VII.5 Relation between π_1 and H_1

Ça‹hff 1 There exists a natural homomorphism χ :π_1(X, x_0) → H_1(X) [α] → {α} and if X is path connected, χ is onto and kerχ = [π_1, π_1] a commutator subgroup of π_1 (i.e., H_1 = π_1/[π_1, π_1] is an abelianization of π_1.)

ďßÃZ‹ (1) χ is well-defined i.e., α^F≃ β ⇒ {α} = {β}(α ∼ β).

x_0

α x_0 β F −→

e_2

e_0 e_1 β

α x^1_0

↓ q α β

F = σ σ\�ę ÕłaË>õ̆ řúăsff &ñ̇_‹‚«Ă—¨ ∂σ = x^1_0 − β + α and ∂x^2_0 = x^1_0 − x^1_0 + x^1_0 = x^1_0 where x^p_0 : △^p → {x_0} is constant map. ›«~«"f, α ∼ β.

(2) χ is a homomorphism i.e., [α ∗ β] → {α} + {β}

α β e_2

e_0 e_1 α ∗ β

α β α β

σ\�ę ÕłaË>õ̆ řúăsff &ñ̇_‹‚«Ă—¨ ∂σ = β − α ∗ β + αsff ÙĳŰÐ, α ∗ β ∼ α + β.

X`« path connected~« `«&ñ̇‚«Ă—¨, (3) χ is onto :

Given z ∈ Z_1(X), z = ∑ n_iα_i, ∂z = ∑ n_i(α_i(1) − α_i(0)) = 0.

Fix paths η^0_i and η^1_i from x_0 to α_i(0) and α_i(1) for each i such that α_i(0) = α_j(1) ⇒ η^0_i = η^1_j .

Let γ_i = η^0_i ∗ α_i ∗ η^1_i . Then,

χ(Π[γ_i]^{ni} ) = {Σn_iγ_i} = {Σn_i(η^0_i + α_i − η^1_i )} = {Σn_iα_i} = {z}

(4) kerχ = [π_1, π_1].

kerχ ⊃ [π_1, π_1] : clear since H_1 is abelian. kerχ ⊂ [π_1, π_1] :

Suppose χ[γ] = {γ} = 0, i.e., γ = ∂c, c = ∑ n_iσ_i ∈ S_2(X).

Then, γ = ∂c = ∑ n_i∂σ_i = ∑ n_i(σ^{(0)}_i − σ^{(1)}_i + σ^{(2)}_i ). 2

0 1 σ^{(1)}_i

σ^{(2)}_i σ^{(0)}_i x_0 η^2_i

η^1_i

η^0_i

Fix paths η^0_i , η^1_i , η^2_i for each vertex of σ_i as before.

Let β^0_i = η^1_i σ^{(0)}_i η^2_i , β^1_i = η^0_i σ^{(1)}_i η^2_i , β^2_i = η^0_i σ^{(2)}_i η^1_i .

Then β_i := β^0_i β^1_i β^2_i ≃ η^1_i σ^{(0)}_i σ^{(1)}_i σ^{(2)}_i η^1_i ≃ x_0.

Now compare γ and ∏ β^{ni}_i .

Note that [γ] = [γ][β^{ni}_i ]^{−1} = [γ ∗ β^{ni}_i ] ∈ [π_1, π_1] by the following claim.

Claim Let δ = ∏ α^{ϵi}_i (α_i: paths and ϵ_i = ±1) be a loop.

exp(α_i) = 0 ⇒ [δ] ∈ [π_1, π_1] (exp(α_i)ŊfflH α_i_‹ tffÃž ¡+Ë) proof of Claim Define η^0_i , η^1_i as before. Then,

δ = Πα^{ϵi}_i ≃ Π(η^0_i ∗ α_i ∗ η^1_i )^{ϵi}

Let δ be the coset of [δ] in π_1/[π_1, π_1]. Then writing β_i = η^0_i ∗ α_i ∗ η^1_i we have δ = ∑ i ϵ_iβ_i = ∑ β_i

exp(α_i)β_i = 0

where the last summation is over distinct β_i’s (i.e., over α_i’s). Therefore, [δ] ∈ [π_1, π_1]

�äťVĄ 23. Compare π_1(Σ_g) and H_1(Σ_g) using the earlier computations of these.