IV.1 Descriptions of higher homotopy groups

Notation I^n = I × · · · × I

= the unit n-cube

n ={t = (t_1, · · · t_n) ∈ R^n|0 ≤ t_i ≤ 1, i = 1, 2, · · · , n} ∂I^n = boundary of I^n = {t = (t_1, · · · t_n) ∈ R^n|t_i = 0 or 1 for some i}

1st description

F_n(X, x_0) := {α : (I^n, ∂I^n) → (X, x_0)} α, β ∈ F^n\Ą @/‚«#Ň, α ∼ β ⇔ α ≃ β rel ∂I^nsff~«Şę ‚«Ă—¨,

π_n(X, x_0) := F_n(X, x_0)/ ∼

sff İ)a^«. ÓütŔ:r π_n(X, x_0) _‹ "éűŹèŊ›H [α](eqivalence class of α)sff^«.

Ă–¨$- π_n(X, x_0)\Ą group structure \ę̌ ÅÒ˘«. α, β ∈ F_n(X, x_0) \Ą @/K"f

α ∗ β(t_1, · · · , t_n) = { α(2t_1, t_2, · · · , t_n) 0 ≤ t_1 ≤^1_2 β(2t_1 − 1, t_2, · · · , t_n)^1_2 ≤ t_1 ≤ 1

sff~«Şę ‚«Şę, [α][β] := [α ∗ β] ~«Şę &ñ̇_‹‚«Ă—¨, sffŊ›H ÿúŸ &ñ̇_‹İ)a^«. 7čď, α ∼ α^′, β ∼ β^′ sffĂ—¨ α ∗ β ∼ α^′ ∗ β^′sff^«.(check).

ÕłoffŞę π_1_‹ ffiâ̇Äžü< >áďřúăŞÉr sffÄżŰÐ (sffM: t_2, · · · , t_n ŞÉr -ľĲÃžŰÐ 2[/åL) (α ∗ β) ∗ γ ∼ α ∗ (β ∗ γ), α ∗ x_0 ∼ x_0 ∗ α, ᾱ ∗ α ∼ α ∗ᾱ `« $í̇wn̆‚«ÙĳŰÐ π_n(X, x_0)Ŋ›H groupsff İ)a^«.

(#Ňlff"f ᾱ(t_1, · · · , t_n) := α(1 − t_1, t_2, · · · , t_n))

2nd description

Observe that π_1(X, x_0) = [(S^1, 1), (X, x_0)] = the set of homotopy classes of maps f : (S^1, 1) → (X, x_0) Similarly,

π_n(X, x_0) = [(S^n, e_1), (X, x_0)]

sff M:, e_1 = (1, 0, · · · , 0) ∈ R^{n+1}sff^«.

sff ffiâ̇Äž α, β : (S^n, e_1) → (X, x_0)\Ą @/K"f α ∗ βŊ›H ˇ«A ÕłaË>õ̆ řúăsff &ñ̇_‹œ& Ŋ›H (S^n, e_1) → (X, x_0)_‹ map õ̆ @/6čxİ)a^«.

3rd description

Use loop space Ω(X, x_0) and view π_2(X, x_0) as π_1(Ω(X, x_0), x_0). sff ffiâ̇Äž π_1(Ω(X, x_0), x_0)\ę̌ &ñ̇_‹‚«lff 0AK"f function space Ω(X, x_0)\Ą topology`« Ă9˚ŕź‚«^«.

Topology on a function space

The most commonly used and useful topology for a function space is the compact-open topology.

Ă–¨$- Y^X := {f|f : X → Y, a continuous function}~«Şę ‚«˘«. ÕłoffŞę ÅÒ#QŤff̈ K^{compact} ⊂ X ü< U^{open} ⊂ Y \Ą @/K"f S(K, U) := {f : X → Y |f(K) ⊂ U}~« Şę ‚«Ă—¨ S := {S(K, U)|K^{compact} ⊂ X, U^{open} ⊂ Y }\ę̌ subbasis ŰÐ řúİŊ›H Y^X _‹ topology\ę̌ compact-open topology ~«Şę ô»Ç^«.

�äťVĄ 11 1. Y is Hausdorff ⇒ Y^X is Hausdorff.

2. Let (Y, d) be a bounded metric space. Then Show that id : Y^X_d → Y^X is continuous.(#Ňlff"f Y^X_d Ŋ›H metric topology`« ÅÒ#QŤff̈ /BNçSSŰsffŞę Y^X Ŋ›H compactopen topology`« ÅÒ#QŤff̈ /BNçSSŰsff^«.)

3. Let X be a compact Hausdorff space and Y be a bounded metric space. Then Y^X_d = Y^X , i.e., topology of uniform convergence is same as compact-open topology.(ÓütŔ:r 2_‹ ffi—˚õ̆ŰÐ ÂÒ’- topology of uniform convergence `« compactopen topologyŸÐ^« finer‚«^«Ŋ›H ffiŕ̄‘ę̌ îSSŰ^«.)

Ça‹hff 1 Let φ : Z × X → Y and let φ̂ : Z → Y^X be the induced map defined by φ̂(z)(x) = φ(z, x). Then

1) If φ is continuous, then φ̂ is continuous.

2) If X is locally compact Hausdorff, then φ is continuous if and only if φ̂ is continuous.

