V.2 Abstract Simplicial complex

Ça‹Ÿ+ 1 An (abstract) simplicial complex consists of a set V of vertices and a collection K of finite non-empty subsets of V called simplices such that 1 . v ∈ V ⇒ {v} ∈ K, 2 . σ ∈ K , ∅ ≠ τ ⊂ σ ⇒ τ ∈ K .( sff M: τ\ę̌ σ_‹ face~«Şę ‚«Şę, τ < σŰÐ İ›H ^«.)

ůúą\Ą"f &ñ̇_‹Ùþą~”¨ ffiŕ̄õ̆ ¨«ðøÍ`«tffŰÐ dimension, subcomplex, p-skeleton‘ę̌ &ñ̇_‹ ‚«˘«.

dim K := sup{dim σ | σ ∈ K}.

L ⊂ K is a subcomplex (L < K) if L is a simplicial complex in its own right. K^p = p − skeleton of K= collection of all simplices of K of dim≤ p sffM: K^pŊ›H K_‹ subcomplex`« İ)a^«.

Examples.

1 . eŤ̌_‹_‹ ÅÒ#QŤff̈ |9˘¡+Ë A\Ą @/K F(A)\ę̌ A_‹ ŮÿŐ›H Äżô»ÇÂÒìfir|9˘¡+Ë(/BN|9˘¡+Ë ]jü@)[þt_‹ |9˘¡+Ësff~«Şę £ž˘«. ÕłfflQĂ—¨ K = F(A)Ŋ›H V = AŰÐ ‚«Ŋ›H simplicial complex`« İ)a^«.

2 . ÅÒ#QŤff̈ |9˘¡+Ë X_‹ subset[þt_‹ collection U\Ą @/K, the nerve of U, K(U)\ę̌ ^«6čğõ̆ řúăsff &ñ̇_‹‚«˘«. K(U)_‹ simplex[þt‘ę̌ non-empty intersection‘ę̌ `«tff Ŋ›H U_‹ finite non-empty subsets~« ‚«˘«. ÕłfflQĂ—¨ K(U)Ŋ›H simplicial complex`« İ)a^«.

3 . K, Lsff simplicial complex {9˚ M: Kü< L_‹ joinK ∗ L‘ę̌ ^«6čğõ̆ řúăsff &ñ̇_‹ ‚«˘«.

K ∗ L = K ∐ L ∐ {σ ∐ τ | σ ∈ K, τ ∈ L}.

sffffiŕ̄ %ĩrff simplicial complex`« İ)a^«. \V\ę̌ [þt#Q £ž 1-dim simplex K, L ‘ę̌ join‚«Ă—¨ 3¯«"éű„«off ˚«Ă—¨^Ľ`« ´«Žÿ>ı œ&Şę, K = {point} Şff̈ ffiâ̇Äž 2¯«"éű -ŇŹyŇŢ +þA Lõ̆ join‚«Ă—¨ 5Åqsff ðøÍ ˚«Ă—¨^Ľ`« ´«Žÿ>ı İ)a^«. (K`« ô»Ç &ȟ{9˚ M: Kü< L_‹ join‘ę̌ L-ľĲ_‹ conesff~«Şę ô»Ç^«.)

σ^n ∗ σ^m = σ^{n+m+1} (∵ σ^nõ̆ σ^m_‹ vertices\ę̌ yŇŢyŇŢ {a_1, · · · , a_{n+1}}, {b_1, · · · , b_{m+1}}sff~« £žĂ—¨ σ^n ∗ σ^m_‹ verticesŊ›H {a_1, · · · , a_{n+1}, b_1, · · · , b_{m+1}}sff İ)a^« . ÕłoffŞę sffM: simplicial complex structureŊ›H power setsff İ)a^«.)

Check S^n ∗ S^m = S^{n+m+1}.

sff]j abstract simplicial complex_‹ underlying space\ę̌ &ñ̇_‹‚«˘«.

K\ę̌ simplicial complex, σ = {v_0, · · ·, v_n} ∈ K~«Şę ‚«˘«. sff M:, ^«6čğõ̆ řúăsff |K|\ę̌ &ñ̇_‹ô»Ç^«.

Let | σ| = { n∑ i=0 t_iv_i | n∑ i=0 t_i = 1, t_i ≥ 0} and, |K| = ⋃ σ∈K | σ|

with obvious identification 1 · v = v and 0 · v = 0. sff\ę̌ formal‚«>ı æĳĂ—¨, |K| = {x : V → [0, 1] | {v ∈ K | x(v) ≠ 0} ∈ K, ∑ v∈K x(v) = 1} and

| σ| = {x ∈ |K| | x(v) = 0 if v /∈ σ}.

x(v) = t_v(x)ŰÐ &ñ̇_‹İ)a t_v : |K| → [0, 1] \ę̌ x_‹ vĄ–¨P: barycentric coordinatesff ~«Şę ô»Ç^«. ëSSŰ{9˚ ŮÿŐ›H v\Ą @/K t_v(x) = t_v(y) sffĂ—¨ x = y sff^«.

sff]j |K|\Ą topology\ę̌ ÅÒ˘«. topology of | σ| : x, y ∈ σ, x = ∑ t_iv_i , y = ∑ s_iv_i \Ą @/K d(x, y) := √∑ (t_i − s_i)^2 ŰÐ ÅÒĂ—¨ | σ| ∼= standard simplex < e_0, · · ·, e_n >⊂ R^{n+1}.(isometric ‚«^«.)

