III.3 Applications

1. X = ⇒ π_1(X) = Z ∗_{{e}} Z = Z ∗ Z = F_2

(Free group with 2 generators) yŇŢ circle‘ę̌ §íĘ<Ê‚«Ŋ›H open set‘ę̌ U, V ~«Şę ‚«Ă—¨ (7čď, U = ,V = ), π_1(U) = π_1(V ) = ZsffŞę π_1(U ⋂ V ) = {e}sffÙĳŰÐ amalgamated product\ę̌ Òqt yŇŢ‚«Ă—¨ π_1(X) = F_2eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«.

řúăŞÉr ~¡ÓZŎÜĳŰÐ π_1( ) = F_3(Free group with 3 generators)sff^«. 2. S^2\ę̌ §íĘ<Ê‚«Ŋ›H open setõ̆ circle‘ę̌ §íĘ<Ê ‚«Ŋ›H open set‘ę̌ ÒqtyŇŢ‚«Ă—¨, π_1(S^2) = 1, π_1(S^1) = ZsffŞę Şğ|9˘¡+Ë_‹ fundamental groupŞÉr trivial groupsffÙĳŰÐ, ÕłaË>õ̆ řúăŞÉr surface_‹ fundamental groupŞÉr

1 ∗ Z = Z

sff^«.

3. X = M^2, closed surface. (1) orientable case Ă–¨$- Torus_‹ ffiâ̇Äž\ę̌ ÒqtyŇŢ‚«Ă—¨, ůúą]X̊\Ą"f űúŸ(RŚ:r ˝«ü< řúăsff Fundamental groupsff Z ⨁ Zsff^«. sff\ę̌ Van-Kampen Theorem‘ę̌ sff6ăx‚«#Ň ¡ĺKŸÐ˘«.

= b a b a U

V TorusŊ›H ˚«yŇŢ+þA_‹ yŇŢ Ą—¨‘ę̌ "fŰÐ IdentifyK ïfirffiŕ̄õ̆ řúă^«. ŽÿŔÉrAáď_‹ ÕłaË>\Ą"f ü< řúăsff Torus\Ą"f ô»Ç&ȟ NSïfir open set‘ę̌ U, Õł&ȟ‘ę̌ §íĘ<Ê‚«Ŋ›H open neighborhood\ę̌ V ~«Şę ‚«Ă—¨, U ⋂ V Ŋ›H annulusü< řúăÜĳÙĳŰÐ π_1(U ⋂ V ) = ZsffŞę, V Ŋ›H disksffÙĳŰÐ π_1(V ) = {e}sff^«. ćÿô»Ç ÿnq]j 1\Ą"f π_1(U) = π_1(figure eight)eŤ̌‘ę̌ ůúŸˇ«Ś:r ˝« eŤ„ÜĳÙĳŰÐ, (ẑť]jŰÐ ÕłaË>\Ą"f figure eight a ∪ bŊ›H U_‹ strong deformation retract`« HĘd‘ę̌ ~1¯>ı ůúŸ Ãž eŤ„^«.) π_1(U) = Z ∗ Z = F_2sff^«. group presentation‘ę̌ sff6ăx‚«#Ň amalgamated product\ę̌ ¡ĺ‚«lff 0A‚«#Ň yŇŢ group_‹ generator\ę̌ ůúŸˇ«ŸÐĂ—¨, π_1(U)_‹ generatorŊ›H 0A ÕłaË>\Ą"f loop a, b_‹ equivalence class[þtsffŞę, π_1(U ⋂ V )_‹ generatorŊ›H &ȟÅÒ0A\ę̌ ô»Ç˝«3’ ŢÿŊ›H loop (c~«Şę ‚«˘«)_‹ equivalence classsff^«. π_1(V )_‹ generatorŊ›H \OflÜĳÙĳŰÐ Amalgamated productŊ›H a, bŰÐ generateœ&Ŋ›H free group\Ą relationëSSŰ ÅÒĂ—¨ œ&Ŋ›HX<, loop cŊ›H U_‹ loopŰÐ ŸÐĂ—¨ aba^{−1} b^{−1} sffŞę V _‹ loopŰÐ ŸÐĂ—¨ constant loopsffÙĳ ŰÐ relationŞÉr aba^{−1} b^{−1} = 1eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. ›«~«"f, π_1(T orus) =< a, b | aba^{−1} b^{−1} >= Z ⨁ Zsff^«.

