VI Simplicial Homology

Ça‹Ÿ+ 1 (1) An ordered simplex is a simplex σ together with a particular order of vertices of σ and will be denoted by σ = (v_0, · · · , v_p). (2) An orientation of a simplex σ = (v_0, · · · , v_p) : Two orderings of vertices of σ are equivalent if they differ by an even permutation. A choice of an equivalence class is called an orientation of σ.

(3) An oriented simplex is a simplex σ together with an orientation of σ and will be denoted by [v_0, · · · , v_p] representing the equivalence class of (v_0, · · · , v_p) as an orientation of σ.

\V\ę̌ [þtĂ—¨, 2-simplex_‹ ffiâ̇Äž [v_0, v_1, v_2] = [v_1, v_2, v_0]sff^«.

ÕłaË>ÜĳŰÐ ŸÐĂ—¨ ^«6čğõ̆ řúăsff yŇŢ simplex\Ą £ž`«tff orientationsff Ť>rFô»Ç^«.

v_0 v_1

[v_0, v_1] or v_0 v_1

[v_1, v_0]

v_2

v_0 v_1 [v_0, v_1, v_2] or v_2

v_0 v_1 [v_0, v_2, v_1]

ÕłaË> 1: Orientations

Notation σ : an oriented simplex ⇒ σ : an oriented simplex with opposite orientation.

Ça‹Ÿ+ 2 (p-th chain group) K : a simplicial complex C_p(K)= the abelian group generated by the oriented p-simplices with the relation σ = −σ.

7čď, C_p(K)Ŋ›H K_‹ p-simplex[þtŰÐ generateİ)a free abelian groupeŤ̌‘ę̌ ůúŸ Ãž eŤ„ ^«. {9˚ìøÍ&h̃ÜĳŰÐ p ≤ 0Şff̈ ffiâ̇Äž\ĄŊ›H C_p(K) = 0ÜĳŰÐ &ñ̇_‹ô»Ç^«. ćÿô»Ç, C_p(K)_‹

"éűŹè\ę̌ p-chainsff~«Şę ÂÒØÔŞę k� i=1 n_iσ_i, n_i ∈ ZŰÐ Äż{9˚‚«>ı şðĽ&şİ)a^«.

^«6čğŞÉr free abelian group_‹ universal propertyŰÐÂÒ’- "î̇ÑþŸ‚«^«.

Note. A function f from the oriented p-simplices of K to an abelian group G extends to a homomorphism : C_p(K) → G uniquely if f(σ) = −f(σ) for all oriented σ.

Boundary operation

∂_p : C_p(K) → C_{p−1} (K), boundary operator is defined as follows.

σ = [v_0, · · · , v_p] ⇒ ∂_pσ = k� i=0 (−1)^i[v_0, · · · , ^v_i, · · · , v_p]

∂_p`« orientation‘ę̌ &ñ̇_‹‚«Ŋ›H equivalence class\Ą @/‚«#Ň well-definedeŤ̌‘ę̌ SXĽ Şff̈‚«lff 0AK"fŊ›H ∂_pσ`« well-definedsffŞę ∂_p(σ) = −∂_pσeŤ̌‘ę̌ ŸÐsffĂ—¨ œ&Ŋ›HX<, sffŊ›H transposition\Ą @/‚«#Ň ÂÒăñ`« ìøÍ@/ `« HĘd‘ę̌ ŸÐsffĂ—¨ Ø̋æìfir‚«^«.

7čď,∂[v_0, · · · , v_j, v_{j+1}, · · · , v_p] = −∂[v_0, · · · , v_{j+1}, v_j , · · · , v_p]eŤ̌‘ę̌ SXĽŞff̈‚«Ă—¨ İ)a ^«. Õł-–¨X< sffŊ›H ∂_‹ &ñ̇_‹\Ą ›«~«"f ˘«"î̇‚«ÙĳŰÐ, ∂_pŊ›H well-defined homomorphismsff İ)a^«.

