Lifting Property

Ça‹hff 1 (Uniqueness of lifting) ÅÒ#QŤff̈ covering p:( ~X, ~x_0) → (X, x_0)\Ą @/K Y`« connectedsffŞę f : (Y, y_0) → (X, x_0)`« lifting ~f : (Y, y_0) → ( ~X, ~x_0)‘�ę `«tffĂ—¨, sffŊfflH unique‚«^«. ( ~X, ~x_0) ∃ ~f ↗ ↓ p : covering ⇒ ~f, a lifitng of f, is unique if it exists.

(Y, y_0)^f→ (X, x_0)

ďßÃZ‹ ~f, ~f ′\ę̌ f_‹ liftingsff~« ‚«˘«. A := {y ∈ Y | ~f(y) = ~f^′(y)} ∋ y_0 A is open :

y ∈ A\Ą @/K f(y)_‹ evenly coveredİ)a open neighborhood U\ę̌ ź1Ô˘«. ÕłfflQĂ—¨ p^{−1}(U) = ∐ α ~U_αsffŞę, ∃~U_α ∋ ~f(y) = ~f ′(y)sff^«. ÕłfflQĂ—¨ y ∈ ~f^{−1}(~U_α) ∩ ~f^{′−1}(~U_α) ⊂ AsffÙĳŰÐ A`« opensff^«.

¨«ðøÍ`«tffŰÐ A^c = {y ∈ Y | ~f(y) ≠ ~f^′(y)}Ţÿ opensff^«.

Õł-–¨X< Y`« connectedsffÙĳŰÐ A^c = ϕsffŞę sffŰÐ"f uniqueness of liftingsff 7čx"î̇ œ&%3„^«.

ŹŒĲ£Ça‹hff 2 (Lebesgue Covering lemma) In a compact metric space, every open cover U has a Lebesgue number, i.e. , ∃ϵ > 0(depending on U) s.t. ∀ A ⊂ X with diam(A)< ϵ, ∃ U ∈ U s.t. A⊂ U.

ďßÃZ‹ D\ę̌ {diam(A) ∈ R| A is not contained in any U ∈ U}~«Şę £ž˘«. sff-–¨ A\ę̌ ”big set”sff~« ÂÒØÔ˘«.

ÕłfflQĂ—¨ ϵ=inf D >0eŤ̌‘ę̌ ŸÐsffĂ—¨ 7čx"î̇sff =åQèSSŰ^«.

ëSSŰĂŊŢ inf D`« 0 sff~«Ă—¨ ∀n, ∃A_n : big set s.t. diam(A_n) <^1_n sffŞę, x_n ∈ A_n Şff̈ {x_n}‘ę̌ ź1Ô‘ę̌ Ãž eŤ„^«.

ÕłfflQĂ—¨ X `« compact‚«ÙĳŰÐ x_n → x(by passing to a subsequence)Şff̈ x`« Ť>r Fô»Ç^«.

ÕłfflQĂ—¨ x\ę̌ §íĘ<Ê‚«Ŋ›H U⊂ U\Ą §íĘ<Êœ&Ŋ›H A_n(nsff Ø̋æìfiryff 9þt M:)[þt‘ę̌ ź1Ô‘ę̌ Ãž eŤ„Şę sffŊ›H big set_‹ &ñ̇_‹\Ą ŮÿíHİ)a^«.

Ça‹hff 3 (Unique path lifting property) Let p : ~X → X be a covering map and let α : I → X be a path with α(0) = x_0 ∈ X and p( ~x_0) = x_0. Then α has a unique path lifting ~α : I → X with ~α(0) = ~x_0 i.e., p ∘ ~α(t) = α(t). ∀ t ∈ I. ďßÃZ‹ (Existence) For each t, α(t) ∈ X has an open neighborhood U_t which is evenly covered by ∐ a∈A V_{t,a} . Since I=[0,1] is compact, we can choose a Lebesgue number ϵ > 0 for

a cover {α^{−1}(U_t)|t ∈ I} of I. Choose a partition of I, 0 = t_0 < t_1 < ... < t_{n+1} = 1 so that t_{i+1} − t_i < ϵ, i = 1, ...n. Then note that α[t_i, t_{i+1}] ⊂ U_t for some t and we lift α|_{[ti,ti+1]} inductively : Suppose α|_{[t0,ti]} is already lifted (note that the initial point x_0 is lifted to ~x_0). Then α[t_i, t_{i+1}] ⊂ U_t for some t and p^{−1}(U_t) = ∐ a∈A V_{t,a} and there exists a unique

a ∈ A such that α̃(t_i) ∈ V_{t,a} .