¨«ðøÍ`«tffŰÐ genus`« 2Şff̈ surface\Ą @/K"f ÒqtyŇŢKŸÐĂ—¨, genus`« 2Şff̈ surfaceŊ›H Torus\ę̌ 2>h connected sumKïfir ffiŕ̄sffÙĳŰÐ ^«6čğ ÕłaË>õ̆ řúăsff 8yŇŢ+þA‘ę̌ sff6ăx‚« #Ň şðĽ&ş¡+É Ãž eŤ„^«.

=

bad^{−1}c^{−1}dcb^{−1}a^{−1}

ŽÿŔÉrAáď ÕłaË>\Ą"f &ȟĆ–¨‘ę̌ ›«~« ˘«ØÔĂ—¨ yŇŢyŇŢŞÉr Torus\Ą disk\ę̌ bŘ#Qů̂p ffiŕ̄õ̆ řúă 6čğ‘ę̌ ůúŸ Ãž eŤ„^«. (&ȟĆ–¨ÂÒìfirsff disk`« İ)a^«.) ›«~«"f 0A ÕłaË>ŞÉr 2>h_‹ Torus\Ą "f disk\ę̌ bŘ#Q?/Şę diskzffoff ůąŋŞff̈ ffiŕ̄sffÙĳŰÐ(^«rff ťúŸK connected sum) genus`« 2Şff̈ surface\ę̌ ´«¸«ů̂p^«.

Torus_‹ ffiâ̇Äžü< ¨«ðøÍ`«tffŰÐ ÒqtyŇŢKŸÐĂ—¨, sff surface_‹ fundamental groupŞÉr

< a, b, c, d | aba^{−1} b^{−1} cdc^{−1} d^{−1} >

sff^«. {9˚ìøÍ&h̃ÜĳŰÐ genus`« gŞff̈ surfaceŊ›H 4gyŇŢ+þAÜĳŰÐ şðĽ&ş¡+É Ãž eŤ„^«. 0Aü< řúă ŞÉr ~¡ÓZŎÜĳŰÐ U, V \ę̌ ÿúŽŞę amalgamated product‚«Ă—¨

π_1(Σ_g) =< a_1, b_1, · · · , a_g, b_g | g∏ i=1 [a_i, b_i] >

eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. (#Ňlff"f [a_i, b_i] = a_ib_ia^{−1}_i b^{−1}_i : commutator of a and b)

(2) Non-orientable case Non-orientable surface MŞÉr M = N_k = RP^2♯RP^2♯ · · · ♯RP^2ŰÐ ´«¸«èŋq Ãž eŤ„ ^«. ›«~«"f, MŞÉr ^«6čğ ÕłaË>õ̆ řúăsff ^«yŇŢ+þAÜĳŰÐ şðĽ&ş¡+É Ãž eŤ„^«.

a_1a_3a_3a_2a_2a_1

0A ÕłaË>ŞÉr M = N_3_‹ ffiâ̇ÄžŞff̈X< &ȟĆ–¨‘ę̌ ›«~« ˘«ØÔĂ—¨ `«îfirX< -ŇŹyŇŢ+þAŞÉr S^2\Ą "f disk\ę̌ 3>h bŘ#Qů̂p ffiŕ̄õ̆ řúăŞę ´«Qtff -ŇŹyŇŢ+þA[þtŞÉr RP^2\Ą"f disk\ę̌ bŘ#Qů̂p ffiŕ̄õ̆ řúă^«.(¨«ðøÍ`«tffŰÐ &ȟĆ–¨ÂÒìfirsff disk`« İ)a^«.) ›«~«"f 0A Ţÿ+þAŞÉr RP^2 3>h \ę̌ connected sumô»Ç ffiŕ̄õ̆ řúă^«.

orientable caseü< ¨«ðøÍ`«tffŰÐ open set U,V \ę̌ ÿúŽŞę Fundamental group‘ę̌ >ȷ íSSŰ‚«Ă—¨, π_1(N_k) =< a_1, · · · , a_k | a^2_1a^2 · · · a^2_k >

eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. :čďyff k = 1sffĂ—¨ π_1(RP^2) =< a | a^2 >= Z/2sff^«.

�äťVĄ 10. K : Klein Bottle Since K = RP^2♯RP^2 = N_2, We know π_1(K) =< a, b | a^2b^2 >.

But from K = d d c

c , we get π_1(K) =< c, d | cdc^{−1} d >.

(1) Compare two presentations.

(2) Find π_1(T^2) in π_1(K) as a subgroup of index 2. (3) Can you show π_1(K) is non-abelian?

