IV.3 Some basic properties of π_n.

Ça‹hff 1 π_n(X × Y, (x_0, y_0)) ∼= π_n(X, x_0) × π_n(Y, y_0)

ďßÃZ‹ Exactly same as π_1-case.

Ça‹hff 2 Let p : ( ~X, ~x_0) → (X, x_0) be a covering space. Then p_∗ : π_n( ~X, ~x_0) → π_n(X, x_0) is an isomorphism for n ≥ 2.

ďßÃZ‹ (1) p_∗ is one to one :

p_∗[α] = 0sff~«Ă—¨ p ∘ α ∼ x_0sffÙĳŰÐ, covering homotopy property\Ą _‹‚«#Ň α ∼ ~x_0sff œ&#Q [α] = 0sff^«. (Lifting property section_‹ ›«2čğ&ñ̇off 5 ĆÃÐŻÿ) ›« ~«"f p_∗Ŋ›H one to onesff^«. (2) p_∗ is onto :

eŤ̌_‹_‹ α : (S^n, e_1) → (X, x_0)\Ą @/‚«#Ň π_1(S^n) = 0sffÙĳŰÐ (n ≥ 2), general lifting theorem_‹ `«&ñ̇‘ę̌ ëSSŰ7áďô»Ç^«. ›«~«"f, α_‹ lifting ~α : (S^n, e_1) → ( ~X, ~x_0)`« Ť>rFô»Ç^«. sffM:, p_∗[~α] = [α]sffÙĳŰÐ, p_∗Ŋ›H ontosff^«.

Examples.

1. π_n(S^1) = π_n(R) = 0.

RŞÉr contranctible spacesffÙĳŰÐ π_n(R) = 0sffŞę, RŊ›H S^1_‹ universal covering spacesffÙĳŰÐ 0A_‹ &ñ̇off\Ą _‹‚«#Ň ˘«"î̇‚«^«.

2. π_n(T^2) = π_n(S^1 × S^1) = π_n(S^1) × π_n(S^1) = 0.

3. π_n(Closed surface with genus g ≥ 1) = π_n(△) = 0 (△ =Open unit disk). 2.\Ą"f űúŸ(RŚ:r Torus_‹ ffiâ̇ÄžŊ›H ^«6čğõ̆ řúăŞÉr ~¡ÓZŎÜĳŰÐŢÿ ÒqtyŇŢ¡+É Ãž eŤ„^«. TorusŊ›H 4yŇŢ+þA_‹ ¨«ÅÒŸÐŊ›H Ą—¨‘ę̌ "fŰÐ identifyô»Ç ffiŕ̄ÜĳŰÐ ´«¸«èŋq Ãž eŤ„Ŋ›HX< sff identification[þtŞÉr yŇŢyŇŢ `«ŰÐ, [jŰÐ ĺî̇’§İ sff1lx\Ą _‹K realizeœ&Şę, sff ˚«yŇŢ+þA‘ę̌ ĺî̇’§İsff1lx‚«Ă—¨ ĺî̇Ă—¨Ďı̈^Ľ\ę̌ tile%Č!3ˇ W=›‘ę̌ Ãž eŤ„Ŋ›H Źè0A ”tessellation”‘ę̌ ÅÒ>ı œ&#Q, R^2Ŋ›H sff ĺî̇’§İsff1lx[þt‘ę̌ deck transformation groupÜĳŰÐ `«tffŊ›H Torus_‹ covering space`« İ)a^«.

Torus

=

›«~«"f, π_n(T^2) = π_n(R^2) = 0eŤ̌‘ę̌ ^«rff SXĽŞff̈¡+É Ãž eŤ„^«.

{9˚ìøÍ&h̃ÜĳŰÐ genus`« gŞff̈ surfaceŊ›H 4gyŇŢ+þAÜĳŰÐ ´«¸«èŋq Ãž eŤ„Ŋ›HX<, g > 1Şff̈ ffiâ̇ Äž\ĄŊ›H =“GtffyŇŢsff^{2π}_{4g} `« ˇ«mffÙĳŰÐ sff 4gyŇŢ+þA‘ę̌ ĺî̇’§İsff1lx‚«#Ň ĺî̇Ă—¨_‹ tessellation‘ę̌ Œ̋ę Ãž \Ofl^«. ›«~«"f, ^«6čğõ̆ řúăŞÉr Poincaré disk\Ą"f ÒqtyŇŢô»Ç^«.