And since p|_{Vt,a} : V_{t,a} → U_t is homeomorphism we can lift α|_{[ti,ti+1]} using (p|_{Vt,a} )^{−1} and the proof is completed.

(Uniqueness) The uniqueness follows from the uniqueness property of general lifting.

Ça‹hff 4 (Covering homotopy property) Let p : ( ~X, ~x_0) → (X, x_0) be a covering.

Let f : (Y, y_0) → (X, x_0) and ~f : (Y, y_0) → ( ~X, ~x_0) be a lifting of f. Then for a homotopy F : Y × I → X s.t. F |_{Y ×{0}} = f, there exists a unique lifting ~F of F s.t. ~F |_{Y ×{0}} = ~f. ( ~X, ~x_0) ~X ∃ ~f ↗ ↓ p ⇒ ∃! ~F ↗ ↓ p s.t. ~F |_{Y ×{0}} = ~f (Y, y_0)^f→ (X, x_0) Y × I^F→ X ďßÃZ‹ Step 1 . Lift F on U_y × I for each y ∈ Y .

#Ňlff"f y_‹ neighborhood U_yŊ›H I_‹ compactness\ę̌ sff6ăx‚«#Ň constructô»Ç^«.

y −→

1)f(y × I) 0A\Ą"f evenly cover œ&Ŋ›H covering {W_t}‘ę̌ ÿúŽŊ›H^«. 2) sff M: {f^{−1}(W_t)}Ŋ›H y × I_‹ coveringsff œ&Şę yŇŢ &ȟ (y,t)¨«^« f^{−1}(W_t)\Ą §í Ę<Êœ&Ŋ›H product neighborhood U_t × V_t\ę̌ ÿúŽÜĳĂ—¨ I_‹ compactness\Ą _‹K sff[þt Œ̋æ Äżô»Ç>hŰÐ y × I\ę̌ cover¡+É Ãž eŤ„^«.

3) sff finiteô»Ç product neighborhood[þt\Ą"f U_t[þt_‹ intersection‘ę̌ U_y~« éH^«. 4) ^«6čğ\Ą U_y × I\ę̌ lift‚«lff 0A‚«#Ň I\Ą &h̃{ľĲyff partition‘ę̌ ÅÒ#Q yŇŢ U_y × [t_i, t_{i+1}]sff 2)\Ą"f ÿúŽŞÉr finite product neighborhood\Ą §íĘ<Êœ&Ţÿ2§ď ô»Ç^«. 5) path lifting M:ü< ¨«ðøÍ`«tffŰÐ inductive‚«>ı liftingô»Ç^«.

Step 2. Piece together ~F |_{Uy×I} to get ~F on Y × I.

Step1\Ą"f yŇŢ y ∈ Y \Ą @/K U_y × I-ľĲ\Ą"f ~F \ę̌ &ñ̇_‹ÙþąŊ›HX< sff[þtsff ffi—˘uffŊ›H ÂÒ ìfir\Ą"f {9˚uffĘ<Ê‘ę̌ ŸÐsffĂ—¨ Y × I\Ą"f ~F `« ÿúŸ &ñ̇_‹HĘd‘ę̌ ůúŸ Ãž eŤ„^«. 7čď, z ∈ U_y ∩ U^′_y\Ą @/K ~F |_{Uy×I} (z, t) = ~F |_U ′_{y×I} (z, t)eŤ̌‘ę̌ ŸÐ#Ňˇ» ô»Ç^«. sffffiŕ̄ŞÉr U_y\Ą"f ŸÐ´« U^′_y \Ą"f ŸÐ´« y × I_‹ liftingsffŞę řúăŞÉr initial point\ę̌ `« tffŞę eŤ„ÜĳÙĳŰÐ uniqueness of lifting\Ą _‹K {9˚uffHĘd‘ę̌ ůúŸ Ãž eŤ„^« .

›«§ßÿÇa‹hff 5 α ∼ β ⇒ ~α ∼ ~β.

#Ňlff"f α, βŊfflH X_‹ path[þtsffŞę ~α,~βŊfflH řúăŞÉr initial point\�ę `«tffŊfflH lifting [þtsff ^«. ›«~«"f ~αü< ~βŊfflH řúăŞÉr terminal point\�ę řúİŊfflH^«.

