Application

1 . π_k(S^n)=0, if k < n.

ďßÃZ‹ simplicial approximation &ñ̇offü< S^n \ {point} ≃ R^nsff contractiblesff~« Ŋ›H ffiŕ̄‘ę̌ sff6ăx‚«˘«. S^k\Ą"f S^nÜĳŰÐ `«Ŋ›H α`« ontoëSSŰ ˇ«mff~«Ă—¨, S^n-ľĲ\Ą"f α_‹ image`« ˇ«Ŋff̈ &ȟ x_0 \ę̌ ÒqtyŇŢ¡+É Ãž eŤ„Şę S^n \ {x_0} ≃ R^nsff contractiblesffÙĳŰÐ 7čx"î̇sff ć-a$í̇İ)a^«.

Ă–¨$- simplicial map ˘«^ĽŊ›H p-skeleton ‘ę̌ p-skeleton ÜĳŰÐ ŸÐ?/ÙĳŰÐ α_‹ simplicial approximation α^′Ŋ›H onto`« |ĺc Ãž \OflŞę, ›«~«"f α^′ŞÉr ô»Ç &ȟÜĳŰÐ contractible ‚«Şę α ≃ α^′ sffÙĳŰÐ α Ţÿ contractible‚«^«.

sff 7čx"î̇\Ą"f base pointŊ›H vertex`« œ&Ţÿ2§ď simplicial complex ¡ĺŻÿ\ę̌ S^kü< S^n\Ą &h̃{ľĲyff ïfir^«. ůúą]X̊ &ñ̇off_‹ Remark\Ą _‹K α(base point) = α^′(base point)~« £ž#QŢÿ -ľĲŻ’a\OflŞę, ůúą]X̊ &ñ̇off 57čx"î̇\Ą"f homotopy F `« base point\ę̌ fixô»Ç^« Şę `«&ñ̇‚«#ŇŢÿ a%~^«.

2 . i : K^{k+1} → K induces an isomorphism i_∗ : π_k(|K^{k+1}|) → π_k(|K|).

ďßÃZ‹ Ă–¨$- simplicial approximation thoerem‘ę̌ sff6ăx‚«Ă—¨ epimorphism sff œ& Ŋ›H ffiŕ̄ŞÉr 0A 7čx"î̇\Ą"f %Č!3ˇ ˘«"î̇‚«^«. sff]j 1-1 eŤ̌‘ę̌ ŸÐsff˘«. 1-1 eŤ̌‘ę̌ ŸÐsfflff 0AK sffĎı̈\Ą ŸÐ%i„~”¨ ^«6čğ note\ę̌ sff6ăx‚«˘«.

Note. α : S^k → X represent a zero element in π_k(X) if and only if ∃ extension α : B^{k+1} → X.

#QŃ"¨ {α} ∈ π_k(|K^{k+1}|) `« i_∗\Ą _‹K identity ŰÐ çSSŰ^«Ă—¨, 0A_‹ note \Ą _‹K extension α `« Ť>rF‚«Şę ^«6čğ diagram sff $í̇wn̆ô»Ç^«.#Ňlff"f %Č6čğÂÒ’- α\ę̌ simplicialsff~« `«&ñ̇KŢÿ -ľĲŻ’a\Ofl^«.

|K^{k+1}| → |K| |K^{k+1}| → |K| α ↑ ⇒ α ↑ ↑ ∃ α S^k S^k ⊂ B^{k+1}

#Ňlff"f α_‹ simplicial approximation α^′\ę̌ ÿúŽÜĳĂ—¨ K^{k+1} → K ∃ α^′ ↖ B^{k+1} `« œ&Şę sff M: ůúą]X̊ &ñ̇off_‹ remark\Ą _‹K"f {α^′|_Sk } = {α} ~« £ž#QŢÿ İ)a^«. Õł-–¨X< |K^{k+1}|\Ą"f {α^′|_Sk } = 0 sffÙĳŰÐ {α} = 0 sff^«. ›«~«"f 1-1eŤ̌‘ę̌ ŸÐ%i„^«.