ďßÃZ‹ 1) φ̂`« continuous Şff̈ ffiŕ̄‘ę̌ ŸÐsffŊ›H ffiŕ̄ŞÉr ÅÒ#QŤff̈ φ̂_z ∈ S(K, U)\Ą @/K"f φ̂(V ) ⊂ S(K, U)Şff̈ z_‹ neighborhood V `« Ť>rFĘ<Ê‘ę̌ ŸÐsffŊ›H ffiŕ̄õ̆ řúăŞÉr ffiŕ̄Şff̈ X<, φ is continuous ⇒ ∃V , a neighborhood of z such that φ(V × K) ⊂ U (\VĎı̈\Ą Ùþą~”¨ ffiŕ̄%Č!3ˇ K_‹ compactness\ę̌ sff6ăxK"f Äżô»Ç>h_‹ product neighborhood\ę̌ subcoverô»Ç Êê V \ę̌ Ć–¨ŒþŸ) ⇒ φ̂(V ) ⊂ S(K, U) sffÙĳŰÐ φ̂Ŋ›H continuous sff^«.

2) ÅÒ#QŤff̈ φ(z, x) ∈ U^{open} ⊂ Y \Ą @/K"f φ(V_z × W_z) ⊂ U\ę̌ ëSSŰ7áďrffvffŊ›H W_zü< V_z`« Ť>rFĘ<Ê‘ę̌ ŸÐsff˘«.

Ă–¨$- X`« locally compact Hausdorff sffÙĳŰÐ φ̂_z(W̄_z) ⊂ U\ę̌ ëSSŰ7áďrffvffŊ›H x _‹ relatively compact neighborhood W_z`« Ť>rF‚«Ŋ›H ffiŕ̄‘ę̌ îSSŰ^«. 7čď φ̂_z ∈ S(W̄_z, U). ćÿô»Ç φ̂`« continuoussffÙĳŰÐ φ̂(V_z) ∈ S(W̄_z, U)\ę̌ ëSSŰ7áďrffvffŊ›H z_‹ neighborhood V_z`« Ť>rF‚«Ŋ›H ffiŕ̄‘ę̌ ůúŸŞę ›«~«"f φ(V_z × W_z) ⊂ Usff^«.

›«§ßÿÇa‹hff 2 X is locally compact Hausdorff. Then Y^X × X^{ev}−→ Y (evaluation) is continuous.

ďßÃZ‹ êv : Y^X → Y^X is an identity map and apply the above theorem. exercise X is a locally compact Hausdorff space. Then Y^{X×Z} → (Y^X )^Z is a homeomorphism.

sff]j ^«rff π_n(X, x_0)ŰÐ [ȷtˇ«`«˘«.

Now Ω(X, x_0) = (X, x_0)^{(I,∂I)} ⊂ X^I .

Compare π_2(X, x_0)(= F_2(X, x_0)/ ∼) and π_1(Ω(X, x_0), x_0)(= Ω(Ω(X, x_0), x_0)/ ∼ ). ÕłfflQĂ—¨ α : I_1 × I_2 → X^{1−1}↔ α̂ : I_1 → X^{I2} _‹ Ż’a>ȷ\Ą _‹K"f ↘ ∪ Ω(X, x_0)

α ∈ F_2(X, x_0) ⇔ α̂ : (I, ∂I) → (Ω(X, x_0), x_0) ⇔ α̂ ∈ Ω(Ω(X, x_0), x_0) `« $í̇wn̆ ô»Ç^«. ćÿô»Ç ůúą_‹ &ñ̇off\Ą _‹K"f α̂Ŋ›H continuoussff^«. 7čď

∧ : F_2(X, x_0)^{1−1}↔ Ω(Ω(X, x_0), x_0)sff^«.

ćÿô»Ç α, β ∈ F_2(X, x_0)\Ą @/K"f

∃H : I^2 × I → X, homotopy between α and β (I^2 = I_1 × I_2)

bythm

⇐⇒ Ĥ : I_1 × I → X^{I2} , homotopy between α̂ and β̂ sff $í̇wn̆‚«ÙĳŰÐ α ∼ β ⇔ α̂ ∼ β̂sff İ)a^«.

›«~«"f ∧ : π_2(X, x_0)^{1−1}↔ π_1(Ω(X, x_0), x_0)sff^«.

¨«tff}ŇŢÜĳŰÐ

α̂ ∗ β̂(s) = { α̂(2s) = α(2s, −) β̂(2s − 1) = β(2s − 1, −)

sff œ&ÙĳŰÐ α̂ ∗ β̂(s) = α ∗ β(s, −) = ^α ∗ β(s)`« œ&#Q ^α ∗ β = α̂ ∗ β̂`« $í̇wn̆ô»Ç^«.

∧ is a canonical isomorphism between π_2(X, x_0) and π_1(Ω(X, x_0), x_0)

In general, π_n(X, x_0)^∧= π_{n−1} (Ω(X, x_0), x_0) i.e. α ∈ F_n(X, x_0) ⇔ α : I^{n−1} × I → X

⇔ α̂ : I^{n−1} → X^I ↘ ∪ Ω(X, x_0)

sffŊ›H π_2ffiâ̇Äžü< řúăŞÉr ~¡ÓZŎÜĳŰÐ ∧`« canonical isomorphismeŤ̌‘ę̌ ůúŸ Ãž eŤ„^«.

›«~«"f π_3(X) = π_2(Ω(X)) = π_1(Ω(Ω(X))) = π_1(Ω^2X), · · ·

π_n(X) = π_1(Ω^{n−1} X) sff $í̇wn̆ô»Ç^«.