Some Consquences

1. π_1(S^1) ∼= Z.

ďßÃZ‹ Let p : R → S^1 be a covering map given by p(x) = e^{2πix}. If [α] ∈ π(S^1, 1), then α can be lifted uniquely to ~α : I → R with ~α(0) = 0. Define ϕ : π(S^1, 1) → Z by [α] → ~α(1). ϕ is well-defined by ›«2čğ&ñ̇off 5.

sff ϕ`« isomorphismeŤ̌‘ę̌ ŸÐsfflff 0AK Ă–¨$- homomorphismeŤ̌‘ę̌ ŸÐsff˘«. ϕ([α][β]) = ϕ([α ∗β]) = ~α ∗ β(1)sffŞę sffffiŕ̄sff ~α(1)+ ~β(1)eŤ̌‘ę̌ ŸÐsfflff 0AK τ\ę̌ ^«6čğõ̆ řúăsff &ñ̇_‹‚«˘«.

τ : R → R be a translation given by τ(x) = x + ~α(1).

sff M:, ~α ∗ β = ~α ∗ (τ ∘ ~β)sff $í̇wn̆ô»Ç^«. Ă–¨$- ~α ∗ (τ ∘ ~β)Ŋ›H ÿúŸ &ñ̇_‹œ&%3„Ŋ›Htff 7čď ~α(1) = (τ ∘ ~β)(0) Şff̈tff űúŸ(RŸÐ˘«. ~αü< ~βŊ›H Ñüt ^« 0\Ą"f Ø̋ęţ1Ï‚«Ŋ›H pathsffŞę τŊ›H ~α(1)ëSSŰṕu translation rff&—ÅÒŊ›H mapsffÙĳŰÐ, ~β(0)Ŋ›H τ\Ą _‹K ~α(1)ÜĳŰÐ ‘ffiĚ fi—tffŞę ~α ∗ (τ ∘ ~β)Ŋ›H ÿúŸ &ñ̇_‹İ)a^«.

^«6čğÜĳŰÐ ~α ∗ (τ ∘ ~β) `« α ∗ β_‹ lifting eŤ̌‘ę̌ ŸÐsff˘«. p ∘ (~α ∗ (τ ∘ ~β)) = (p ∘ ~α) ∗ (p ∘ (τ ∘ ~β)) = (p ∘ ~α) ∗ (p ∘ ~β) = α ∗ β ›«~«"f ~α ∗ β = ~α ∗ (τ ∘ ~β)`« ëSSŰ7áď‚«Şę ^«6čğsff $í̇wn̆ô»Ç^«. ~ α ∗ β(1) = ~α ∗ (τ ∘ ~β)(1) = (τ ∘ ~β)(1) = τ(~β(1)) = ~α(1) + ~β(1).

^«6čğÜĳŰÐ ϕ `« 1-1 eŤ̌‘ę̌ ŸÐsff˘«.

ëSSŰ{9˚ ϕ([α]) = 0 sff~«Ă—¨ ~α(1) = 0 sff œ&#Q ~α Ŋ›H 0‘ę̌ base pointŰÐ ‚«Ŋ›H loop`« İ)a^«. 7čď [~α] ∈ π_1(R, 0) = 0sffÙĳŰÐ 0 = p_♯[~α] = [p ∘ ~α] = [α] ∈ π(S^1, 1) . 7čď [α] = 0sff^«.

¨«tff}ŇŢÜĳŰÐ ϕ`« ontoeŤ̌‘ę̌ ŸÐsfflff 0AK ∀ n ∈ Z\Ą @/K ~α(t) = nt , α = p ∘ ~α ŰÐ ÿúŽÜĳĂ—¨, ϕ([α]) = ~α(1) = n sff İ)a^«. ›«~«"f ϕŊ›H ontosff^«.

2. Let ~X be a path- connected space and p : ( ~X, ~x_0) → (X, x_0) be a covering. Then p_♯ : π_1( ~X, ~x_0) → π_1(X, x_0) is injective.

ďßÃZ‹ Clear from Covering homotopy property(›«2čğ&ñ̇off 5)

3.Let ~X be a path- connected space and p : ( ~X, ~x_0) → (X, x_0) be a covering. Then p_♯π_1( ~X, ~x_0) and p_♯π_1( ~X, ~x_0^′) are conjugate in π_1(X, x_0).

