II.3 Category of covering space and deck transformation group

Note. Assume all the spaces are path connected and locally path connected from now on.

Ça‹Ÿ+ 1 Given (X, x_0), consider a category of covering spaces ( ~X, ~x_0) and morphisms between covering spaces.

A morphism of ~X_1 to ~X_2 is a map ϕ : ~X_1 → ~X_2 such that the diagram ( ~X_1, ~x_1)^ϕ→ ( ~X_2, ~x_2) p_1 ↘ ↙ p_2 commutes.

(X, x_0)

7čď, 0A diagram sff commuteô»Ç^«Ŋ›H ťúŸŞÉr fiber\ę̌ fiberŰÐ ŸÐů̂p^«Ŋ›H >pwsff İ)a^«.

Ça‹hff 1 Let p_i : ~X_i → X, i = 1, 2 be covering maps. Then a morphism ϕ : ( ~X_1, ~x_1) → ( ~X_2, ~x_2) exists if and only of p_{1♯}π_1( ~X_1, ~x_1) ⊂ p_{2♯}π_1( ~X_2, ~x_2). In this case, ϕ is unique.

ďßÃZ‹ morphismŞÉr Ś:r|9˚&h̃ÜĳŰÐ liftingsffÙĳŰÐ, General Lifting Property\Ą _‹K ˘«"î̇‚«^«. uniqueness %ĩrff lifting_‹ uniqueness\Ą _‹‚«#Ň ˘«"î̇‚«^«.

Ça‹hff 2 A morphism ϕ is a covering map.

ďßÃZ‹ Exercise.

Note. {9˚ìøÍ&h̃ÜĳŰÐ, commute‚«Ŋ›H diagram X^p→ Y q ↘ ↙ r Z \Ą"f 2>h`« coveringsffĂ—¨ ´«QtffŢÿ coveringeŤ̌‘ę̌ ŸÐ{9˚ Ãž eŤ„^«. (Z`« universal covering‘ę̌ `«|9˚M:)

Ça‹hff 3 Let p_i : ~X_i → X, i = 1, 2 be covering maps. Then there exists an isomorphism ϕ : ( ~X_1, ~x_1) → ( ~X_2, ~x_2) if and only if p_{1♯}π_1( ~X_1, ~x_1) = p_{2♯}π_1( ~X_2, ~x_2)

ďßÃZ‹ (⇒) &ñ̇off 1‘ę̌ ĂłĲAáďÜĳŰÐ &h̃6ăx‚«Ă—¨ ˘«"î̇‚«^«.

(⇐) &ñ̇off 1\Ą _‹‚«#Ň morphism ϕ : ( ~X_1, ~x_1) → ( ~X_2, ~x_2), ψ : ( ~X_2, ~x_2) → ( ~X_1, ~x_1)`« Ť>rF‚«Şę, ψ ∘ ϕŊ›H ~x_1‘ę̌ ~x_1ÜĳŰÐ ŸÐ?/Ŋ›H liftingsffÙĳŰÐ, uniqueness\Ą _‹‚«#Ň identity mapsff İ)a^«. ¨«ðøÍ`«tffŰÐ ϕ ∘ ψŢÿ identity mapsffÙĳŰÐ, ϕŊ›H isomorphismsff İ)a^«.

0A &ñ̇off\Ą"f base pointü< ÁžŻ’a‚«>ı ^«6čğ ?/6ăxsff $í̇wn̆Ę<Ê‘ę̌ ůúŸ Ãž eŤ„^«.

›«§ßÿÇa‹hff 4 Let p_i : ~X_i → X, i = 1, 2 be covering maps. Then there exists an isomorphism ϕ : ~X_1 → ~X_2 if and only if p_{1♯}π_1( ~X_1, ~x_1) and p_{2♯}π_1( ~X_2, ~x_2) are conjugate in π_1(X, x) for some x = p_1(~x_1) = p_2(~x_2)

ďßÃZ‹ ůúą]X̊\Ą"f {9˚ìøÍ&h̃ÜĳŰÐ p_♯π_1( ~X, ~x_0)ü< p_♯π_1( ~X, ~x^′_0)ŞÉr conjugateeŤ̌‘ę̌ ůúŸŞę eŤ„ÜĳÙĳŰÐ &ñ̇off 3ÜĳŰÐÂÒ’- ŸÐ{9˚ Ãž eŤ„^«.

Ça‹Ÿ+ 2 An isomorphism g : ~X → ~X is called a deck transformation (or a covering transformation). The group of deck transformations is called a deck transformation group and will be denoted by G in this section.

Note.