3. Edge-path group v_0 ∈ V (K)\Ą @/K"f

Ω_s(K, v_0)=the set of closed edge-paths based at v_0

={v_0v_{i1} · · · v_{ik} v_0 | v_i ∈ V (K) and {v_0, v_{i1} }, · · ·, {v_{ik} , v_0} : 1-simplices in K}

sff]j Ω_s(K, v_0)\Ą equivalence relation^s∼\ę̌ ^«6čğ 3`«tff equivalence\Ą _‹K generateİ)a ffiŕ̄ÜĳŰÐ ÅÒ˘«. (1) · · · v_iv_i · · ·^s∼ · · ·v_i · · · (2) · · · v_iv_jv_i · · ·^s∼ · · ·v_i · · · (3) · · · v_iv_jv_k · · ·^s∼ · · ·v_iv_k · · · if < v_i, v_j , v_k > is a 2-simplex in K

sff M: Ω_s(K, v_0)/^s∼ := E(K, v_0)\ę̌ (K, v_0)_‹ edge path groupsff~«Şę ô»Ç^«. sff M: group operationŞÉr juxtaposition sff^«.

E(K, v_0) `« groupsff HĘd‘ę̌ ŸÐsff˘«. Ă–¨$- ((v_0v_{i1} · · v_0)(v_0v_{j1} · · v_0))(v_0v_{k1} · · v_0) = (v_0v_{i1} · · v_0)((v_0v_{j1} · · v_0)(v_0v_{k1} · · v_0)) Ŋ›H 0A [j`«tff equivalence \Ą @/K $í̇wn̆‚«ÙĳŰÐ ffi—˚¡+ËZŎgË:‘ę̌ ëSSŰ7áď‚«Şę, {v_0} ∈ E(K, v_0) `« group operation_‹ identity `« İ)a^«. ÕłoffŞę(v_0v_{i1} ···v_{ik} v_0) ∈ E(K, v_0)\Ą @/K inverseŊ›H (v_0v_{ik} · · · v_{i1} v_0)`« İ)a^«. ›«~«"f E(K, v_0) Ŋ›H group sff İ)a^«.

Ça‹hff 1 E(K, v_0) ∼= π_1(|K|, v_0)

ďßÃZ‹ £ž group˚«sff_‹ isomorphism‘ę̌ ź1Ôlff 0AK Ă–¨$- ^«6čğ Ę<ÊÃž\ę̌ ÒqtyŇŢ‚«˘«.

ϕ : Ω_s(K, v_0) → Ω(|K|, v_0)/ ∼ v_0v_{i1} · · · v_{ik−1} v_0 → {α}

where α : I → |K| is a piecewise linear map representing simplicial loop corresponding to v_0, v_{i1} , · · · v_{ik} , v_0.

sff ϕ\Ą _‹K induceœ&Ŋ›H ϕ_♯ : Ω_s/^s∼ → Ω/∼‘ę̌ %3˝‘ę̌ Ãž eŤ„Şę, sff M: ^«6čğ W1 `« tff\ę̌ ŸÐsff˘«.

(1) ϕ_♯ is well defined :

’Í̄Ą–¨P: equivalence relation^s∼\Ą @/K ϕ_♯(v_0 · ·v_iv_i · ·v_0) = ϕ_♯(v_0 · ·v_i · ·v_0) eŤ̌‘ę̌ ůúŸ Ãž eŤ„Şę, ´«Qtff £ž>h\Ą @/K"fŢÿ ¨«ðøÍ`«tffŰÐ SXĽŞff̈¡+É Ãž eŤ„^«.

(2) ϕ_♯ is a homomorphism :

ϕ(v_0v_{i1} · ·v_0) = α ü< ϕ(v_0v_{j1} · ·v_0) = β \Ą @/K ϕ((v_0v_{i1} · ·v_0) · (v_0v_{j1} · ·v_0)) ŞÉr juxtaposition\Ą _‹K αü< β_‹ juxtapositionÜĳŰÐ `«Şę sffŊ›H ϕ((v_0v_{i1} · ·v_0)) · ϕ((v_0v_{j1} · ·v_0)) ü< řúă^«.

(3) ϕ_♯ is onto :

eŤ̌_‹_‹ α ∈ π_1(|K|, v_0)\Ą @/K α_‹ simplicial approximation α `« Ť>rFô»Ç^«. ϕ_♯(α) = α `« œ&#Q ontosff^«.

(4) ϕ_♯ is 1-1 :

α , β ∈ Ω_s\Ą @/K ϕ_♯(α) ∼ ϕ_♯(β)sff~«Şę `«&ñ̇‚«Şę α^s∼ β eŤ̌‘ę̌ ŸÐsff˘«. Ă–¨$- α, β \Ą @/K yŇŢyŇŢ ^«6čğõ̆ řúăsff α^′, β^′‘ę̌ ÿúŽ˘«. ϕ_♯(α)ü< ϕ_♯(β) ˚«sff_‹ homotopy F , F (0, t) = α(t), F (1, t) = β(t)\Ą @/K F _‹ simplicial approximation(G~« £ž ˘«)sff Ť>rF‚«Ţÿ2§ď ^«6čğõ̆ řúăsff subdivisionô»Ç^«.

