^2 → D^2 be a map. Then f has a fixed point, i.e., ∃x ∈ D^2 such that f(x)=x.

ďßÃZ‹ f`« fixed point\ę̌ řúİtff ůúğŊ›H^«Şę `«&ñ̇‚«˘«.

g(x)\ę̌ f(x)\Ą"f Ø̋ęţ1Ï‚«#Ň x\ę̌ tff´«Ŋ›H ìøÍfŤ̃Ć–¨õ̆ ∂D^2_‹ Şğ&ȟÜĳŰÐ &ñ̇_‹‚«Ă—¨, Ę<ÊÃž g : D^2 → ∂D^2`« &ñ̇_‹İ)a^«. 7čď,

g(x) = f(x) + t(x − f(x)) where t > 0 and ‖f(x) + t(x − f(x))‖ = 1. sffM:, gŊ›H Čȷ̈5ÅqsffŞę, ∂D^2 = S^1\Ą"f g(x) = xsffÙĳŰÐ, ^«6čğ diagramsff commuteô»Ç^«.

D^{2 g}−→ ∂D^2 i ↖ ↗ id ∂D^2 sff\Ą @/6čx‚«Ŋ›H fundamental group[þt‘ę̌ ÒqtyŇŢK ŸÐĂ—¨,

0 = π_1(D^2, 1)^{g♯}−→ π_1(S^1, 1) = Z i_♯ ↖ ↗ id_♯ π_1(S^1, 1) = Z sff œ&Şę, 0 = g_♯ ∘ i_♯ = (g ∘ i)_♯ = id_♯ = id : Z → Z sffÙĳŰÐ sffŊ›H ŮÿíHsff^«.