(1) g, h ∈ G, h(~x) = g(~x) for some ~x ⇒ g = h. Hence G-action on ~X is free. sffffiŕ̄ŞÉr morphismŞÉr liftingsff~«Ŋ›H ˚«ẑťŰÐÂÒ’- uniqueness\Ą _‹‚«#Ň {ľĲČȷ̈‚«^«. (2) G acts on p^{−1}(x) (as a permutation group.)

7čď, ~x ∈ p^{−1}(x)\Ą @/‚«#Ň p ∘ g(~x) = p(~x) = xsffÙĳŰÐ, g(~x) ∈ p^{−1}(x)sff^«. (3) g ∈ G and g(~x_0) = ~x_1, then what is g(~y) for ~y ∈ ~X?

general lifting property\Ą"f ˚«6ăxô»Ç argumentŰÐ ÂÒ’- ~x_0\Ą"f ~yŰÐ `«Ŋ›H path\ę̌ ÿúŽŞę sff path\ę̌ XŰÐ ?/Ŕ2; Êê ~x_1\Ą"f Ø̋ęţ1Ï‚«Ŋ›H pathŰÐ ^«rff ‘ffięoffĂ—¨ Õł =åQ&ȟ sff ˝«ŰÐ g(~y)sff^«.

(¡ÇÔŤğ) Group Action Let G be a group. G acts on a set X on the left if ∃ α : G × X → X, denoted by g · x := α(g, x) such that (1) (g · h) · x = g · (h · x), (2) e · x = x, where e is an identity in G. • Orbit of x = G · x = {g · x | g ∈ G} , • Isotropy subgroup at x = G_x = {g ∈ G | gx = x} • The action is said to be free if g · x = x for some x implies g = e. • The action is said to be transitive if G · x = X for some x ∈ X. • {9˚ìøÍ&h̃ÜĳŰÐ G/G_x ∼= G · xsff $í̇wn̆ô»Ç^«.

(7čx"î̇)ϕ : G/G_x → G · x\ę̌ ϕ(gG_x) = g · xŰÐ &ñ̇_‹‚«Ă—¨ well-definedsffŞę bijectioneŤ̌‘ę̌ ~1—>ı ŸÐ{9˚ Ãž eŤ„^«. • G_{g· x} = g G_x g^{−1} (7čx"î̇) ⊂ ŞÉr Ô̋ęĄ—¨, ⊃ : G_x = G_g−1_{(gx)} ⊃ g^{−1} G_{gx} g \Ą"f ´«Ş:r^«.

Action of paths on fibers

Given σ from x_0 to x_1, a lifting ~σ de-

↓ p

~σ

x_0 x_1 σ p^{−1}(x_0) p^{−1}(x_1)

ÕłaË> 1: Action of paths on fibers fines a bijection θ_σ : p^{−1}(x_0) → p^{−1}(x_1) where θ_σ(~σ(0)) = ~σ(1)

Note. (a) σ ∼ τ ⇒ θ_σ = θ_τ

(b) θ_{σ∗τ} = θ_τ ∘ θ_σ

0A note\Ą _‹‚«#Ň θ_σ ∘θ_σ = θ_{σ∗σ} = θ_{x0} = idsffÙĳŰÐ, θ_σ Ŋ›H bijectioneŤ̌‘ę̌ îSSŰ^«.

›«~«"f, (1) |p^{−1}(x_0)| = |p^{−1}(x_1)| (2) Have a π_1(X, x_0) (right) action on p^{−1}(x_0):

~x_0 · [α] = θ_α(~x_0)ŰÐ &ñ̇_‹‚«Ă—¨ 0A_‹ Note (a)\Ą _‹‚«#Ň ÿúŸ &ñ̇_‹œ&Şę, Note (b)\Ą _‹‚«#Ň ~x_0 · ([α][β]) = θ_{α∗β} (~x_0) = θ_β ∘ θ_α(~x_0) = (~x_0 · [α]) · [β]`« İ)a^«. ćÿô»Ç constant loop\ę̌ ‘ffięoffĂ—¨ constant loop`« œ&lff M:ëH\Ą ~x_0 · 1 = ~x_0`« $í̇wn̆‚«#Ň right actionsff &ñ̇_‹İ)a^«.

