V.1 Simplicial complex in R^N

Ça‹Ÿ+ 1 {a_0, · · ·, a_n} ⊂ R^N is geometrically independent(or affinely independent) if a_1 − a_0, · · ·, a_n − a_0 are linearly independent.

Note. geometrically independent⇔ n∑ i=0 t_ia_i = 0 with n∑ i=0 t_i = 0 ⇒ t_0 =

· · · = t_n = 0.

Affine independence is a notion in affine space, i.e., invariant under affine transformations.

Ça‹Ÿ+ 2 (n-simplex) {a_0, · · ·a_n} ⊂ R^N `« geometrically independent‚«^«Şę ‚«˘«. sff M:,

σ =< a_0, · · ·, a_n >= {x ∈ R^n|x = n∑ i=0 t_ia_i , t_i ≥ 0 and n∑ i=0 t_i = 1}

=convex hull of {a_0, · · ·a_n} =n-simplex spanned by {a_0, · · ·, a_n}~« &ñ̇_‹ô»Ç^«.

Remark (1) t_i = t_i(x) for x ∈ σ is uniquely determined and called a barycentric coordinate of x, and t_i is a continuous function of x ∈ σ.

(2) a_i=vertex of σ, n=dimσ{9˚ M: a simplex spanned by a subset of {a_0, · · ·a_n} is called a face of σ. ∘ σ := int(σ) = {x ∈ σ | t_i(x) > 0 , t_i = 0, · · ·, n}. ∂σ:=boundary of σ = σ −^∘σ = {x ∈ σ | t_i(x) = 0, for some i} (3) ∀x ∈ σ, ∃! face τ of σ(denoted by τ < σ) such that x ∈^∘τ.Indeed, τ =< a_{i0} , · · ·, a_{ik} | t_{ij} (x) > 0 , j = 0, · · ·, k >. Therefore σ = ∐ τ<σ ∘ τ Ça‹Ÿ+ 3 (Simplicial complex) A simplicial complex K in R^N is a collection of simplices in R^N such that (1)τ < σ, σ ∈ K ⇒ τ ∈ K, and (2)σ, τ ∈ K ⇒ σ ∩ τ < σ and σ ∩ τ < τ.

Ça‹Ÿ+ 4 (Subcomplex, Dimension, p-skeleton) (1) L ⊂ K is a subcomplex (denoted by L < K) if L is a simplicial complex in its own right.

(2) dimK := max{dim σ|σ ∈ K}.

(3) p − skeleton of K := K^p =the subcomplex consisting of all simplices of K of dim≤ p.

ÅÒ#QŤff̈ simplicial complex K\Ą @/K |K| = ⋃ σ∈K σ ⊂ R^N \ę̌ ÒqtyŇŢKŸÐ˘«. |K|\Ą

topology\ę̌ ^«6čğõ̆ řúăsff ïfir^«. Topology of |K| :

(1)each of σ has the usual induced subspace topology in R^N . (2)A ⊂ |K| is closed (open, respectively) if A ∩ σ is closed(open, respectively) in σ, ∀ σ ∈ K.

|K|_‹ closed set‘ę̌ (2)ü< řúăsff &ñ̇_‹‚«Ă—¨ sffŊ›H |K|\Ą topology ¡ĺŻÿ\ę̌ ÅÒŞę sff \ę̌ weak (or coherent) topology ~«Şę ÂÒŔÉr^«. ćÿô»Ç |K| with a weak topology \ę̌ K_‹ underlying space(or a polytope) ~«Şę ô»Ç^«.

�äťVĄ 14. {9˚ìøÍ&h̃ÜĳŰÐ #QŃ"¨ |9˘¡+Ë X\Ą"f S_α ⊂ X, ∀ α sffŞę yŇŢ S_α Ŋ›H topological spaces{9˚ M:, ^«6čğ Żÿ|¯¨‘ę̌ ëSSŰ7áďô»Ç^«Şę ‚«˘«.

1.S_α ∩ S_β is open(closed, respectively) in S_α and S_β , ∀ α, β 2.topology on S_α ∩ S_β induced from S_α = topology on S_α ∩ S_β induced from S_β sff M: X = ⋃ α S_α \Ą ^«6čğõ̆ řúăsff topology\ę̌ &ñ̇_‹¡+É Ãž eŤ„^«.

A ⊂ X is open(closed, respectively) if A ∩ S_α is open(closed, respectively) in each S_α .

