V.3 Simplicial approximation theorem

Barycentric subdivision

a_1 a_0

a_2

^σ Given σ =< a_0, · · · , a_n >⊂ R^N , the barycenter ^σ of σ is defined by

^σ = 1 n + 1 n� i=0 a_i.

Ça‹Ÿ+ 1 Let K be a simplicial complex in R^N , the baricentric subdivision of K, denoted by sdK, is defined inductively as follows 1. L_0 := V (K).

2. Given L_p, L_{p+1} is the simplicial complex determined by � σ∈K^{p+1}

{^σ ∗ ∂σ}

where ∂σ is viewed as a subcomplex of L_p. 3. sdK = � L_p.

K

L_0 L_1 L_2

Note. Abstractly, 1. V (sdK) = � σ∈K {^σ}

2. sdK = {< ^σ_1, · · · , ^σ_p > | σ_1 < · · · < σ_p, p = 1, 2, · · · , σ_i ∈ K}, where < denotes proper face.

3. |sdK| = |K| as a topological space.

Ça‹Ÿ+ 2 K : a finite simplicial complex in R^N .

mesh(K) = max{diam(σ) | σ ∈ K}.

Ça‹hff 1 (1) σ : n-simplex in R^N ⇒ mesh(sdσ) ≤^n_{n+1} mesh(σ). (2) K : n-dimensional finite simplicial complex in R^N

⇒ mesh(sdK) ≤^n_{n+1} mesh(K)

ďßÃZ‹ (2)Ŋ›H (1)_‹ ?/6ăxõ̆^x_{x+1} sff 7čx`«Ę<ÊÃž~«Ŋ›H ˚«ẑťŰÐÂÒ’- ˝«ŰÐ ´«ŽÿÙĳŰÐ, (1)‘ę̌ 7čx"î̇‚«˘«. sff\ę̌ 7čx"î̇‚«lff\Ą ůúą"f ^«6čğ Note\ę̌ űúŸ(RŸÐ˘«. Note. 1. ∀ σ, ∃ an edge e < σ, such that diam(σ) = length(e). 2.∀ x ∈ σ, | σ̂ − x| ≤ | σ̂ − v| for some vertex v of σ, and

| σ̂ − v_0| = | v_0 − 1 n + 1 n� i=0 v_i| = | 1 n + 1 n� i=1 (v_i − v_0)| ≤ 1 n + 1 n� i=1 | v_i − v_0| ≤ n n + 1 max| v_i − v_0| ≤ n n + 1 mesh(σ)

sff]j (1)_‹ 7čx"î̇‘ę̌ ‚«˘«. ∀ τ ∈ sd(σ)\Ą @/K τ_‹ ŮÿŐ›H edge eŊ›H barycenter\Ą"f <Ȩ̂ŞÉr face_‹ barycenter\Ą"f ´«`«ÙĳŰÐ Note 2\Ą _‹K length(e) ≤^n_{n+1} mesh(σ) sff^«. ›«~«"f Note 1\Ą _‹K mesh(τ) ≤^n_{n+1} mesh(σ) sff^«.

›«§ßÿÇa‹hff 2 mesh(sd^N K) ≤ C(^n_{n+1} )^N and converge to 0 as N → ∞.

Note. g : K → L, a simplicial map

⇒ g(st(v)) ⊂ st(g(v)), ∀v ∈ V (K). ďßÃZ‹ x ∈ st(v) ⇔ t_v(x) > 0.

g`« simplicial mapsffÙĳŰÐ t_{g(v)}(g(x)) ≥ t_v(x)sffŞę ›«~«"f x ∈ st(v)sffĂ—¨ t_{g(v)}(g(x)) > 0sffŞę g(x) ∈ st(g(v)).

