VIII. Application of Homology

1. The Jordan-Brouwer Separation theorem.

Ça‹hœ 1 e^r= a closed r-cell (i.e., a homeomorph of D^r) in S^n ⇒ ~H(S^n−e^r) = 0.

ďßÃZ‹ use induction on r.

r = 0 : e^0Ŋ›H ô»Ç pointsffÙĳŰÐ S^n − e^0Ŋ›H contractible‚«#Ň {ľĲČȷ̈‚«^«. r > 0 : e^rsff r-cellsffÙĳŰÐ, ϕ : I^r → e^r ⊂ S^nŞff̈ homeomorphismsff Ť>rFô»Ç^«. z\ę̌ S^n − e^r_‹ eŤ̌_‹_‹ reduced p-cyclesff~« £ž˘«.

I^{r−1}

I^t

U_t ϕ z c_t ϕ(t × I^{r−1} ) = e^{r−1}_t

induction_‹ `«&ñ̇\Ą _‹‚«#Ň ~H(S^n − e^{r−1}_t ) = 0sffÙĳŰÐ, ∂c_t = z`« œ&Ŋ›H c_t ∈ S_{p+1}(S^n − e^{r−1}_t )sff Ť>rFô»Ç^«. Õł-–¨X<, |c_t|= support of c_tŊ›H compactsffÙĳŰÐ d(e^{r−1}_t , |c_t|) = ϵ_t > 0sff^«. ›«~«"f, ÕłaË>õ̆ řúăsff ϕ(U_t × I^{r−1} ) ∩ |c_t| = ϕ`« œ&Ŋ›H t_‹ open neighborhood U_t`« Ť>rFô»Ç^«.

yŇŢyŇŢ_‹ t ∈ I\Ą @/‚«#Ň U_t`« Ť>rF‚«ÙĳŰÐ {U_t}Ŋ›H compact set I_‹ coveringsff œ&Şę sff\Ą @/K Lebesgue number^1_m ‘ę̌ ÿúŽ˘«.

I_j = [^j_m ,^{j+1}_m ]ŰÐ £žĂ—¨, I_jŊ›H #QŃ"¨ U_t\Ą 5Åq‚«ÙĳŰÐ yŇŢyŇŢ_‹ I_j\Ą @/‚«#Ň ∂c_j = z`« œ&Ŋ›H c_j ∈ S^n − ϕ(I_j × I^{r−1} )sff Ť>rFô»Ç^«. sff]j ^«6čğ claimÜĳŰÐÂÒ’- 7čx"î̇sff =åQ èSSŰ^«.

Claim Let J_1 = [a, t], J_2 = [t, b] for a, b ∈ I and e^r_i = ϕ(J_i × I^{r−1} ). If c_i ∈ S_{p+1}(S^n − e^r_i ) is such that ∂c_i = z for i = 1, 2, then there exists c ∈ S_{p+1}(S^n − e^r_1 ∪ e^r_2) such that ∂c = z.

proof of Claim X_i = S^n − e^r_i sff~« £žĂ—¨, X_1 ∪ X_2 = S^n − e^{r−1}_t , X_1 ∩ X_2 = S^n − e^r_1 ∪ e^r_2sffÙĳŰÐ ^«6čğõ̆ řúăŞÉr MV-sequence\ę̌ %3˝Ŋ›H^«.

· · · � ~H_{p+1}(X_1 ∪ X_2) � ~H_p(X_1 ∩ X_2)^i � ~H_p(X_1) ⊕ ~H_p(X_2) � · · ·

induction_‹ `«&ñ̇\Ą _‹‚«#Ň ~H_{p+1}(X_1∪X_2) = 0sffÙĳŰÐ iŊ›H injectionsff^«. claim_‹ `«&ñ̇ÜĳŰÐÂÒ’- {z}Ŋ›H ~H_p(X_1), ~H_p(X_2)\Ą"f ŸÐĂ—¨ 0sffŞę, iŊ›H yŇŢyŇŢ_‹ ýaşð\Ą @/ ô»Ç inclusionÜĳŰÐÂÒ’- induceİ)a mapsffÙĳŰÐ ~H_p(X_1 ∩ X_2)\Ą"f {z} = 0sff^«. ffĺ§ßÿÇa‹hœ 2 e^r ⊂ R^n ⇒ ~H(R^n − e^r) ∼= ~H(S^{n−1} ). ďßÃZ‹ Exercise.

Ça‹hœ 3 Let s^r ⊂ S^n be a homeomorph of S^r. Then (1) r ≤ n (2) r = n ⇒ s^n = S^n (3) r < n ⇒ ~H_p(S^n − s^r) = {

Z(or R) , p = n − r − 1 0 , otherwise ďßÃZ‹ `«&ñ̇\Ą _‹‚«#Ň homeomorphism ϕ : S^r → s^rsff Ť>rFô»Ç^«. S^r_‹ (&h̃Ţÿ\ę̌ §íĘ<Ê‚«Ŋ›H) ůąďìøÍ¡ĺ\ę̌ E^r_+, zŇŹìøÍ¡ĺ\ę̌ E^r_− ~« £žŞę, e^r_+ = ϕ(E^r_+), e^r_− = ϕ(E^r_− )~« ‚« ˘«. X_+ = S^n − e^r_+, X_− = S^n − e^r_− ~« ‚«Ă—¨, X_+ ∪ X_− = S^n − s^{r−1} , X_+ ∩ X_− = S^n − s^rsff^«.