α β

α^′ β^′

G−→

#Ňlff"f G(0, t) = α^′(t), G(1, t) = β^′(t) ÜĳŰÐ £ž%3„‘ę̌ M:, α^s∼ α^′, β^s∼ β^′~« `« &ñ̇‚«#ŇŢÿ Áž~¡Ó‚«^«. —=´»‚«Ă—¨, α_‹ ô»Ç Źè¡ĺçSSŰsff 1-simplex < v, w >ŰÐ yŇď^« Ă—¨, sffffiŕ̄_‹ subdivisionŞÉr \VĘ̄¨@/ < v, w >, < w, w >, · · · < w, w >ŰÐ ŸÐ?/ Ă—¨ α^s∼ α^′sffŞę ϕ(α) = ϕ(α^′)sff İ)a^«. ϕ(α^′)ü< ϕ(β^′)˚«sff_‹ homotopy F _‹ simplicial approximation GŊ›H α^′, β^′`« sffpff simplicial sffÙĳŰÐ G_0 = α^′sffŞę G_1 = β^′~«Şę `«&ñ̇KŢÿ a%~^«. ›«~«"f α^{′ s}∼ β^′\ę̌ ŸÐsffĂ—¨ α^s∼ βeŤ̌‘ę̌ ŸÐ{9˚ Ãž eŤ„ ^«.

α^′ β^′

v_0 v_0

0A ÕłaË>\Ą"f cś̄F̀KŢ2; -ŇŹyŇŢ+þAÂÒ’- ‚«´«mŤ̃^s∼‘ę̌ &h̃6ăx‚«Ă—¨, α^{′ s}∼ β^′ eŤ̌‘ę̌ ůúŸ Ãž eŤ„ ^«.

4. Graph A 1-dimensional simplicial complex is called a graph. A simply connected simplicial complex is called a tree.

ŹŒĲ£Ça‹hff 2 A graph K is a tree if and only if it is contractible.

ďßÃZ‹ (⇐) clear.

(⇒) Fix v_0 ∈ V (K).∀v ∈ V (K), choose a path α_v from v to v_0. Define F : V × I → |K| by F (v, t) = α_v(t).Then For each edge σ, define F : |σ| × I → |K| as the following picture.

I

v_i vi+1 σ α_{vi+1} α_{vi} v_0

F−→ |K|

#Ňlff"f |K|`« simply connectedsffŞę sffpff boundary condition‘ę̌ ůúŸŞę eŤ„ÜĳÙĳ ŰÐ |σ| × I_‹ ?/ÂÒŰÐ extendrff~ť̂ Ãž eŤ„6čğ\Ą ÅÒ_‹‚«˘«.

ÕłfflQĂ—¨ F |_{|σ|×I} `« Čȷ̈5ÅqsffÙĳŰÐ F : |K|×I → |K|Ţÿ Čȷ̈5ÅqsffŞę F_0 = id, F_1 = v_0sff ÙĳŰÐ contractibleŞff̈ ffiŕ̄‘ę̌ SXĽŞff̈‚«%i„^«.

ŹŒĲ£Ça‹hff 3 Let K be a connected simplicial complex. Then (1) K contains a maximal tree.

(2) Every maximal tree contains all the vertices of K.

ďßÃZ‹ (1) Use Zorn’s lemma.

Let T be the collection of all the trees in K. Then T is a partially ordered set with respect to inclusion.

Let {T_j} be a simply ordered set of trees in K. And T = � T_j. Then T is simply connected.

∵ For given α : S^1 → T, α(S^1) is compact. Hence it is contained T_j for some j. Consequently, α ≃ const. in T_j , hence in T .

By Zorn’s lemma, there exists a maximal element in T .

(2) Let T be the maximal tree. Suppose that T does not contain all the vertices of K. Then ∃v_1, v_2 ∈ V (K) s.t v_1 ∈ T and v_2 /∈ T and {v_1, v_2} is a 1-simplex in K.

T_1 := T ∪ {{v_1, v_2}, {v_2}}. Then |T | is a strong deformation retract of |T_1|. Hence T_1 is simply connected and hence a tree containing T properly. This contradicts to the normality of T .

Note (1) In fact, given a tree T , ∃ a maximal tree containing T . (2) A tree containing all the vertices of K is maximal.

(1)_‹ 7čx"î̇ŞÉr lemma_‹ 7čx"î̇õ̆ řúăŞÉr ffiŕ̄sffŞę, (2)Ŋ›H edge-path group‘ę̌ ĆÃÐŻÿ‚« Ă—¨ ~1—>ı SXĽŞff̈¡+É Ãž eŤ„^«.(exercises)

Let T be a maximal tree in K.