ÃZ‹VĄ 3 Let f : |K| → |L| be a map and g : |K| → |L| be a simplicial map. Then the followings are equivalent. (1) ∀ x ∈ |K|, f(x) ∈^∘τ ⇒ g(x) ∈ τ. (2) ∀ x ∈ |K|, f(x) ∈ τ ⇒ g(x) ∈ τ. (3) v ∈ V (K), f(st(v)) ⊂ st(g(v)).

Ça‹Ÿ+ 3 Such simplicial map g is called a Simplicial approximation of f.

ďßÃZ‹ (2)⇒(1)ŞÉr {ľĲČȷ̈‚«^«.

(1)⇒(3) x ∈ st(v),f(x) ∈^∘τ ~« Zȷ~˘«. `«&ñ̇ÜĳŰÐÂÒ’- t_v(x) > 0, g(x) ∈ τsff^«.

sffM:, t_{g(v)}(g(x)) ≥ t_v(x) > 0sffÙĳŰÐ, g(x) ∈ st(g(v))sff^«. Õł-–¨X< g(x) ∈ τeŤ̌ ‘ę̌ ůúŸŞę eŤ„ÜĳÙĳŰÐ, g(v)Ŋ›H τ_‹ vertexsffŞę,^∘τ ⊂ st(g(v))sff^«. ›«~«"f f(x) ∈ ∘ τ ⊂ st(g(v)).

(3)⇒(2) x ∈^∘σ sffŞę, f(x) ∈ τ~«Şę `«&ñ̇‚«˘«. sff M:, eŤ̌_‹_‹ v ∈ V (σ) \Ą @/K x ∈ st(v)sff^«. f(st(v)) ⊂ st(g(v))ŰÐÂÒ’- f(x) ∈ st(g(v)) sffŞę ›«~«"f g(v)Ŋ›H τ_‹ vertex`« İ)a^«. eŤ̌_‹_‹ v ∈ V (σ)\Ą @/‚«#Ň $í̇wn̆‚«ÙĳŰÐ, g(σ) ⊂ τ sffŞę g(x) ∈ τsff^«.

Ça‹hff 4 Let f : |K| → |L| be a map which satisfies ”star condition”, i.e., ∀ v ∈ V (K), ∃ w ∈ V (L) such that f(st(v)) ⊂ st(w). Then there exists g : K → L which is a simplicial approximation of f.

ďßÃZ‹ ŮÿŐ›H v ∈ V (K)\Ą @/K f(st(v)) ⊂ st(w)\ę̌ ëSSŰ7áď‚«Ŋ›H ˇ«Áž-–¨ w \ę̌ Ć–¨ŒþŸ ‚«#Ň g(v) = wŰÐ &ñ̇_‹‚«˘«.

sff]j sff g`« simplicial mapeŤ̌‘ę̌ ŸÐsfflff 0AK < v_0, · · ·, v_k >`« simplexsffĂ—¨, < g(v_0), · · ·, g(v_k) >`« simplexeŤ̌‘ę̌ ŸÐsff˘«. simplex σ =< v_0, · · ·, v_k >ŰÐ Zȷ~

ÜĳĂ—¨ x ∈^∘σ`« Ť>rF‚«Şę, x ∈ k� i=0 st(v_i)sff^«.

sff M:, f(x) ∈ f( � st(v_i)) ⊂ � f(st(v_i)) ⊂ � st(w_i) , w_i = g(v_i)sff œ&#Q ŮÿŐ›H i\Ą @/K t_{wi} (f(x)) > 0sff^«. ›«~«"f < w_0, · · ·, w_k >=< g(v_0), · · ·, g(v_k)) >Ŋ›H simplex\ę̌ +þA$í̇ô»Ç^«.(interior point f(x)`« Ť>rF‚«ÙĳŰÐ). ›«~«"f gŊ›H simplicial mapsff œ&Şę f(st(v)) ⊂ st(g(v)) \ę̌ ëSSŰ7áď‚«ÙĳŰÐ ůúą_‹ "î̇]j 3_‹ (3)‘ę̌ ëSSŰ7áď‚« #Ň gŊ›H f_‹ simplicial approximationsff İ)a^«.