ÕłfflQĂ—¨ sff-–¨ A[þtŞÉr X-ľĲ\Ą topology\ę̌ ÿúŸ &ñ̇_‹‚«>ı œ&Şę ^«6čğ‘ę̌ ëSSŰ7áďô»Ç^«. the subspace topology of S_α as a subset of X=the original topology of S_α .

sff topology\ę̌ {S_α }\Ą _‹K inducedİ)a weak or coherent topology~«Şę ÂÒŔÉr^«. ÕłoffŞę X`« polytope õ̆ homeomorphic ¡+É M: X\ę̌ polyhedronsff~«Şę ô»Ç^«.

Note. The weak topology of |K| is finer than the subspace topology of |K| ⊂ R^N , i.e., id : |K|_w → |K|_s is continuous.

(7čx"î̇) A ⊂ |K| `« closed in |K|_s sffĂ—¨ AŊ›H subspace topology ŰÐ closedsffŞę A ∩ σŊ›H σ\Ą"f closedsff^«. ›«~«"f AŊ›H weak topologyŰÐ closedsff^«.

Examples. 1 . [0, 1]

-1 0 1

|K|= { , , , , , , }

(0, 1]ŞÉr subspace topologyŰÐ ŸÐĂ—¨ K\Ą"f opensfftffëSSŰ, weak topologyŰÐ ŸÐĂ—¨ sffŊ›H closedsff^«. —=´»‚«Ă—¨ K_‹ yŇŢ simplex[þtõ̆ (0, 1]õ̆_‹ Şğ|9˘¡+ËŞÉr ∅ <Ȩ̂ŞÉr simplex ˘«Šff̈ÜĳŰÐ ´«ŽÿÙĳŰÐ sffŊ›H closedsff^«. 2 .

K

σ . .

σ\Ą @/K^∘σŊ›H |K|_w\Ą"f open sff^«. —=´»‚«Ă—¨^∘σü<, σ\ę̌ ]jü@ô»Ç ´«Qtff τ ü<_‹ Şğ|9˘¡+ËŞÉr Ůÿ£ž ∅ sffŞę sffŊ›H τ\Ą"f opensff^«. ćÿô»Ç σü<_‹ Şğ|9˘¡+ËŞÉr^∘σ Şff̈X< sff %ĩrff σ\Ą"f opensffÙĳŰÐ^∘σŊ›H |K|_w\Ą"f open sff^«.

‚«tffëSSŰ^∘σŊ›H |K|_s\Ą"f open sff ˇ«mff^«. subspace topology ŰÐ Kőo‘ę̌ M:,^∘σ-ľĲ_‹ ô»Ç &ȟ\Ą"f #QŃ"¨ ˘»H~¡Ó‘ę̌ ÿúŽˇ«Ţÿ ^«ŔÉr simplex τ ∈ K ü< ëSSŰ´«ÙĳŰÐ interior point`« |ĺc Ãž \Ofl^«. ›«~«"f^∘σŊ›H open{9˚ Ãž`« \Ofl^«. 3 . If K is a finite simplicial complex in R^N , then

weak topology of |K|=subspace topology of |K|.

ďßÃZ‹(⊇)Ŋ›H sffpff ůúą\Ą"f ŸÐ%i„Şę, (⊆)\ę̌ ŸÐsffĂ—¨ İ)a^«. F\ę̌ |K|_w \Ą"f closedŞff̈ subset sff~«Şę ‚«˘«. ÕłfflQĂ—¨ ŮÿŐ›H σ\Ą @/K F ∩ σ Ŋ›H σ\Ą"f closedsffŞę, σ Ŋ›H

R^N \Ą"f closed sffÙĳŰÐ F ∩ σ Ŋ›H R^N \Ą"f closedsff^«. ÕłfflQĂ—¨, F = ⋃ σ (F ∩ σ)

sffÙĳŰÐ closed subset_‹ finite unionŞÉr %ĩrff closed‚«^«Ŋ›H $í̇|9˚\Ą ›«~« F Ŋ›H R^N \Ą"f closedsff^«.

Simplicial complex in R^J Let J be an arbitrary index set and R^J = {f : J → R}. Write f as (x_α )_{α∈J} , i.e., f(α) = x_α .

R^J is a vector space with the usual addition and scalar multiplication. E^J := {x = (x_α )_{α∈J} ∈ R^J |x_α = 0 for all but finitely many α’s }

Topology of E^J :

Define a metric on E^J by |x − y| = max{|x_α − y_α ||α ∈ J}. Then E^J with this topology is called a generalized Euclidean space.

Note span{e_{α 1} , · · · , e_{α N} } ∼= R^N (as a topological vector space) and a simplex σ =< a_0, · · · , a_n > in E^J can be viewed as a simplex in R^N .

All the previous definitions go through for a simplicial complex in E^J . R^∞ := E^N .