II. Review of covering space

Definitions and Examples

Ça‹Ÿ+ 1 Let p : ~X → X. ~X is a covering space of X with a covering map p if (1) p is onto and (2) each x ∈X has a neighborhood U which is evenly covered, i.e., p^{−1} (U) = � a∈A V_a is a disjoint union of open sets V_a of ~X such that

p|_{Va} : V_a → U is a homeomorphism, ∀ a ∈ A.

Examples.

1. id : X → X.

2. p : R → S^1(⊂ C) given by p(x) = e^{2πix} . 3. p : C → C^∗ = C − {0} given by p(z) = e^z. 4. p : S^1 → S^1 given by p(z) = z^n.

sffü< řúăsff p^{−1} _‹ image`« n>hŞff̈ ffiâ̇Äž\ę̌ n-sheeted covering <Ȩ̂ŞÉr n-fold covering sff~«Şę ÂÒŔÉr^«.

identify

p

ÕłaË> 1: 4-fold covering of S^1

5. p : S^n → RP^n = S^n/ ∼ where x ∼ −x.

sff ffiâ̇Äž quotient map pŊ›H covering mapsff œ&Şę :čďyff two fold covering(double covering) sff İ)a^«.

6. p : R^2 → T^2 = S^1 × S^1 given by (x, y) → (e^{2πix} , e^{2πiy} ).

Excercise. If p : ~X → X , q : ~Y → Y are covering maps, then p × q : ~X × ~Y → X × Y is also a covering map.

7. 3-fold covering of figure eight ˇ«A ÕłaË>õ̆ řúăsff figure eight_‹ copy 3>h\ę̌ ÿúŸ~«"f şðrffô»Ç@/ŰÐ ^«rff ůąŋsffĂ—¨ İ)a^«.

∼=

ÕłaË> 2: 3-fold covering of figure eight

¨«ðøÍ`«tff ~¡ÓZŎÜĳÜĳŰÐ torus_‹ ffiâ̇Äž\ĄŢÿ éSSŰĂ—¨‘ę̌ ÿúŸ~«"f ůąŋsffĂ—¨ œ&Ŋ›HX<, Õł ffi—˚ õ̆ torus_‹ 3-fold coveringŞÉr torussff9, genus`« 2Şff̈ surface_‹ 3-fold coveringŞÉr genus`« 4Şff̈ surface`« HĘd‘ę̌ ůúŸ Ãž eŤ„^«.

Note.

1. M is a (C^∞-)manifold ⇒ ~M is also a (C^∞-)manifold.

(7čx"î̇) yŇŢ x ∈ ~M\Ą @/K p(x) ∈ M `« coordinate chart (U,φ) \ę̌ `«tffŞę, ćÿ ô»Ç p(x) Ŋ›H evenly cover œ&Ŋ›H neighborhood V \ę̌ `«Ťff̈^«. sff M: U ∩ V \Ą @/ K p^{−1} (U ∩ V )\ę̌ ÒqtyŇŢK ŸÐĂ—¨, sff Œ̋æ x\ę̌ §íĘ<Ê‚«Ŋ›H U ∩ V _‹ copy`« eŤ„Şę sff copyü< φ ∘ p`« x_‹ coordinate chart \ę̌ ïfir^«.

Exercise. C^∞- case\ĄŊ›H sffXO“>ı &ñ̇_‹İ)a coordinate chart[þtsff "fŰÐ C^∞-relateœ& #Q eŤ„6čğ‘ę̌ ŸÐsff~«.

2. M is orientable ⇒ ~M is also orientable.

(7čx"î̇) Ă–¨$- ~M_‹ yŇŢ &ȟ x\Ą orientation‘ę̌ ÅÒ˘«. ~M_‹ orientationŞÉr local homeomorphism p \ę̌ sff6ăx‚«#Ň p(x)_‹ orientaion‘ę̌ Õł@/ŰÐ `«4R^« İ›H^«. ÕłfflQĂ—¨ yŇŢ x ∈ ~M\Ą @/K orientationsff locally constant`« œ&Ŋ›H p(x)_‹ ˘»H~¡Ó U\ę̌ ÿúŽ‘ę̌ Ãž eŤ„Şę, ćÿô»Ç p(x)\Ą"f evenly cover œ&Ŋ›H V \ę̌ ÿúŽ‘ę̌ Ãž eŤ„^«. sff M: p^{−1} (U ∩V ) = � a∈A W_a Œ̋æ x\ę̌ §íĘ<Ê‚«Ŋ›H W_a\Ą"f orientationŞÉr p\Ą _‹K U ∩V _‹

orientationõ̆ řúăÜĳÙĳŰÐ locally constantsff^«.