ŹŒĲ£Ça‹hff 1 ∂_{p−1} ∂_p = 0 (∂^2 = 0)

ďßÃZ‹ ∂_{p−1} ∂_p[v_0, · · · , v_p] = ∂_{p−1} k� i=0 (−1)^i[v_0, · · · , ^v_i, · · · , v_p] = k� i=0 (−1)^i∂_{p−1} [v_0, · · · , ^v_i, · · · , v_p] = k� j<i (−1)^i(−1)^j[v_0, · · · , ^v_j, · · · , ^v_i, · · · , v_p]

+ k� i<j (−1)^i(−1)^{j−1} [v_0, · · · , ^v_i, · · · , ^v_j, · · · , v_p] = 0

Remark For convenience, we can add more generators and relations to C_p(K). If v_0, · · · , v_p are vertices not necessarily distinct of some simplex, we define

[v_0, · · · , v_p] = {

0 if not distinct. as before if distinct .

and define ∂ by the same formula

∂_pσ = k� i=1 (−1)^i[v_0, · · · , ^v_i, · · · , v_p]

Then this is well defined and ∂^2 = 0.

Ça‹Ÿ+ 3 · · · → C_{p+1}(K)^{∂p+1}→ C_p(K)^{∂p}→ C_{p−1} (K) → · · · (:={C_p, ∂}) with ∂^2 = 0 is called a chain complex.

Define Z_p(K) = ker∂_p = the group of p-cycles.

B_p(K) = im∂_p = the group of p-boundaries. H_p(K) = Z_p(K)/B_p(K) = the p-th homology group.

Y>˛`«tff object\Ą @/‚«#Ň homology group‘ę̌ >ȷíSSŰK ŸÐ˘«.

1. (0) K = v_1

v_2 v_3 σ_1

σ_2 σ_3 (=∂ )

Ă–¨$- C_1(K) = Z⟨σ_1, σ_2, σ_3⟩ = Z^3, C_0(K) = Z⟨v_1, v_2, v_3⟩ = Z^3eŤ̌‘ę̌ ůúŸ Ãž eŤ„Şę, chain complex 0 → C_1(K)^∂→ C_0(K) → 0

‘ę̌ %3˝Ŋ›H^«. H_0(K)\ę̌ ¡ĺ‚«Ă—¨, Ă–¨$- C_0(K)Ŋ›H ∂\Ą _‹‚«#Ň Ůÿ£ž 0sff œ&ÙĳŰÐ, Z_0(K) = C_0(K)eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. ćÿô»Ç, ∂σ_1 = v_2 − v_1, ∂σ_2 = v_3 − v_2, ∂σ_3 = v_1−v_3sffÙĳŰÐ, B_0(K)Ŋ›H {v_2−v_1, v_3−v_2, v_1−v_3}ŰÐ generateœ&Ŋ›H C_0(K)_‹ subgroupsff^«. sff subgroup_‹ ¯«"éűsff 2sffÙĳŰÐ, H_0(K) = Z_0(K)/B_0(K) = ZeŤ̌ ‘ę̌ ůúŸ Ãž eŤ„^«.

fŤ̃Ż’a&h̃ÜĳŰÐ B_0(K)\Ą 5Åq‚«Ŋ›H "éűŹèŊ›H 1-simplex_‹ boundary`« œ&ÙĳŰÐ, H_0(K)\Ą "fŊ›H 1-simplexŰÐ Čȷ̈ffi—˚œ&#Q eŤ„Ŋ›H vertex[þtŞÉr "fŰÐ equivalentô»Ç ffiŕ̄ÜĳŰÐ ŸÐlff

M:ëH\Ą, {9˚ìøÍ&h̃ÜĳŰÐ ^«6čğ ˚«ẑťsff $í̇wn̆ô»Ç^«.

Note. H_o(K) ∼= Z^k, k= number of connected components of |K|.

^«6čğÜĳŰÐ H_1(K)‘ę̌ ¡ĺKŸÐ˘«. Ă–¨$- B_1(K) = 0sffÙĳŰÐ H_1(K) = Z_1(K) = ker∂sff^«. eŤ̌_‹_‹ c ∈ C_1(K)\Ą @/‚«#Ň, c = n_1σ_1 + n_2σ_2 + n_3σ_3ŰÐ jþt Ãž eŤ„Ŋ›H X<, ∂c = 0sff œ&lff 0AK"fŊ›H ∂c = n_1∂σ_1 + n_2∂σ_2 + n_3∂σ_3 = n_1(v_2 − v_1) + n_2(v_3 − v_2) + n_3(v_1 − v_3) = (n_3 − n_1)v_1 + (n_1 − n_2)v_2 + (n_2 − n_3)v_3 = 0 sff œ&#Qˇ» ‚«ÙĳŰÐ, n_1 = n_2 = n_3 := neŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. ›«~«"f H_1(K) = Z_1(K) = Z⟨σ_1 + σ_2 + σ_3⟩ ∼= Zsff^«.