∼= any affine simplex < a_0, · · ·, a_n >⊂ R N with the subspace topology. ( sff affine simplex < a_0, · · ·, a_n >\ę̌ a geometric realization of | σ|~«Şę ô»Ç^«.) topology of |K|\ę̌ weak topology generated by {| σ| | σ ∈ K}ŰÐ &ñ̇_‹ô»Ç^«. Note that |σ| ∩ |τ| is clearly closed in |σ| and in |τ|.

Ça‹hff 1 f : |K| → X is continuous ⇔ f|_{| σ|} is continuous ∀ | σ| ∈ K.

ďßÃZ‹ ⇒ Ŋ›H {ľĲČȷ̈‚«Şę ⇐ \ę̌ ŸÐsff˘«.

X\Ą"f closedŞff̈ C\Ą @/K f^{−1} (C)`« closed in |K|eŤ̌‘ę̌ ŸÐsffĂ—¨ İ)a^«. Õł-–¨X< eŤ̌_‹_‹ | σ|\Ą @/K f^{−1} (C) ∩ | σ| = f|^{−1}_{| σ|} (C) sffŞę sffŊ›H | σ| \Ą"f closed sffÙĳŰÐ ›«~«"f f^{−1} (C)Ŋ›H |K|\Ą"f closedsff^«.

›«§ßÿÇa‹hff 2 (1) t_v : |K| → [0, 1] is continuous. (2) |K| is a Hausdorff space.

(3) A ⊂ |K| is compact ⇔ A is closed subset of |L| for some finite subcomplex L of K. In particular, |K| is compact if and only if K is a finite simplicial complex.

ďßÃZ‹ (1)ŞÉr yŇŢ simplex -ľĲ\Ą"f coordinate function t_vŊ›H Čȷ̈5ÅqsffÙĳŰÐ ›«~«"f |K|\Ą"fŢÿ Čȷ̈5Åqsff^«.

(2)Ŋ›H ëSSŰ{9˚ x ≠ y in |K| sff~«Ă—¨ t_v(x) ≠ t_v(y) \ę̌ ëSSŰ7áď‚«Ŋ›H v`« Ť>rF‚«ÙĳŰÐ ›« ~«"f (1)\Ą _‹K x, y\ę̌ separate rff~ť̂ Ãž eŤ„^«. (3)\Ą"f ⇐\ę̌ ŸÐsff˘«. |L| = ⋃ σ∈L σsffŞę yŇŢ σŊ›H compactsff^«. L sff finite sffĂ—¨

|L|ŞÉr compact set[þt_‹ finite unionsffÙĳŰÐ |L| %ĩrff compact sff^«. ›«~«"f L_‹ closed subset A %ĩrff compactsff^«.

⇒\ę̌ ŸÐsfflff 0AK compactŞff̈ A ⊂ |K| ü< ∀ σ ∈ K \Ą @/K A ∩^∘σ \ę̌ ÒqtyŇŢ‚« ˘«. A ∩^∘σ`« non-emptyŞff̈ σ¨«^« A ∩^∘σ \Ą 5Åq‚«Ŋ›H "éűŹè\ę̌ ‚«´«mŤ̃ i(vˇ« x_σ ~« £ž Şę sff[þt‘ę̌ ŮÿŞÉr ffiŕ̄‘ę̌ A^′~« £ž˘«. sff M: |K| = ∐ σ∈K ∘ σsffÙĳŰÐ A^′sff finiteeŤ̌‘ę̌ ŸÐ

sffĂ—¨ Ø̋æìfir‚«^«. A^′ ⊂ A sffŞę A^′_‹ ŮÿŐ›H subset BŊ›H closed`« œ&ÙĳŰÐ (B ∩ σ`« finite setsffÙĳŰÐ σ_‹ closed subsetsff œ&Şę weak topology_‹ &ñ̇_‹\Ą _‹K BŊ›H closedsff^«.) A^′Ŋ›H discrete‚«^«. ćÿô»Ç A^′ŞÉr compactô»Ç A_‹ closed subsetsffÙĳ ŰÐ A^′%ĩrff compactsff^«. 7čď A^′Ŋ›H compact, discrete setsffÙĳŰÐ finite setsff œ& #Qˇ» ô»Ç^«.