Isotropy subgroup at ~x_0 = p_♯π_1( ~X, ~x_0):

(7čx"î̇)(⊆)ëSSŰĂŊŢ [α] ∈ Isotropy subgroup at ~x_0~«Ă—¨, ~x_0 · [α] = ~x_0sffÙĳŰÐ ~αŊ›H loop`« İ)a^«. [~α] ∈ π_1( ~X, ~x_0)\Ą"f ĂłĲĄ—¨\Ą p_♯ ‘ę̌ 2[‚«Ă—¨ [α] = p_♯[~α] ∈ p_♯π_1( ~X, ~x_0)sff ^«. (⊇)%ĩÜĳŰÐ [β] ∈ p_♯π_1( ~X, ~x_0)\ę̌ ÿúŽ˘«. ÕłfflQĂ—¨ #QŃ"¨ [β^′] ∈ π_1( ~X, ~x_0)\Ą @/K p_♯([β^′]) = [β] sff^«. sff M:, β_‹ lifting‘ę̌ ~β ~« £žĂ—¨ p_♯[~β] = [p ∘ ~β] = [β] = p_♯[β^′]. ›«~«"f β = p ∘ ~β ∼ p ∘ β^′sffÙĳŰÐ ~β ∼ β^′ sff œ&Şę, β^′ŞÉr loop sffÙĳŰÐ ~βŢÿ loop`« İ)a^«. ›«~«"f ~β_{~x0} (1) = ~x_0 \ę̌ ëSSŰ7áďô»Ç^«.

(3) ~X : path connected ⇒ π_1-action is transitive.

fiber -ľĲ_‹ eŤ̌_‹_‹ £ž &ȟ‘ę̌ Čȷ̈ffi—˚‚«Ŋ›H path`« eŤ„ÜĳÙĳŰÐ, sff path_‹ p-imageŊ›H loop`« œ&Şę sffffiŕ̄\Ą _‹ô»Ç action‘ę̌ ÒqtyŇŢ‚«Ă—¨ ˘«"î̇‚«^«.

0A ˚«ẑťŰÐÂÒ’- ^«6čğ‘ę̌ ůúŸ Ãž eŤ„^«.

p^{−1}(x_0) ∼= π_1(X, x_0)/p_♯π_1( ~X, ~x_0)

›«§ßÿÇa‹hff 5 If X is simply connected, i.e., π_1(X) = 1, then p : ~X → X is a homeomorphism.

ďßÃZ‹ π_1(X, x)sff trivialsffÙĳŰÐ Õł_‹ subgroupŞff̈ p_♯π_1( ~X, ~x_0) %ĩrff trivial‚«^«. ›«~«"f |p^{−1}(x)| = |π_1(X, x)| = 1sff œ&#Q pŊ›H 1-1sff İ)a^«. "éűA covering map p Ŋ›H onto, continuous, open mapsff%3„ÜĳÙĳŰÐ pŊ›H homeomorphism sff İ)a^«.

Actions of G and π_1(X, x_0) on p^{−1}(x)

Notation. G= deck transformation group Π = π_1(X, x), Y = p^{−1}(x), Π_y = p_♯π_1( ~X, y)

1. Two actions commute, i.e., g(~x · [α]) = g(~x) · [α].

ďßÃZ‹ p ∘ (g ∘ ~α) = p ∘ ~α = α sffÙĳŰÐ g ∘ ~αŊ›H

↓ p

~α g ∘ ~α

x α p^{−1}(x)

~x ~x · [α] g(~x) g(~x) · [α] = g(~x · [α])

ÕłaË> 2: Two actions commute α_‹ liftingeŤ̌‘ę̌ îSSŰ^«. sffM:, g ∘ ~α_‹ rffĄŇŢ &ȟŞÉr g(~x)sffÙĳŰÐ, π_1-action_‹ &ñ̇_‹\Ą ›« ~« g(~x) · [α] = (g ∘ ~α)(1)sff^«. Õł-–¨X<, (g ∘ ~α)(1) = g(~α(1)) = g(~x · [α]) sffÙĳŰÐ g(~x · [α]) = g(~x) · [α]sff İ)a^«.

2. (a) By general lifting theorem(ćÿŊ›H ůúą]X̊ &ñ̇off3\Ą _‹K) , ∃g ∈ G such that g(y) = y^′ ⇔ Π_y = Π_y′ .

(b) In general, Π_{y·[α]} = [α]^{−1}Π_y[α].

0A_‹ (a)ü< (b)ŰÐÂÒ’- ^«6čğ ˚«ẑť‘ę̌ ůúŸ Ãž eŤ„^«.

(c) ∃g ∈ G such that g(y) = y · [α] ⇐⇒ [α] ∈ N(Π_y)

#Ňlff"f N(Π_y)Ŋ›H Π_y_‹ Normalizer\ę̌ ťúŸô»Ç^«. 7čď, [α] ∈ N(Π_y)Ŋ›H [α]^{−1}Π_y[α] = Π_yeŤ̌‘ę̌ >pwô»Ç^«.