Ă–¨$- S^n − s^r = ϕŞff̈ ffiâ̇Äž\ĄŊ›H S^n = s^rsffÙĳŰÐ n = reŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. S^n − s^r ≠ ϕ~«Ă—¨ ^«6čğ_‹ MV-sequence\ę̌ %3˝Ŋ›H^«.

· · · � ~H_{p+1}(X_1) ⊕ ~H_{p+1}(X_2) � ~H_{p+1}(X_1 ∪ X_2) � ~H_p(X_1 ∩ X_2) � · · ·

&ñ̇off 1\Ą _‹‚«#Ň ~H(X_1) = ~H(X_2) = 0sffÙĳŰÐ, ~H_{p+1}(S^n − s^{r−1} ) ∼= ~H_p(S^n − s^r) ‘ę̌ %3˝Ŋ›H^«. sff dŤ̃‘ę̌ )‚śúŽ&h̃ÜĳŰÐ &h̃6ăx‚«Ă—¨, ~H_p(S^n − s^r) ∼= ~H_{p+r}(S^n − s^0) eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. Õł-–¨X< s^0Ŋ›H 2 pointssffÙĳŰÐ S^n − s^0 ≃ S^{n−1} sffŞę, ›«~«"f ~H_p(S^n − s^r) = { Z(or R) , p + r = n − 1 0 , otherwise sff^«. sff M:, ëSSŰĂŊŢ r ≥ nsff~«Ă—¨ p = n − r − 1 < 0\Ą @/‚«#Ň ~H_p(S^n − s^r) = Z`« œ&ÙĳŰÐ ŮÿíHsff^«. ›«~«"f (1)(2)(3)sff Ůÿ£ž 7čx"î̇œ&%3„^«.

ffĺ§ßÿÇa‹hœ 4 s^r ⊂ R^n ⇒ r < n and ~H_p(R^n−s^r) = {

~H_p(Sn − s r) , p ≠ n − 1 ~H_p(Sn − s r) ⊕ Z , p = n − 1

ďßÃZ‹ Exercise. 7čď,

(1) r ≠ 0 ⇒ ~H_p(R^n − s^r) = {

Z , p = n − r − 1, n − 1 0 , otherwise ,

(2) r = 0 ⇒ ~H_p(R^n − s^r) = {

Z ⊕ Z , p = n − 1 0 , otherwise .

sffŰÐÂÒ’- ^«6čğ_‹ ›«2čğ&ñ̇off\ę̌ %3˝Ŋ›H^«.

ffĺ§ßÿÇa‹hœ 5 s^r ⊂ S^n disconnects iff r = n − 1 and s^r ⊂ R^n disconnects iff r = n − 1.

ďßÃZ‹ r = n − 1sffĂ—¨ ~H_0(S^n − s^r) = ~H_0(R^n − s^r) = ZsffÙĳŰÐ ˘«"î̇‚«^«.

Ça‹hœ 6 (Jordan-Brouwer Separation theorem) For all s^{n−1} ⊂ S^n, S^n − s^{n−1} consists of 2 connected components both having s^{n−1} as boundary.

ďßÃZ‹ ~H_0(S^n − s^{n−1} ) = ZsffÙĳŰÐ S^n − s^{n−1} Ŋ›H 2>h_‹ path-component\ę̌ řúİŊ›H^«. sff\ę̌ O_1, O_2~«Şę £žŞę yŇŢyŇŢ_‹ boundary`« s^{n−1} eŤ̌‘ę̌ ŸÐsffĂ—¨ 7čx"î̇sff =åQèSSŰ^«. O_1, O_2Ŋ›H Ůÿ£ž open setsffÙĳŰÐ, x ∈ bdy(O_i)~«Ă—¨ x /∈ O_i`« œ&#Q x ∈ s^{n−1} sff^«. %ĩÜĳŰÐ s^{n−1} ⊂ bdy(O_i)\ę̌ ŸÐlfflff 0AK"f eŤ̌_‹_‹ x ∈ s^{n−1} \Ą @/‚«#Ň x_‹ eŤ̌_‹ _‹ open neighborhood U`« U ∩ O_i ≠ ∅\ę̌ ëSSŰ7áďĘ<Ê‘ę̌ ŸÐsffĂ—¨ İ)a^«. Ă–¨$- y_1 ∈ O_1, y_2 ∈ O_2\ę̌ &h̃{ľĲyff ÿúŽŊ›H^«. homeomorphism ϕ\Ą @/K s^{n−1} = ϕ(S^{n−1} )~« £žŞę x ∈ A ⊂ U ∩ s^{n−1} \ę̌ ëSSŰ7áď‚«Ţÿ2§ď y = ϕ^{−1} (x) ∈ S^{n−1} _‹ closed ball neighborhood Bü< A = ϕ(B)\ę̌ ÿúŽÜĳĂ—¨, e^{n−1} := s^{n−1} − ϕ(^∘B)Ŋ›H closed (n − 1)-cellsff İ)a^«. ›«~«"f &ñ̇off 1\Ą _‹‚«#Ň ~H_0(S^n − e^{n−1} ) = 0sffÙĳŰÐ, S^n − e^{n−1} Ŋ›H path connectedsff^«.

