VII.2 Definition of singular homology

Let e_0 = (0, 0, · · · , 0) in R^∞ ( or R^N ).

e_1 = (1, 0, · · · , 0) e_2 = (0, 1, · · · , 0) . . etc.

△^p = the simplex spanned by {e_0, e_1, · · · , e_p} = the standard p-simplex.

The i-th face map f^i_p : △^{p−1} → △^p is an affine map given by

f^i_p(e_j) = { e_j j < i e_{j+1} j ≥ i .

i.e. ”f^i_p(△^{p−1} ) = f^i_p(e_0, · · · , e_{p−1} ) = (e_0, · · · , ^e_i, · · · , e_p)” < △^p. Ud

e_0 e_1

e_0 e_1 e_2 f^1

f^2 f^0

f^0(e_0, e_1) = (e_1, e_2) f^1(e_0, e_1) = (e_0, e_2) f^2(e_0, e_1) = (e_0, e_1)

Let X be a topological space.

A singular p-simplex in X is a map σ : △^p → X. i-th face σ^{(i)} of σ is a map : △^{p−1 f i}→ △^{p σ}→ X,i.e., σ^{(i)} = σ ∘ f^i_p

S_p(X)\ę̌ singular p-simplices in X\Ą _‹K"f generatedœ&Ŋ›H free abelian groupsff ~«Şę ‚«˘«.(more generally, the free R-module generated by singular p-simplices in X) ćÿŊ›H, the group(module) of singular p-chainssff~«ŞęŢÿ ô»Ç^«.

ÕłfflQĂ—¨, c ∈ S_p(X)Ŋ›H finite sum,

�_k i=1 n_iσ_iŰÐ Äż{9˚‚«>ı şðĽ&şİ)a^«.

sff]j boundary operator\ę̌ &ñ̇_‹‚«˘«.

Define a homomorphism ∂ : S_p(X) → S_{p−1} (X) by

∂σ = p� i=0 (−1)^iσ^{(i)} = p� i=0 (−1)^iσ ∘ f^i_p

ćÿŊ›H informally,

∂σ(e_0, · · · , e_{p−1} ) = p� i=0 (−1)^iσ(e_0, · · · , ^e_i, · · · , e_p)

Note 1.∂^2=0 : same as before.

2. �äťVĄ 21(check) In general, σ(e_0, · · · , e_i, e_{i+1}, · · · , e_p) ∼ −σ(e_0, · · · , e_{i+1}, e_i, · · · , e_p)

p`« 1Şff̈ ffiâ̇Äž\Ą @/K"f űúŸ(RŸÐ˘«.

e_0 e_1 → τ̄ τ

0Aü< řúăsff ÅÒ#QŤff̈ τü< τ̄\Ą @/K"f τ̄ + τ ∼ 0eŤ̌‘ę̌ ŸÐsff˘«. ^«rff ťúŸK #QŃ"¨ c ∈ S_2(X)\Ą @/K"f τ̄ + τ = ∂ceŤ̌‘ę̌ ŸÐsffĂ—¨ İ)a^«. ˇ«A_‹ ÕłaË>õ̆ řúăsff σ, ξ\ę̌ &ñ̇_‹‚«Ă—¨,

e_0 e_1

↓ψ

0 1

2 σ p q

τ ξ(const.map)

#Ňlff"f ξ : △^2 → XŊ›H ξ(a) = p, ∀a ∈ △^2Şff̈ constant mapsff^«. ćÿô»Ç, ψŊ›H 2-simplex\ę̌ 1-simplexŰÐ ÕłaË>õ̆ řúăsff collapsing rffvffŊ›H mapsffŞę σ\ę̌ ψ ∘ τŰÐ &ñ̇_‹ô»Ç^«. ÕłfflQĂ—¨,

∂σ = σ^{(0)} − σ^{(1)} + σ^{(2)} = σ(^0, 1, 2) − σ(0, ^1, 2) + σ(0, 1, ^2) = τ̄ − p + τsffŞę ∂ξ = p − p + p = psffÙĳŰÐ, τ̄ + τ = ∂σ + p = ∂σ + ∂ξ = ∂(σ + ξ)`« œ&#Q"f τ ∼ τ̄eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«.

sff]j X_‹ singular chain complex\ę̌ &ñ̇_‹‚«˘«. S(X) = {S_p(X), ∂}‘ę̌ singular chain complex of X~«Şę ‚«Şę,

· · · → S_{p+1}(X)^∂→ S_p(X)^∂→ S_{p−1} (X) → · · ·

p-th singular homology group of X, H_p(X)\ę̌

H_p(X) := Z_p(X)/B_p(X)

where Z_p(X) = ker∂_p (whose element is called a cycle) and B_p(X) = im∂_{p+1} (whose element is called a boundary).

~«Şę &ñ̇_‹ô»Ç^«. sffM: R-module_‹ ffiâ̇Äž (H_p(X : R))ü< ¡ĺZ>˚‚«lff 0AK"f H_p(X : Z)~«Şę æĳlffŢÿ ô»Ç^«.

1. Functorial property for H_p Let f : X → Y be a map. Then f induces a chain map.

Define f_♯ : S(X) → S(Y ) by σ → f ∘ σ.Then

⌜f_♯(∂σ) = f_♯( � (−1)^iσ^{(i)}) = � (−1)^if_♯σ^{(i)} = � (−1)^if ∘ σ^{(i)} = � (−1)^if ∘ (σ ∘ f^i) = � (−1)^i(f ∘ σ) ∘ f^i = ∂(f ∘ σ) = ∂(f_♯σ) ∴ f_♯∂ = ∂f_♯⌟

Hence f_♯ induces a homomorphism f_∗(= H_p(f)) : H_p(X) → H_p(Y ). (1) id : X → X ⇒ id_∗ = id (2) X^f→ Y^g→ Z ⇒ (g ∘ f)_♯ = g_♯ ∘ f_♯ ⇒ (g ∘ f)_∗ = g_∗ ∘ f_∗

∴ H_p is a covariant functor from the category of topological spaces to the category of abelian groups (R-modules).