(d) Define a homomorphism θ : N(Π_y) → G by θ([α])(y) = y · [α] (#Ňlff"f θ([α])Ŋ›H deck transformationsffÙĳŰÐ, uniqueness\Ą _‹K ô»Ç &ȟ_‹ image θ([α])(y)\Ą _‹K ć-aĎı̈yff ffi—˚&ñ̇İ)a^«. ) Ă–¨$- θ`« homomorphismeŤ̌‘ę̌ ŸÐsff˘«. θ([α][β])(y) = y · ([α][β]) = (y · [α]) · [β] = (θ([α])(y)) · [β] = θ([α])(y · [β]) (∵ Two actions commute.) = θ([α])(θ([β]) · y) = (θ([α])θ([β]))(y)

θ is onto:

eŤ̌_‹_‹ ÅÒ#QŤff̈ g ∈ G\Ą @/K y^′ = g(y)~« £ž˘«. ÕłoffŞę ~α\ę̌ y\Ą"f y^′ ŰÐ `«Ŋ›H path~« £ž˘«. ÕłfflQĂ—¨ loop α = p ∘ ~α\Ą @/K y^′ = y · [α] sff œ&Şę 0A_‹ 2(c)\Ą _‹‚«#Ň [α] ∈ N(Π_y)sff İ)a^«.

¨«tff}ŇŢÜĳŰÐ, kerθ = {α ∈ N(Π_y)|y · [α] = y} = Π_yeŤ̌‘ę̌ ůúŸÃž eŤ„ÜĳÙĳŰÐ ^«6čğ ‘ę̌ %3˝Ŋ›H^«.

N(Π_y)/Π_y ∼= G

sffM:, N(Π_y)/Π_y ∼= G_‹ isomorphism‘ę̌ θ_y~« éH^«. 7čď, θ_y([α]) = θ([α]).

Remark.

(1) θ_y depends on a choice of y ∈ p^{−1}(x).

(2) ~X is called a universal covering of X if ~X is simply connected, i.e., ~X is path-connected and π_1( ~X) = 0. In this case, it follows that π_1(X) = G.

�äťVĄ 6. Universal covering_‹ ffiâ̇Äž, θ_y`« y_‹ Ć–¨ŒþŸ\Ą ›«~« #QbİG>ı šúŸ~«tffŊ›H`«?

Ça‹Ÿ+ 3 A covering p : ( ~X, ~x) → (X, x) is a regular (or normal) covering if p_♯π_1( ~X, ~x) is a normal subgroup of π_1(X, x).

Note. The notion of regular covering is independent of choice of base point, i.e., if p : ( ~X, ~x_0) → (X, x_0) is a regular covering, then p : ( ~X, ~x) → (X, x) is also a regular covering.

ďßÃZ‹ π_1( ~X, ~x_0)^{ϕρ}−→ π_1( ~X, ~x) p_♯ ↓ ↓ p_♯ π_1(X, x_0)^{ϕρ}−→ π_1(X, x) ρ\ę̌ ~x_0\Ą"f ~xŰÐ `«Ŋ›H path~« ‚«Şę, ρ = p ∘ ρ~« ‚«Ă—¨, ϕ_ρ, ϕ_ρŊ›H Ůÿ£ž isomorphismsffŞę, 0A diagramsff commute‚«ÙĳŰÐ,p_♯π_1( ~X, ~x_0)sff π_1(X, x_0)_‹ normal subgroupsffĂ—¨ p_♯π_1( ~X, ~x)sff π_1(X, x)_‹ normal subgroupsff İ)a^«.

Ça‹hff 6 p : ~X → X is a regular covering ⇔ G action on p^{−1}(x) is transitive.

ďßÃZ‹ p`« regular coveringsff~«Ŋ›H ffiŕ̄ŞÉr #QŃ"¨ y ∈ ~X\Ą @/‚«#Ň N(Π_y) = Π~« Ŋ›H ffiŕ̄õ̆ 1lxuffsff^«. Ă–¨$-, N(Π_y) = Π~«Ă—¨, eŤ̌_‹_‹ y^′ ∈ p^{−1}(x), x = p(y)\Ą @/‚«#Ň y\Ą"f y^′ÜĳŰÐ `«Ŋ›H path ~α`« Ť>rF‚«Şę sffffiŕ̄_‹ p-image\ę̌ α~«Şę ‚«Ă—¨ [α] ∈ Π = N(Π_y)sffŞę y^′ = y · [α]sff^«. ›«~«"f, 2.(c)\Ą _‹‚«#Ň g(y) = y^′Şff̈ g ∈ G`« Ť>rF‚«ÙĳŰÐ p^{−1}(x) = G · ysff^«.