Poincaré disk

45^∘0^∘

Poincaré diskŊ›H ĺî̇Ă—¨-ľĲ_‹ open disk\Ą ć,aAáď ÕłaË>õ̆ řúăsff "éűõ̆ fŤ̃yŇŢÜĳŰÐ ëSSŰ´« Ŋ›H "éűăñ(ćÿŊ›H Œ̋ædŤ̌‘ę̌ :§xõ̆‚«Ŋ›H fŤ̃Ć–¨)`« 8čďtffĆ–¨sff œ&Ţÿ2§ď metric‘ę̌ ïfir ffiŕ̄sff^«. 7čď, 8yŇŢ+þA(g = 2)_‹ ffiâ̇Äž\ę̌ \VŰÐ [þtĂ—¨ ŽÿŔÉrAáď ÕłaË>õ̆ řúăŞÉr /BGĆ–¨sff Poincaré disk\Ą"f_‹ 8yŇŢ+þAsff İ)a^«.

sff M:, ˝«¿úăAáď 8yŇŢ+þA\Ą"f =“GtffyŇŢŞÉr 0^∘sffŞę, îSSŰAáďÜĳŰÐ ]X̆˘»H¡+ÉÃž2§ď 8čďtffĆ–¨sff ĺî̇ Ă—¨-ľĲ_‹ fŤ̃Ć–¨\Ą `«‹«0>tffÙĳŰÐ =“GtffyŇŢsff ĺî̇Ă—¨\Ą"fü< řúăŞÉr 135^∘\Ą Ãžğ4ˇô»Ç^«. ›« ~«"f ÕłaË>õ̆ řúăsff Œ̋æçSSŰ\Ą =“GtffyŇŢ_‹ SSĳlff`« 45^∘`« œ&Ŋ›H 8yŇŢ+þA‘ę̌ ÿúŽ‘ę̌ Ãž eŤ„^«. sff 8yŇŢ+þA‘ę̌ ”ĺî̇’§İsff1lx”‚«Ă—¨ 8>h_‹ =“Gtff&ȟsff Ůÿ£ž ô»Ç&ȟ\Ą ŮÿsffÙĳŰÐ Poincaré disk\Ą tessellation‘ę̌ Œ̋ę Ãž eŤ„^«.

řúăŞÉr ~¡ÓZŎÜĳŰÐ ^«ŔÉr 4gyŇŢ+þA\Ą @/K"fŢÿ Ůÿ£ž ĺî̇’§İsff1lx‘ę̌ :§x‚«#Ň Poincaré disk\Ą tessellation‘ę̌ Œ̋ę Ãž eŤ„ÜĳÙĳŰÐ, Poincaré diskŊ›H genus gŞff̈ surface_‹ covering space`« İ)a^«.

Õł-–¨X<, Poincaré disk %ĩrff contractible spacesffÙĳŰÐ

π_n(Closed surface with genus g ≥ 1) = π_n(△) = 0

\ę̌ %3˝Ŋ›H^«.

sffü< řúăsff π_1(X) = Π, π_n(X) = 0, n ≥ 2`« œ&Ŋ›H space\ę̌ K(Π, 1)-space~«Şę ÂÒŔÉr^«.

Ça‹hff 3 If n ≥ 2, then π_n(X, x_0) is abelian. ďßÃZ‹ Define

α ∘ β(t_1, t_2, · · · , t_n) = � α(t_1, 2t_2, · · · , t_n) if 0 ≤ t_2 ≤^1_2 β(t_1, 2t_2 − 1, · · · , t_n) if^1_2 ≤ t_2 ≤ 1 7čď, α ∗ βŊ›H ’Í̄Ą–¨P: Ą—¨Ãž\Ą @/‚«#Ň ůąŋŞff̈ ffiŕ̄Şff̈X< α ∘ βŊ›H £žĄ–¨P: Ą—¨Ãž\Ą @/‚« #Ň ůąŋŞff̈ ffiŕ̄sff^«. &ñ̇_‹ŰÐ ÂÒ’- ^«6čğ‘ę̌ ˝«ŰÐ ůúŸÃž eŤ„^«. (ÕłaË>\Ą"f `«ŰÐżąďŞÉr I_1, [jŰÐżąďŞÉr I_2‘ę̌ ´«¸«?/9 I_3, · · · , I_nŞÉr Òqt|ÄÌœ&#Q eŤ„^«.)