(1) K_1 =

K_1Ŋ›H connectedsffÙĳŰÐ, H_0(K_1) = Zsff^«. H_1(K_1)‘ę̌ ¡ĺ‚«lff 0A‚«#Ň Z_1(K_1)\ę̌ ůúŸˇ«ŸÐ˘«. 0A_‹ (0)\Ą"f Ŋ7H_‹ô»Ç ˝«\ę̌ eŤ̌_‹_‹ 1-chain c\Ą &h̃6ăx‚«Ă—¨, ∂c = 0sfflff 0Aô»Ç Ă9˚ŕźØ̋æìfirŻÿ|¯¨ŞÉr c\Ą 5Åq‚«Ŋ›H yŇŢ vertex\Ą @/‚«#Ň [þt#QŽÿŊ›H 1-simplex_‹ >ȷÃžü< ´«`«Ŋ›H 1-simplex_‹ >ȷÃž`« {9˚uffKˇ» ô»Ç^«Ŋ›H ffiŕ̄eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. 7čď,

σ_1 σ_2 σ_3 c = n_1σ_1 + n_2σ_2 + n_3σ_3 + · · ·

ÕłaË>õ̆ řúăsff c`« ÅÒ#QŤff̈ ffiâ̇Äž\Ą n_1 + n_2 = n_3`« œ&#Qˇ» ô»Ç^«. ›«~«"f, K_1_‹ ÕłaË>\Ą"f ć,aAáď -ŇŹyŇŢ+þA‘ę̌ ŢÿŊ›H cycle‘ę̌ c_1, ŽÿŔÉrAáď -ŇŹyŇŢ+þA‘ę̌ ŢÿŊ›H cycle‘ę̌ c_2~« Şę ‚«Ă—¨ K_1_‹ 1-cycleŞÉr nc_1 + mc_2_‹ g1JŰÐ şðĽ&şİ)a^«. B_1(K_1) = 0sffÙĳŰÐ, H_1(K_1) ∼= Z^2sff^«.

(2) K_2 =

¨«ðøÍ`«tffŰÐ H_0(K_2) = ZsffŞę, 1-cycleŞÉr nc_1+mc_2_‹ g1JŰÐ şðĽ&şœ&ÙĳŰÐ H_1(K_2) ∼= Z^2sff^«.

(3) K_3 =

¨«ðøÍ`«tffŰÐ H_0(K_3) = Z^2sffŞę, H_1(K_3) ∼= Z^2eŤ̌‘ę̌ SXĽŞff̈¡+É Ãž eŤ„^«.

{9˚ìøÍ&h̃ÜĳŰÐ, K_‹ 1-dimensional ¡ĺ"í̇_‹ >hÃž\ę̌ k~«Şę Ùþą‘ę̌ M:, H_1(K) = Z^kŰÐ ÅÒ#QfŤ̌‘ę̌ 0Aü< řúăŞÉr ~¡ÓZŎÜĳŰÐ SXĽŞff̈¡+É Ãž eŤ„^«.

�äťVĄ 19. G: Graph ⇒ H_1(G) = abel(π_1(G)).

0A_‹ \V\Ą"f K_1õ̆ K_2_‹ homology groupsff {9˚uffĘ<Ê‘ę̌ Ż’aź1Ï¡+É Ãž eŤ„Ŋ›HX<, {9˚ìøÍ &h̃ÜĳŰÐ homotopically equivalentô»Ç object[þt_‹ homology groupŞÉr ć-aĎı̈yff {9˚ uff‚«>ı İ)a^«.

2. (1) K = τ v_1

v_2 v_3 σ_1

σ_2 σ_3

KŊ›H connectedsffÙĳŰÐ H_0(K) = ZeŤ̌ŞÉr ˝«ŰÐ ůúŸ Ãž eŤ„^«.