%ĩÜĳŰÐ p^{−1}(x) = G · y~«Ă—¨, eŤ̌_‹_‹ [α] ∈ Π\Ą @/‚«#Ň, g(y) = y · [α]Şff̈ g`« Ť>r F‚«ÙĳŰÐ 2.(c)\Ą _‹‚«#Ň [α] ∈ N(Π_y)`« œ&#Q N(Π_y) = Π`« İ)a^«.

Application. If Π = π_1(X) for some X and Γ is a subgroup of Π of index 2, then Γ ◁ Π.

ďßÃZ‹ ^«6čğ ]X̊_‹ &ñ̇off\Ą ›«~« p_♯π_1( ~X, ~x_0) = Γ`« œ&Ŋ›H covering ~X`« Ť>rF‚«Şę, index`« 2sffÙĳŰÐ sff coveringŞÉr double coveringsff İ)a^«. sff M:, yŇŢ fiber_‹ £ž &ȟ‘ę̌ uffĺ8Ł‚«Ŋ›H mapŞÉr deck transformationsff œ&Şę deck transformation group GŊ›H order 2Şff̈ groupsff œ&ÙĳŰÐ G-actionŞÉr transitive‚«>ı İ)a^«. ›«~«"f, 0A_‹ &ñ̇off\Ą ›«~« Γ ◁ ΠeŤ̌‘ę̌ ůúŸ Ãž eŤ„^«.

{9˚ìøÍ&h̃ÜĳŰÐ group G`« set X\Ą act‚«Ŋ›H ffiâ̇Äž\Ą orbit[þt_‹ ŮÿeŤ̌ {G · x | x ∈ X}‘ę̌ orbit space~«Şę ‚«Şę, G \ XŰÐ İ›H^«. sff M:, cannonical projection q : X → G \ X`« surjectionsffÙĳŰÐ, G \ X\Ą quotient topology\ę̌ ïfir^«. sffM:, q\ę̌ quotient mapsff~«Şę ÂÒŔÉr^«.

Ça‹hff 7 If p : ~X → X is a regular covering, then X = G \ ~X.

ďßÃZ‹ quotient map q : ~X → G \ X‘ę̌ ÒqtyŇŢ‚«Ă—¨, &ñ̇off 6\Ą _‹‚«#Ň q`« ˝«ŰÐ covering map pü< {9˚uffô»Ç^«Ŋ›H ffiŕ̄‘ę̌ ůúŸ Ãž eŤ„Şę, ›«~«"f X = G \ ~Xsff^«.

0A &ñ̇off_‹ %ĩ‘ę̌ ÒqtyŇŢ‚«lff 0A‚«#Ň ^«6čğ‘ę̌ &ñ̇_‹ô»Ç^«.

Ça‹Ÿ+ 4 A group action (G, ~X) is called a covering action if (1) G-action is free (2) ∀~x ∈ ~X, ∃U a neighborhood of ~x such that g(U) ⋂ U = ∅, ∀g ∈ G. Ça‹hff 8 If (G, ~X) is a covering action, then the quotient map q : ~X → G \ ~X is a regular covering.

ďßÃZ‹ covering action_‹ Żÿ|¯¨ (2)\Ą ›«~«, eŤ̌_‹_‹ ~x ∈ ~X\Ą @/K a%~ŞÉr neighborhood U`« Ť>rF‚«#Ň g(U)[þtsff Ůÿ£ž disjoint‚«>ı İ)a^«. ›«~«"f, g(~x) ∈ G\ ~X_‹ neighborhood q(U)`« ˝«ŰÐ evenly covered neighborhood`« œ&#Q, q`« covering mapsff İ)a^«. sffM:, G_‹ "éűŹè[þtŞÉr deck transformationsff œ&Şę, orbit space_‹ &ñ̇_‹\Ą ›«~«, G-actionsff transitiveeŤ̌ŞÉr {ľĲČȷ̈‚«^«. ›«~«"f, &ñ̇off 6\Ą _‹‚«#Ň regular coveringsff İ)a^«.

�äťVĄ 7.. Let p : ~X → X be a covering map. Show that ~X is Hausdorff if X is Hausdorff. Is the converse true?

(Hint. Let f : R^2 \ {0} → R^2 \ {0} be given by f = ( 2 0 0^1_2

), and

consider the action (G, R^2 \ {0}) where G =< f >∼= Z.)