ďßÃZ‹ ~x_0ü< ~x_0^′‘ę̌ Čȷ̈ffi—˚‚«Ŋ›H path τ\ę̌ ÿúŽÜĳĂ—¨ ^«6čğ diagram sff commuteô»Ç^«. π_1( ~X, ~x_o)^{ϕτ}−→ π_1( ~X, ~x_o^′) ↓ p_♯ ↓ p_♯ π_1(X, x_o)^{conjugate by[p·τ ]−1} −→ π_1(X, x_o)

Ça‹hff 6 (General lifting theorem) Let p : ( ~X, ~x_0) → (X, x_0) be a covering and Y be a path-connected and locally path-connected space. Let f : (Y, y_0) → (X, x_0). Then ∃ ~f : (Y, y_0) → ( ~X, ~x_0) , a lifting of f ⇔ f_♯π_1(Y, y_0) ⊂ p_♯π_1( ~X, ~x_0). In this case ~fis unique. ( ~X, ~x_0) ∃ ~f ↗ ↓ p ⇔ f_♯π_1(Y, y_0) ⊆ p_♯π_1( ~X, ~x_0) (Y, y_0) → (X, x_0) f ďßÃZ‹ (⇒) f = p ∘ ~f sffÙĳŰÐ f_♯ = p_♯ ∘ ~f_♯ sffŞę f_♯π_1(Y, y_0) = p_♯( ~f_♯π_1(Y, y_0)) ⊆ p_♯π_1( ~X, ~x_0). (⇐) eŤ̌_‹_‹ y ∈ Y \Ą @/K ~f(y)\ę̌ ^«6čğõ̆ řúăsff &ñ̇_‹‚«˘«. y_0ü< y ˚«sff_‹ path ρ \ę̌ ÿúŽŞÉr Êê f ∘ ρ_‹ ~x_0\Ą"f rffĄŇŢ‚«Ŋ›H lifting ~f ∘ ρ \Ą @/K ~f(y) = ~f ∘ ρ(1) ŰÐ &ñ̇ _‹‚«Ă—¨ sffffiŕ̄sff ˝«ŰÐ "éű‚«Ŋ›H ~f `« İ)a^«.

Ă–¨$- ~f `« ÿúŸ &ñ̇_‹œ&%3„Ŋ›Htff\ę̌ ŸÐsff˘«. 7čď, y_0ü< y˚«sff_‹ path_‹ Ć–¨ŒþŸ\Ą ÁžŻ’a Ę<Ê‘ę̌ ŸÐsfflff 0AK, σ\ę̌ ćÿ^«ŔÉr pathŰÐ £ž˘«. ÕłfflQĂ—¨, f ∘ ρ ∗ f ∘ σŊ›H loop`« œ& Şę `«&ñ̇\Ą _‹K [f ∘ ρ ∗ f ∘ σ] = f_♯[ρ ∗ σ] ∈ p_♯π_1( ~X, ~x_0) sff^«. ›«~«"f f ∘ ρ ∗ f ∘ σ_‹ liftingŞÉr loopsffŞę, ~f ∘ σ(1) = ~f ∘ ρ(1) sff œ&ÙĳŰÐ ~fŊ›H ÿúŸ &ñ̇_‹œ&%3„6čğ‘ę̌ ůúŸ Ãž eŤ„^«.

^«6čğÜĳŰÐ ~f`« Čȷ̈5ÅqeŤ̌‘ę̌ ŸÐsff˘«. ~f`« Čȷ̈5ÅqeŤ̌‘ę̌ ŸÐsfflff 0AK ∀y ∈ Y \Ą @/ K #QŃ"¨ ˘»H~¡Ó W_y`« eŤ„#Q"f ~f|_{Wy} `« Čȷ̈5Åqsff~«Ŋ›H ffiŕ̄‘ę̌ ŸÐsffĂ—¨ Ø̋æìfir‚«^«. x = f(y)\Ą @/K evenly coverœ&Ŋ›H ˘»H~¡Ó‘ę̌ U_x~« £žĂ—¨ f`« Čȷ̈5ÅqsffŞę Y `« locally path connectedsffÙĳŰÐ f(W_y) ⊂ U_x\ę̌ ëSSŰ7áď‚«Ŋ›H path connected W_y`« Ť>rF ô»Ç^«. ÕłfflQĂ—¨ ∀z ∈ W_y Ŋ›H yŰÐÂÒ’- W_yîSSŰ\Ą"f path τ_zŰÐ Čȷ̈ffi—˚¡+É Ãž eŤ„Şę, ρ∗τ_z Ŋ›H y_0ŰÐÂÒ’- z‹«tff_‹ path\ę̌ ïfir^«. ›«~«"f ~f(z) = ~f ∘ (ρ ∗ τ_z)(1) = ~f ∘ ρ∗ ~ f ∘ τ_z(1) = ~f ∘ τ_z(1)sff œ&Şę sff M: ~f ∘ τ_z Ŋ›H ~f(y) \Ą"f rffĄŇŢ‚«Ŋ›H liftingsff^«. 7čď W_yîSSŰ_‹ eŤ̌_‹_‹ &ȟ z\ę̌ y_0ü<_‹ path_‹ =åQ&ȟÜĳŰÐ ŸÐŞę sff path\Ą"f yü< z\ę̌ eś̄Ŋ›H ÂÒìfir‘ę̌ fŰÐ ŸÐů̂p ffiŕ̄ŞÉr U_x\Ą [þt#QyŇŹ‘ę̌ sff6ăxK"f U_x\Ą"f_‹ V_aü<_‹ homeomorphsim p^{−1}\ę̌ æĳ˘«. p^{−1}(U_x) = ∐ a∈A V_a and ~f(y) ∈ V_a sff~«Şę £žĂ—¨ V_a\Ą"f p^{−1}Ŋ›H homeomorphismsff