Let G be the group generated by the oriented edges (v, v^′) of K with the following relations.

(a) (v, v^′) ∈ T ⇒ (v, v^′) = 1 (b) (v, v^′)(v^′, v) = 1 (c) v_1, v_2, v_3 are vertices of a 2-simplex in K.Then (v_1, v_2)(v_2, v_3) = (v_1, v_3)

Ça‹hff 4 E(K, v_0) ∼= G = F/R

ďßÃZ‹

ϕ : E(K, v_0) −→ G~«Şę &ñ̇_‹‚«Ă—¨, [v_0v_{i1} v_{i2} · · · v_{ik} v_0] → (v_0v_{i1} )(v_{i1} v_{i2} ) · · · (v_{ik} v_0) sffŊ›H junxtapositionõ̆ equivalence relation‘ę̌ ŸÐŤ>r‚«ÙĳŰÐ ÿúŸ &ñ̇_‹İ)a^«.ćÿ

ψ : F −→ E(K, v_0)\ę̌ &ñ̇_‹‚«˘«. (v, v^′) → α_vvv^′α^{−1}_v′ sff M: yŇŢ vertex v¨«^« v_0\Ą"f vŰÐ `«Ŋ›H simplicial path α_v\ę̌ T \Ą"f Ć–¨ŒþŸ‚«Şę Şę&ñ̇rffvff˘«. T `« ŮÿŐ›H vertex\ę̌ ^« §íĘ<Ê‚«ÙĳŰÐ ψŊ›H R_‹ "éűŹè[þt‘ę̌ Ůÿ£ž 0Üĳ ŰÐ ŸÐ?/ÙĳŰÐ

F/R^{ψ̄}−→ E(K, v_0)\ę̌ induceô»Ç^«.

ϕ ∘ ψ̄ = id. ψ̄ ∘ ϕ = id.eŤ̌ŞÉr ~1—>ı ůúŸ Ãž eŤ„ÜĳÙĳŰÐ &ñ̇off`« 7čx"î̇œ&%3„^«.

›«§ßÿÇa‹hff 5 Let K be a finite connected simplicial complex. Then π_1(|K|, v_0) is finitely presented.

ďßÃZ‹ π_1(|K|, v_0) = E = GŞff̈X< edge_‹ Ì̄Ãž`« Äżô»ÇsffÙĳŰÐ generator_‹ Ì̄ÃžŢÿ Äżô»Ç sffŞę, G_‹ relationsff Äżô»ÇsffÙĳŰÐ relation_‹ Ì̄ÃžŢÿ Äżô»Çsff^«. ›«~«"f finitely presentedsff^«.

›«§ßÿÇa‹hff 6 Let K be a connected graph. If T is a maximal tree in K, then E(K, v_0) is a free group generated by the 1-simplices in K − T .

ďßÃZ‹ sffŊ›H G_‹ &ñ̇_‹\Ą _‹K"f {ľĲČȷ̈‚«^«.

T K − T

Note Let K be a finite connected graph, n_1 be the number of 1-simplices in K and n_0 be the number of 0-simplices in K. Then The number of 1-simplices in K −T = n_1 −(n_0 −1) = 1−(n_0 −n_1) = 1−χ(K).

Ça‹hff 7 Let p : ~X → X be a covering. If X = |K| for some simplicial complex K, then the simplicial complex structure of X can be lifted to ~X in such a way that p becomes a simplicial map.

ďßÃZ‹ simplex_‹ fundamental groupŞÉr trivialsff^«. ›«~«"f lifting¡+É Ãž eŤ„Şę ~X\Ą"f Ţÿ locally >áďřúăsff ¡+É Ãž eŤ„^«.

�äťVĄ 18 (Prove in detail.)

›«§ßÿÇa‹hff 8 1. Any subgroup of a free group is free.

2. Let F be a free group on n generators and F^′ be a subgroup of F of index m. Then F^′ is a free group in 1 − m + mn generators.

ďßÃZ‹ 1. ∃K, a connected graph such that π_1(|K|) = F .

F^′ < F ⇒ ∃ a covering K^′ of K such that π_1(K^′) = F^′ and K^′ is also a graph. ⇒ F^′ is free.

2. Can take K as a finite graph.

n = 1 − χ(K) and χ(K^′) = mχ(K) ›«~«"f F^′_‹ generator_‹ Ì̄ÃžŊ›H 1 − χ(K^′) = 1 − mχ(K) = 1 − m(1 − n) = 1 − m + mnsff^«.