Remark. f : |K| → |L|`« K_‹ subcomplex M\Ą"f sffpff simplicial mapsff~« Şę ‚«˘«. ÕłfflQĂ—¨ 0A &ñ̇off_‹ 7čx"î̇õ̆&ñ̇\Ą"f g\ę̌ ÿúŽ‘ę̌ M:, M\Ą"f_‹ řúŕŞÉr Õł@/ ŰÐ ÅÒŞę (ůúą Note\Ą"f simplicial mapŞÉr star condition‘ę̌ ëSSŰ7áď‚«ÙĳŰÐ ) ´«Qtff ÂÒìfirëSSŰ &ñ̇off_‹ 7čx"î̇%Č!3ˇ ‚«Ă—¨ œ&ÙĳŰÐ g|_{|M|} = f|_{|M|}sff œ&Ţÿ2§ď approximation g\ę̌ ÿúŽ‘ę̌ Ãž eŤ„^«.

Ça‹hff 5 (Simplicial approximation theorem) K, L : finite simplicial complexes in R^N .

(1) Given a map f : |K| → |L|, ∃N > 0 such that f has a simplicial approximation g : sd^N K → L.

(2) If g is a simplicial approximation of f, f ≃ g.

ďßÃZ‹ (1) U = {f^{−1} (st(w)) | w ∈ V (L)}ŞÉr |K|_‹ open coveringsff İ)a^«. K`« finitesffÙĳŰÐ |K|Ŋ›H compactsffŞę ›«~«"f open covering U\Ą @/K Lebesgue number ϵsff Ť>rFô»Ç^«. sff M:, mesh(sd^N K) <^ϵ_2 \ę̌ ëSSŰ7áď‚«Ţÿ2§ď N‘ę̌ Ø̋æìfiryff SSĳ

>ı ÿúŽÜĳĂ—¨ sd^N K îSSŰ_‹ yŇŢ star[þtŞÉr diamsff ϵŸÐ^« ĄŇŢŞę ›«~«"f #QŃ"¨ U ∈ U\Ą §í Ę<Êİ)a^«. ÕłfflQĂ—¨ f : |sd^N K| → |L|ŞÉr star condition‘ę̌ ëSSŰ7áď‚«Şę |sd^N K| = |K| sffÙĳŰÐ &ñ̇off 4\Ą _‹K simplicial approximation g`« Ť>rFô»Ç^«. (2) fü< g˚«sff_‹ homotopy\ę̌ F : |K|×I → |L|, F (x, t) = tf(x)+(1−t)g(x)ŰÐ &ñ̇_‹ô»Ç^«. Ă–¨$- "î̇]j 3\Ą _‹K yŇŢ f(x)ü< g(x)Ŋ›H řúăŞÉr simplex îSSŰ\Ą eŤ„ÜĳÙĳŰÐ F Ŋ›H ÿúŸ &ñ̇_‹İ)a^«. ćÿô»Ç yŇŢ simplex σ\Ą"f fü< gŊ›H Čȷ̈5ÅqsffÙĳŰÐ F Ŋ›H | σ|×I\Ą"f Čȷ̈5Åqsff^«. K`« finitesffÙĳŰÐ F Ŋ›H Čȷ̈5Åqsff^«. ›«~«"f F Ŋ›H "éű‚«Ŋ›H homotopysff ^«. Remark.

1. Theorem 5 holds for arbitrary simplicial complexes K and L, and for a suitable subdivision (satisfying mesh condition in the proof) K^′ of K. (Reference: Munkres, 16.5, 19.4, 20.5) 2. In general, The topology of |K| × I is coherent with the subspaces {|σ| × I | σ ∈ K}. (see Munkres, Elements of algebraic topology.) (�äťVĄ 16.)