2. H_p(point) = {

0 p ≠ 0 Z p = 0

X`« pointsffÙĳŰÐ S_p(X) =< c_p >sff^«. #Ňlff"f c_p : △^p → XŞff̈ constant mapsff ^«. 7čď

· · ·^∂−→ S_3^∂−→ S_2^∂−→ S_1^∂−→ S_0^∂−→ 0

‖ ‖ ‖ < c_2 > < c_1 > < c_0 >

sff^«. Õł-–¨X< #Ňlff"f ∂c_1 = c_0 − c_0 sffÙĳŰÐ S_1^{∂=0}→ S_0`« œ&#Q H_0 = Zsff^«. ćÿ ô»Ç ∂c_2 = c_1 − c_1 + c_1 = c_1sffÙĳŰÐ S_2^{∂(∼=)}→ S_1`« œ&#Q H_1 = 0sff^«. sffü< řúăŞÉr ~¡Ó ZŎÜĳŰÐ p > 2\Ą @/K"f H_p = 0eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«.

3. {X_α } : path-components of X ⇒ S_p(X) = � α S_p(X_α ) since △^p is connected and ∀c ∈ S_p(X) can be written

uniquely as � c_α . Moreover, ∂ : S_p(X_α ) → S_{p−1} (X_α ).

⇒ Z_p(X) = � α Z_p(X_α ) and B_p(X) = � α B_p(X_α )

⇒ H_p(X) = � α H_p(X_α )

4. Let X be path-connected. Then H_0(X) = Z(orR). ďßÃZ‹ (Idea) x_0 ∈ X\ę̌ Şę&ñ̇rffvff˘«. ÕłfflQĂ—¨ x_0ü< eŤ̌_‹_‹ x ∈ X ˚«sff\ĄŊ›H sff Ñüt‘ę̌ eś̄ Ŋ›H path`« Ť>rF‚«Şę, 1-simplex ρ : △^1 → X_‹ image\ę̌ sff path~«Şę ‚«Ă—¨ ∂ρ = x − x_0 `« œ&Şę ›«~«"f x ∼ x_0sff $í̇wn̆ô»Ç^«.

˘«[jô»Ç 7čx"î̇‘ę̌ űúŸ(RŸÐ˘«. eŤ̌_‹_‹ c ∈ S_0(X)Ŋ›H � finite

n_ix_iŰÐ şðrff¡+É Ãž eŤ„^«. #Ňlff"f x_iŊ›H e_0\ę̌ x_i ∈ XŰÐ

ŸÐ?/ÅÒŊ›H 0-simplexsff^«. ÕłfflQĂ—¨ ÄžĆ–¨ c = ∂c_1 ⇔ � n_i = 0eŤ̌‘ę̌ ŸÐsff˘«.

∵ (⇒)c_1 = � k_iσ_i ⇒ c = ∂c_1 = � k_i(σ_i(1) − σ_i(0)) ⇒ � n_i = � (k_i − k_i) = 0 #Ňlff"f σ_iŊ›H 1-simplexsff^«.

(⇐)c = � n_ix_i − ( � n_i)x_0 = � n_i(x_i − x_0) = � n_i∂ρ_i #Ňlff"f X`« path-connected~«Ŋ›H Żÿ|¯¨sff æĳ%i„^«.

sff]j S_0(X)^ϵ→ Z (or R) � n_ix_i → � n_i\ę̌ ÒqtyŇŢKŸÐ˘«. ÕłfflQĂ—¨ ϵŊ›H ontosff Şę, ϵ ∘ ∂_1 = 0sff^«. ćÿô»Ç ůúą\Ą"f ŸÐ%i„~”¨ ffiŕ̄‘ę̌ sff6ăx‚«Ă—¨, ëSSŰĂŊŢ X`« pathconnected~«Ă—¨ kerϵ = im∂_1sff œ&#Q S_1^{∂1}→ S_0^ϵ→ Z → 0ŞÉr S_0\Ą"f exactsff^«. ›«~«"f H_0(X) = S_0/kerϵ = Z`« İ)a^«.

Ça‹Ÿ+ 1 Given a chain complex {C, ∂}, an epimorphism C_0 → Z → 0 with ϵ ∘ ∂_1 = 0 is called an augmentation. And the homology of · · · → S_p(X) → · · ·^∂→ S_0(X)^ϵ→ Z → 0 is called a reduced homology of X and denoted by ~H_p(X).

Note 1. ~H_p(X) = H_p(X) if p ≥ 1 2. H_0(X) ∼= ~H_0(X) � Z, since S_0(X) ∼= kerϵ � Z and im∂_1 ⊂ kerϵ.

3. ~H_p(point) = 0 ∀p.

Ça‹Ÿ+ 2 A chain complex {C_p, ∂} is called acyclic if H_p(C) = 0 ∀p. An augmented chain complex {C_p, ∂, ϵ} is called acyclic if ~H_p(C) = 0 ∀p. i.e.,

· · · → C_{p+1}^∂→ C_p^∂→ C_{p−1} → · · ·

is acyclic if and only if it is exact.

Example {S_p(pt.), ∂, ϵ} is acyclic.