y_1, y_2\ę̌ eś̄Ŋ›H S^n − e^{n−1} _‹ path\ę̌ σ~« £ž˘«. ∅ ≠ σ(I) ∩ s^{n−1} = σ(I) ∩ AŊ›H closed setsffÙĳŰÐ σ^{−1} (σ(I) ∩ A)Ŋ›H closed setsffŞę, sff_‹ complement W Ŋ›H open interval[þt_‹ countable unionsff^«. sff]j, I_1 = [0, x_1)õ̆ I_2(x_2, 1]‘ę̌ W _‹ %Č6čğ õ̆ ¨«tff}ŇŢ open intervalsff~« £ž˘«.

0 x1 x2 1

I_1 I_2 σ y1

y_2 O_1

O_2

A σ(I_1)

σ(I_2) sff]j, σ(I_1) ⊂ S^n − s^{n−1} sffŞę O_1sff path componentsffÙĳŰÐ σ(I_1) ⊂ O_1sffŞę, ¨« ðøÍ`«tffŰÐ σ(I_2) ⊂ O_2sff^«. Õł-–¨X< σ(x_i) ∈ A ⊂ UsffÙĳŰÐ, U ∩ O_i ≠ ∅sff^«.

ffĺ§ßÿÇa‹hœ 7 For all s^{n−1} ⊂ R^n, n ≥ 2 ⇒ R^n−s^{n−1} has 2 connected components both having s^{n−1} as boundary.

ďßÃZ‹ S^n = R ∪ {∞}sffÙĳŰÐ 0A_‹ &ñ̇offŰÐÂÒ’- ˘«"î̇‚«^«.

sff M:, ∞\ę̌ §íĘ<Ê‚«Ŋ›H component\ę̌ unbounded component, ÕłXO“tffůúğŊ›H component\ę̌ bounded component~« ÂÒŔÉr^«.

Remark If n = 2, the above corollary is the Jordan Curve Theorem.

Schoenflies Theorem If n = 2, O_1 and O_2 are closed disks. In fact, any embedding h : S^1(⊂ R^2) → R^2 can be extended to a homeomorphism h̄ : R^2 → R^2.

If n = 3, this is not true as Alexander horned sphere shows.

ÕłaË> : Alexander horned sphere^1

1It is homeomorphic with the ball D^3, and its boundary is therefore a sphere. It is therefore an example of a wild embedding in R^3. The outer complement of the solid is not simply connected, and its fundamental group is not finitely generated. Furthermore, the set of nonlocally flat (”bad”) points of Alexander’s horned sphere is a Cantor set. From http://mathworld.wolfram.com/AlexandersHornedSphere.html

Ça‹hœ 8 (Invariance of domain) Let U ⊂ R^n(resp. S^n) be an open set. If f : U → R^n(resp. S^n) is one-to-one continuous, then f(U) is open in R^n(resp. S^n) and hence f is an embedding. (since f is an open map.)

ďßÃZ‹ S^n\Ą @/K"fëSSŰ ŸÐsffĂ—¨ Ø̋æìfir‚«^«.

eŤ̌_‹_‹ y = f(x) ∈ f(U)\Ą @/‚«#Ň x ∈ B_ϵ ⊂ B_ϵ ⊂ UŞff̈ open ball B_ϵ\ę̌ ÿúŽ ˘«. S_ϵ = ∂B_ϵ, s^{n−1} = f(S_ϵ)~« £žĂ—¨, ůúą_‹ &ñ̇off\Ą _‹‚«#Ň S^n − s^{n−1} ŞÉr 2>h _‹ connected component O_1õ̆ O_2\ę̌ řúİŊ›H^«. sff y\ę̌ §íĘ<Ê‚«Ŋ›H component\ę̌ O_1sff~« £žŞę f(B_ϵ) = O_1eŤ̌‘ę̌ ŸÐsffĂ—¨ 7čx"î̇sff =åQèSSŰ^«. f(B_ϵ) ⊂ O_1 : f(B_ϵ)Ŋ›H connectedsffÙĳŰÐ ˘«"î̇‚«^«.

f(B_ϵ) = O_1 : f(B_ϵ)Ŋ›H n-cellsffÙĳŰÐ S^n − f(B_ϵ)Ŋ›H connectedsff^«. Õł-–¨X<,

S^n − f(B_ϵ) = S^n − f(B_ϵ) − f(S_ϵ) = (O_1 − f(B_ϵ)) ⊔ O_2 = (O_1 − f(B_ϵ)) ⊔ O_2

sffŞę ýaĄ—¨\Ą"f connectedKˇ» ‚«ÙĳŰÐ, O_1 − f(B_ϵ) = ϕ`« œ&#Q f(B_ϵ) = O_1sff İ)a^«.