ÙĳŰÐ τ_z\ę̌ sff6ăxK"f ~f|_{Wy} = p|^{−1}_{Va} ∘ f|_{Wy} eŤ̌‘ę̌ ůúŸ Ãž eŤ„Şę, ćÿ ~fŊ›H path_‹ Ć–¨ ŒþŸ\Ą ÁžŻ’a‚«^«Ŋ›H ˚«ẑťŰÐÂÒ’- ÕłXO“>ı |ĺc Ãž ţ1Ú\Ą \Ofl^«. ›«~«"f ~f|_{Wy} Ŋ›H Čȷ̈5Åq sff^«.

¨«tff}ŇŢÜĳŰÐ uniqueness Ŋ›H Y`« connectedsffÙĳŰÐ &ñ̇off 1\Ą _‹K 7čx"î̇İ)a^«.

Remark. This is a generalization of Unique path lifting property and Covering homotopy property.

ĆÃÐŞęŰÐ Unique path lifting propertyŊ›H Y `« IŞff̈ ffiâ̇ÄžsffŞę, Y × IŞff̈ ffiâ̇Äž`« Covering homotopy propertysff^«.

Review of locally (path-) connected space.

1. ∀x ∈ X has a (path-) connected neighborhood. ⇒(path-) component is open ( and hence closed). ďßÃZ‹ clear

2. X : path-connected ⇔ X : connected and ∀x ∈ X has a path-connected neighborhood. ďßÃZ‹ (⇒)clear

(⇐)1.\Ą"f path componentŊ›H open and closedsffÙĳŰÐ Ďı̈/BNçSSŰsff İ)a^«.

3. X : locally path connected ⇒ path-component = component ďßÃZ‹ {9˚ìøÍ&h̃ÜĳŰÐŊ›H ⊂sff $í̇wn̆‚«Ŋ›HX< componentŊ›H connectedsffÙĳŰÐ 2\Ą _‹ K =sff $í̇wn̆ô»Ç^«.

Ça‹hff 7 X is locally (path-) connected and p: ~X → X is a covering. If ~C is a (path-) component of ~X, then (i) p( ~C) is a (path-) component of X. (ii) p|_{~C} : ~C → p( ~C) is a covering.

ďßÃZ‹ HW ♯ 5

›«~«"f covering space theory\Ą"f path-connectedŞff̈ ffiâ̇ÄžŰÐ ]jô»Ç‚«#ŇŢÿ -ľĲŻ’a \Ofl^«. ćÿô»Ç fundamental group‘ę̌ 1lxrff\Ą Şęffl9‚«lff 0AK"fŊ›H path-connected{9˚ Ă9˚ŕź`« eŤ„^«.

ffi8źąďsff general lifting theroremŞÉr covering space theory\Ą"f `«ĄľĲ Œ̋æŕźô»Ç &ñ̇ offsffŞę sff\ę̌ ˘«Äż\ffiv>ı ˚«6ăx‚«lff 0AK"f covering space theory\Ą"f ´«ŽÿŊ›H /BN çSSŰ[þt\Ą @/K ŸÐ:§x path-connectedness, locally path-connectedness\ę̌ `«&ñ̇ô»Ç ^«.