Simplicial map

f : K → L\ę̌ simplicial map sff~«Şę £ž˘«. 7čď f : V (K) → V (L), f(σ) ∈ L if σ ∈ K. sffM: ^«6čğõ̆ řúăŞÉr map‘ę̌ ÒqtyŇŢ‚«˘«.

”f” : |K| → |L| defined as : n∑ i=0 t_iv_i = x ∈ |K| ⇒ f(x) = n∑ i=0 t_if(v_i)

7čď ”f”(|σ|) = |f(σ)| sff^«. sff ”f”\ę̌ f\Ą _‹K inducedİ)a simplicial mapsff~« Şę ô»Ç^«.

ex. simplicial map ∘ simplicial map = simplicial map.

0 . ”f” is continuous. (”f”|_{|σ|} `« continuoussffÙĳŰÐ)

1 . f : K → L `« simplicial isomorphism sffĂ—¨ ”f” : |K| → |L| is a homeomorphism sffŞę, sff\ę̌ simplicial homeomorphismsff~«Şę ÂÒŔÉr^«.

2 . K `« finite simplicial complex sffĂ—¨ |K|Ŋ›H R^N \Ą embedİ)a^«. ďßÃZ‹ K`« finitesffÙĳŰÐ V (K) = {v_0, ···v_N } ~«Şę Zȷ~Şę, R^N îSSŰ\Ą"f geometrically independent‚«>ı a_0, · · ·, a_N \ę̌ ÿúŽŊ›H^«. ÕłoffŞę < a_0, · · ·, a_N >= σ^N ÜĳŰÐ Zȷ~Şę sff σ^N õ̆ Õłffiŕ̄_‹ face [þtŰÐ sffÀÒ#QŤff̈ simplicial complex \ę̌ △^N ~« Zȷ~˘«. sff M: Kü< △^N ˚«sff\Ą ^«6čğõ̆ řúăŞÉr Ę<ÊÃž\ę̌ ÒqtyŇŢ‚«˘«. Define f : K → △^N by f(v_i) = a_i, i = 0, · · ·, N .

ÕłfflQĂ—¨ {v_0, · · ·, v_N }_‹ subset[þt_‹ image[þtŞÉr {a_0, · · ·, a_N }[þt_‹ subset[þtsff œ& Ŋ›HX< sff[þtŞÉr Ůÿ£ž △^N -ľĲ\Ą"f simplex `« œ&ÙĳŰÐ fŊ›H simplicial mapsff İ)a^«.

›«~«"f fŊ›H Kü< △^N _‹ subcomplex L = f(K)˚«sff_‹ isomorphism‘ę̌ ÅÒÙĳŰÐ ”f” : |K| → |L|_w Ŋ›H homeomorphism sff İ)a^«. sff M: LŞÉr finite ‚«ÙĳŰÐ R^n\Ą"f |L|_s = |L|_w sffŞę ›«~«"f ”f” : |K| → |L|_s ⊆ R^n `« homeomorphismsff œ&#Q |K|Ŋ›H R^n\Ą embed İ)a^«.

�äťVĄ 14. ^«6čğ‘ę̌ ŸÐ#Ň~«. K is locally finite.

(i.e., each vertex belongs to only finitely many simplices in K.) ⇔ |K| is locally compact.

⇔ |K| is metrizable with respect to d, d(x, y) = √∑ v∈V (t_v(x) − t_v(y))^2.

�äťVĄ 15. If K is countable and locally finite and dim K ≤ n, then |K| can be embedded as a closed subset in R^{2n+1}. (Hint.) Use a curve C = (t, t^2, · · ·, t^{2n+1}).

sff C0A_‹ #QŃ"¨ 2n+2>h_‹ &ȟ‘ę̌ i(vˇ«Ţÿ sff[þtŞÉr geometrically independent‚« ^«. Ça‹Ÿ+ 2 star(v) v ∈ V (K)\Ą @/K st(v) := ⋃ v∈σ int(|σ|) = {x ∈ |K| | t_v(x) ≠ 0}.

sff M:, st(v) = ⋃ v∈σ |σ| eŤ̌‘ę̌ ŸÐsff˘«.

(⊆) st(v) = ⋃ int(|σ|) ⊆ ⋃ |σ| sffŞę, ⋃ |σ|ŞÉr closedsffÙĳŰÐ st(v) ⊆ ⋃ v∈σ |σ|sff ^«. (⊇) v ∈ σŞff̈ yŇŢ σ[þtŞÉr σ ∈ st(v) sffÙĳŰÐ ⋃ v∈σ |σ| ⊆ st(v) sff^«.

›«~«"f st(v)Ŋ›H |K|\Ą"f closedsffŞę, lk(v) := sk(v) − st(v) ŰÐ &ñ̇_‹ô»Ç^«.