K_‹ 1-cycle cŊ›H ůúą"f ůúŸˇ«Ś:r ˝«ü< řúăsff c = n(σ_1 + σ_2 + σ_3) =: nc_1_‹ g1Jsff^«. Õł-–¨X< c_1 = ∂τsffÙĳŰÐ c ∼ 0(homologous to zero)sff^«. ›«~«"f H_1(K) = 0sff ^«. ćÿô»Ç B_2(K) = 0sffÙĳŰÐ H_2(K) = Z_2(K) = ker∂eŤ̌‘ę̌ ůúŸ Ãž eŤ„Ŋ›HX<, C_2(K)_‹ generator τ\Ą @/‚«#Ň ∂τ = c_1 ≠ 0sffÙĳŰÐ ker∂ = 0sff œ&#Q H_2(K) = 0sff^«.

(2) K =

σ_1

2¯«"éű cell[þt\Ą rff>ȷìøÍ@/~¡ÓĘ¿ÓÜĳŰÐ orientation‘ę̌ ïfir^«.

c_1 : ˝«¿úăAáď cycle. c_2 : îSSŰAáď cycle.

τ = σ_1 + σ_2 + · · · where σ_i are 2-dimensional cells.

KŊ›H connectedsffÙĳŰÐ H_0(K) = ZeŤ̌ŞÉr ˘«"î̇‚«^«.

∼

0A ÕłaË>õ̆ řúăŞÉr $í̇|9˚‘ę̌ sff6ăx‚«#Ň K ?/ÂÒ_‹ 1-cycleŞÉr ˝«¿úăAáďÜĳŰÐ homologous‚«>ı x9˚#Qèŋq Ãž eŤ„ÜĳÙĳŰÐ, K_‹ essentialô»Ç 1-cycleŞÉr nc_1_‹ g1Jsff İ)a^«. ›« ~«"f, H_1(K) = ⟨c_1⟩ = Z.

K_‹ eŤ̌_‹_‹ 2-chain c = n_1σ_1 +n_2σ_2 +· · · \Ą @/‚«#Ň ∂c = n_1∂σ_1 +n_2∂σ_2 +· · · = 0sffĂ—¨, ůúą"f Ŋ7H_‹ô»Ç ˝«ü< řúăsff (sffĄ–¨\ĄŊ›H yŇŢ /BN:§xĄ—¨\Ą"f_‹ incidence\ę̌ Şęffl9 ‚«Ă—¨) n_1 = n_2 = · · · sffÙĳŰÐ, c`« cyclesff~«Ă—¨, c = n(σ_1 + σ_2 + · · · ) = nτ_‹ g1J sff^«. Õł-–¨X<, ∂c = n∂τ = n(c_1 − c_2) = 0sff œ&#Qˇ» ‚«ÙĳŰÐ n = 0 7čď, c = 0sff ^«. ›«~«"f, H_2(K) = 0sff^«.

{9˚ìøÍ&h̃ÜĳŰÐ boundary`« eŤ„Ŋ›H manifold K\Ą @/‚«#Ň sffü< řúăsff ÒqtyŇŢK ŸÐĂ—¨ H_2(K) = 0sff HĘd‘ę̌ ůúŸ Ãž eŤ„^«.

3. Surfaces

(0) K = ≈ S^2 orientable surfacesffÙĳŰÐ boundary\Ą"f "fŰÐ -ľĲ–Wœ&Ţÿ2§ď orientation‘ę̌ Œ̋ę Ãž eŤ„^«.

H_0(K) = Zsff^«.

1-cycleŞÉr 0A_‹ 2.(2)\Ą"fü< řúăsff \P›ÜĳŰÐ x9˚#Q?/Ă—¨ pointü< homologous‚«>ı œ&ÙĳŰÐ H_1(K) = 0sff^«.

2-cycleŞÉr ůúą"fü< ¨«ðøÍ`«tffŰÐ c = nτ, τ = σ_1 + σ_2 + σ_3 + σ_4_‹ g1Jsff œ&#Qˇ» ‚« Ŋ›HX<, ∂c = n∂τ = 0(orientation‘ę̌ boundary\Ą"f "fŰÐ -ľĲ–Wœ&Ţÿ2§ď ÅÒ%3„ÜĳÙĳ ŰÐ)sffÙĳŰÐ, c`« 2-cycleeŤ̌‘ę̌ SXĽŞff̈¡+É Ãž eŤ„^«. ›«~«"f, H_2(K) = ⟨τ⟩ = Zsff^«.