4. X = S^n, n ≥ 2 =⇒ π_1(S^n) = 0 ůąďìøÍ¡ĺ\ę̌ §íĘ<Ê‚«Ŋ›H open ball‘ę̌ U, zŇŹìøÍ¡ĺ\ę̌ §íĘ<Ê‚«Ŋ›H open ball‘ę̌ V ~« ‚« Ă—¨ U, V Ŋ›H Ůÿ£ž disksffÙĳŰÐ π_1(U) = π_1(V ) = 0sff^«. ›«~«"f sff[þt‘ę̌ amalgamated product‚«Ă—¨ π_1(S^n) = 0sff^«.(#Ňlff"f n ≥ 2sff#Qˇ» U ⋂ V `« path connectedsff^«.)

ćÿô»Ç S^nŞÉr RP^n_‹ double covering space~«Ŋ›H ˚«ẑťŰÐÂÒ’- π_1(RP^n) = Z/2eŤ̌ ‘ę̌ ůúŸ Ãž eŤ„^«.

sff\ę̌ sff6ăx‚«Ă—¨ ^«6čğ &ñ̇off\ę̌ %3˝Ŋ›H^«.

Ça‹hff 1 (Borsuk-Ulam) (1) There is no anti-pode preserving map f : S^n → S^1. (2) Let f : S^n → R^2 ⇒ ∃x ∈ S^n such that f(x) = f(−x).

ďßÃZ‹ (1) anti-pode preserving map f`« Ť>rFô»Ç^«Ă—¨ ^«6čğ diagramsff commuteô»Ç^«.

S^{n f}−→ S^1 q ↓ ↓ r RP^{n f̄}−→ RP^1 = S^1 sff M:, qü< rŞÉr quotient mapsff9 f`« anti-pode perservingsffÙĳŰÐ, f̄`« ÿúŸ &ñ̇ _‹İ)a^«.

f̄_♯ : π_1(RP n) → π_1(RP 1)‘ę̌ ÒqtyŇŢ‚«Ă—¨, π_1(RP n) = Z/2sffŞę π_1(RP 1) = Zsff ÙĳŰÐ f̄_♯ = 0sff^«. ›«~«"f, RP^n_‹ loop_‹ f̄-imageŊ›H RP^1\Ą"f constant loopü< homotopicô»Ç loop`« œ&Şę sff loop\ę̌ S^1ÜĳŰÐ ‘ffięoffĂ—¨ constant loopü< homotopicô»Ç loop`« œ&#Qˇ» ô»Ç^«.

Õł-–¨X<, π_1(RP^n) = Z/2sffÙĳŰÐ RP^n\ĄŊ›H constant loopü< homotopic‚«tff ůúğ ŞÉr loop`« Ť>rF‚«Şę, S^n\Ą"f x_0ü< −x_0\ę̌ Čȷ̈ffi—˚‚«Ŋ›H path\ę̌ projectrffĘff̈ ffiŕ̄sff sfffflQô»Ç $í̇|9˚‘ę̌ `«tffŞę eŤ„^«. sff path_‹ f-imageŊ›H anti-pode preservingsff~« Ŋ›H `«&ñ̇\Ą"f S^1_‹ loop`« œ&tff ůúğÜĳÙĳŰÐ diagramsff commuteô»Ç^«Ŋ›H ˚«ẑť\Ą ŮÿíHsff^«. ›«~«"f anti-pode preserving map fŊ›H Ť>rF‚«tff ůúğŊ›H^«.

(2) eŤ̌_‹_‹ x ∈ S^n\Ą @/‚«#Ň f(x) ≠ f(−x)sff~«Şę `«&ñ̇‚«˘«. g : S^n → S^1‘ę̌ g(x) =^{f(x)−f(−x)}

|f(x)−f(−x)| ŰÐ &ñ̇_‹‚«Ă—¨ gŊ›H anti-pode preserving mapsff

œ&ÙĳŰÐ ŮÿíHsff^«.

5. π_1(M^n♯N^n) = π_1(M^n) ∗ π_1(N^n) if n ≥ 3.

M \ B^n‘ę̌ űúŸŃŇŢ §íĘ<Ê‚«Ŋ›H open set U, N \ B^n‘ę̌ űúŸŃŇŢ §íĘ<Ê‚«Ŋ›H open set V \ę̌ π_1(U ⋂ V ) = π_1(S^{n−1} ) = 0sff œ&Ţÿ2§ď ÿúŽ‘ę̌ Ãž eŤ„ÜĳÙĳŰÐ ˘«"î̇‚«^«.