3. M is a compact manifold, p is a finite sheeted covering ⇒ ~M is compact. (7čx"î̇) Msff compact‚«ÙĳŰÐ evenly coverœ&Ŋ›H coordinate neighborhood Äżô»Ç >hŰÐ W=›‘ę̌ Ãž eŤ„Şę, compact set_‹ finite unionŞÉr compactsffÙĳŰÐ ˘«"î̇‚«^«.

4. Every non-orientable manifold has an orientable double covering manifold. (7čx"î̇) non-orientable manifold_‹ ffiâ̇Äž yŇŢ &ȟ¨«^« 2>h_‹ orientationsff Ť>rF‚« Ŋ›HX<, sff\ę̌ double covering_‹ yŇŢ sheet\Ą ìfiroff‚«#Ň ¡+É{ľĲô»Ç Êê orientationsff {9˚ uff‚«Ţÿ2§ď ůąŋ#Ň´«`«Ă—¨ double covering manifold`« orientable‚«>ı ëSSŰ[þt Ãž eŤ„ ^«. (\V) Möbius band_‹ double coveringŞÉr £žĄ–¨ ąóŞff̈ band`« œ&Ŋ›HX< sffŊ›H annulusü< řúăŞę 3-fold coveringŞÉr ^«rff Möbius band`« İ)a^«. řúăŞÉr ~¡ÓZŎÜĳŰÐ Klien bottle_‹ double coveringŞÉr torus`« İ)a^«.

Möbius band Double covering of Möbius band

∼= Annulus

ÕłaË> 3: Möbius band_‹ double covering

Klien Bottle Double covering of Klien Bottle

∼= Torus

ÕłaË> 4: Klien Bottle_‹ double covering

5. Msff orientablesffŞę genus`« gŞff̈ ffiâ̇Äž, sff\Ą ›«ŔÉr ~M\ę̌ űúŸ(RŸÐ˘«. 0A_‹ ?/6ăx\Ą ›«~« ~MŊ›H %ĩrff orientablesffÙĳŰÐ χëSSŰ ůúŸĂ—¨ ~M\ę̌ ffi—˚&ñ̇¡+É Ãž eŤ„

^«.(χ = 2 − 2g) Õł-–¨X<, ~M`« n-fold~«Ă—¨ M_‹ triangulation‘ę̌ ~M 0AŰÐ ‘ffięoff Ă—¨ V, E, F Ůÿ£ž nC`« œ&ÙĳŰÐ χ %ĩrff nC`« İ)a^«. (χ = V − E + F ) qff5pwô»Ç ~¡ÓZŎÜĳŰÐ Msff non-orientable{9˚ M:Ţÿ n-fold covering ~M_‹ χ\ę̌ ůúŸ Ãž eŤ„Şę, orientability`« ffi—˚&ñ̇œ&Ă—¨ ~M\ę̌ ffi—˚&ñ̇¡+É Ãž eŤ„^«.

�äťVĄ4. Let M, ~M be a closed surface. Suppose χ( ~M) = nχ(M). Is there a n-fold covering ~M → M?

non-covering

p

ÕłaË> 5: non-covering

0A ÕłaË>\Ą"f =åQ&ȟ_‹ p-image &ȟ ˘»H~¡Ó\Ą"fŊ›H evenly coverœ&Ŋ›H ˘»H~¡Ó‘ę̌ ÿúŽ‘ę̌ Ãž \OflÜĳÙĳŰÐ covering mapsff |ĺc Ãž \Ofl^«.

ÕłfflQ´«, sff M: pŊ›H local homeomorphismsff œ&Ŋ›HX<, #QŃ"¨ map f : X → Y `« local homeomorphismsff~«Ŋ›H ffiŕ̄ŞÉr eŤ̌_‹_‹ x ∈ X\Ą @/‚«#Ň x_‹ neighborhood Uü< f(x)_‹ neighborhood V `« Ť>rF‚«#Ň f|_U `« Uü< V ˚«sff_‹ homeomorphismsff İ)a^«Ŋ›H ffiŕ̄sff^«.

Remark (1) p^{−1} (x) is discrete.

(2) A covering p : ~X → X is a local homeomorphism, and hence, an open map.

(3) If p : ~X → X is a covering and A ⊂ X, then p^{−1} (A)^p→ A is a covering.