+’\Ą"f űúŸ(RŸÐfiŠxtffëSSŰ, ëSSŰĂŊŢ orientable‚«tff ůúğ^«Ă—¨ boundary\Ą"f -ľĲ–Wœ&Ţÿ2§ď orientation‘ę̌ Œ̋ę Ãž \OflÜĳÙĳŰÐ 2-cyclesff Ť>rF‚«tff ůúğˇ« H_2(K) = 0sff İ)a^«.

(1) Torus

K = a

b a b Torus\Ą &h̃{ľĲô»Ç trangulation‘ę̌ ÅÒŞę, boundary\Ą "f -ľĲ–Wœ&Ţÿ2§ď orientation‘ę̌ ïfir^«.

H_0(K) = Zsff^«.

1-cycleŞÉr ˝«¿úăAáďÜĳŰÐ x9˚#Qèŋq Ãž eŤ„ÜĳÙĳŰÐ, boundary\Ą"f_‹ 1-cycleõ̆ řúă^«. ^«rffťúŸK, D_1 = Z_1(K) ∩ {boundary chains}~« £žĂ—¨, Z_1(K) = D_1 + B_1(K)sff ^«. boundaryŊ›H figure eightõ̆ řúăÜĳÙĳŰÐ D_1 = Z_1(K) ∩ {boundary chains} = ⟨a, b⟩ = Z^2sff^«. B_1(K)∩D_1‘ę̌ ¡ĺ‚«Ă—¨, eŤ̌_‹_‹ 2-chain c\Ą @/‚«#Ň ∂c`« boundary\Ą §íĘ<Êœ&lff 0AK"fŊ›H c = nτ_‹ g1Jsff œ&#Qˇ» ‚«Şę, sff M: ∂c = n∂τ = n(b + a − b − a) = 0sffÙĳŰÐ ∂_‹ image`« œ&Ŋ›H 1-cycleŞÉr 0œfirsff^«. ›«~«"f H_1(K) = Z_1(K)/B_1(K) = (D_1 + B_1)/B_1 = D_1/(B_1 ∩ D_1) = Z^2sff^«. 2-cycleŞÉr ůúą"fü< ¨«ðøÍ`«tffŰÐ c = nτ_‹ g1Jsff œ&#Qˇ» ‚«Ŋ›HX<, ∂c = n∂τ = 0sff

ÙĳŰÐ c`« 2-cycleeŤ̌‘ę̌ SXĽŞff̈¡+É Ãž eŤ„^«. ›«~«"f, H_2(K) = ⟨τ⟩ = Zsff^«.

(2) P^2 = a

a H_0(P^2) = Zsff^«.

1-cycleŞÉr boundary\Ą"fëSSŰ ÒqtyŇŢ‚«Ă—¨ œ&Ŋ›HX< boundaryŊ›H circleõ̆ řúăÜĳÙĳŰÐ D_1 = ⟨a⟩sff^«. B_1(P^2)∩D_1‘ę̌ ¡ĺ‚«Ă—¨, eŤ̌_‹_‹ 2-chain c\Ą @/‚«#Ň ∂c`« boundary\Ą §íĘ<Êœ&lff 0AK"fŊ›H c = nτsffŞę, sff M: ∂c = n∂τ = 2nasffÙĳŰÐ B_1(P^2)∩ D_1 = ⟨2a⟩sff œ&#Q ffi—˚šDG H_1(P^2) = ⟨a⟩/⟨2a⟩ = Z/2Z = Z_2sff^«. 2-cycleŞÉr ůúą"fü< ¨«ðøÍ`«tffŰÐ c = nτ_‹ g1Jsff œ&#Qˇ» ‚«Ŋ›HX<, ∂c = n∂τ = 2nasffÙĳŰÐ ∂c = 0sffĂ—¨ n = 0 7čď, c = 0sff œ&#Q H_2(P^2) = 0sff^«.

(3) Klein Bottle

K = a

b a b H_0(K) = Zsff^«.

ůúą"fü< ¨«ðøÍ`«tffŰÐ D_1 = ⟨a, b⟩sff^«. ∂τ = b + a − b + a = 2asffÙĳŰÐ B_1(K) ∩ D_1 = ⟨2a⟩sff œ&Şę ffi—˚šDG H_1(K) = ⟨a, b⟩/⟨2a⟩ = Z_2 � Zsff^«.

ćÿô»Ç ∂τ = 2a ≠ 0sffÙĳŰÐ H_2(K) = 0sff^«.

�äťVĄ. 20 Compute H_∗(^g♯_1T^2) and H_∗(^k♯_1P^2)