α β

α ∗ β

∼

∼ α x_0 x_0 β (x_0 ∘ α) ∗ (β ∘ x_0) = (x_0 ∗ β) ∘ (α ∗ x_0)

∼

∼ α β β ∘ α

∼

∼ x_0 β α x_0 (β ∗ x_0) ∘ (x_0 ∗ α) = (β ∘ x_0) ∗ (x_0 ∘ α)

∼

∼ β α

β ∗ α ›«~«"f, π_n(X, x_0)ŞÉr abeliansff^«.

Ω-version

0A &ñ̇off\ę̌ loop space Ω\ę̌ sff6ăx‚«#Ň 7čx"î̇K ŸÐ˘«. Ça‹Ÿ+ 1 (X, μ, x_0) is an H-space if

(1) μ : X × X → X is continuous. Write μ(x, y) = xy. (2) X^{(id,x0)} �

id � � � � � X × X μ � X (x_0,id) � id � � � � � X commute up to homotopy relative to x_0

7čď, 0A_‹ (2)Ŋ›H ^«6čğõ̆ 1lxuffsff^«.

L_{x0} : X → X defined by L_{x0} (x) = x_0x is homotopic to id (rel x_0) and R_{x0} : X → X defined by R_{x0} (x) = xx_0 is homotopic to id (rel x_0). H-space_‹ \VŰÐŊ›H Topological group, loop space Ω1pxsff eŤ„^«.

Ça‹hff 4 Ω is an H-space.

ďßÃZ‹ (1) Define μ : Ω × Ω → Ω by μ(α, β) = α ∗ β

�äťVĄ 13.(1) Show (X, x)^{(I,1)} × (X, x)^{(I,0)} → X^I (α, β) → αβ is continuous.

(�äťVĄ 13.(2)Ŋ›H ˇ«A\Ą)

(2) Show L_{x0} ≃ id (rel x_0) : (Similarly for R_{x0} ) H : Ω × I → Ω\ę̌ ^«6čğõ̆ řúăsff &ñ̇_‹ô»Ç^«. H(α, s) = α_s, α_s(t) := α ∘ F (s, t) where

F−→ 0 1 α−→ X x_0 α α

t s

7čď, F Ŋ›H yŇŢ s-level\Ą"f cś̄F̀KŢ2; ÂÒìfir‘ę̌ 0ÜĳŰÐ ´«Qtff ÂÒìfir‘ę̌ linear‚«>ı IŰÐ ŸÐ ?/ÅÒŊ›H Ę<ÊÃžsffŞę, ›«~«"f α_sŊ›H 0 ≤ t ≤^1_2 −^1_2 s{9˚M: x_0\ĄQÓütfflQeŤ„^«`« α\ę̌ `«Ŋ›H curve`« İ)a^«.

sff M:, H`« L_{x0} ü< id ˚«sff_‹ homotopyeŤ̌‘ę̌ ŸÐsff˘«. Ă–¨$- H_0 = L_{x0} ,H_1 = ideŤ̌ŞÉr ˘«"î̇‚«^«.

G : Ω × I_s × I_t → X\ę̌ G(α, s, t) = α(F (s, t))ŰÐ ÿúŽÜĳĂ—¨ ^G = HsffÙĳŰÐ, H`« Čȷ̈5ÅqeŤ̌‘ę̌ ŸÐsfflff 0A‚«"fŊ›H G`« Čȷ̈5ÅqeŤ̌‘ę̌ ŸÐsffĂ—¨ Ø̋æìfir‚«^«. Õł-–¨X<, GŊ›H

G : Ω × I_s × I_t^{id×F}−→ Ω × I^{evaluation}−→ X (α, s, t) −→ (α, F (s, t)) −→ α(F (s, t))

ü< řúăsff Čȷ̈5ÅqĘ<ÊÃž[þt_‹ ¡+Ë$í̇sffÙĳŰÐ Čȷ̈5Åqsff^«. ›«~«"f L_{x0} ≃ id.

Ça‹hff 5 Suppose (X, e) is an H-space. Then π_1(X, e) is abelian. ďßÃZ‹ �äťVĄ 13.(2) (Hint. Almost same as the case of topological group.)

sff]j 0A_‹ £ž &ñ̇offŰÐÂÒ’- ^«6čğ_‹ ›«2čğ&ñ̇off\ę̌ %3˝Ŋ›H^«.

›«§ßÿÇa‹hff 6 If n ≥ 2, π_n(X, x_0) is abelian.