VIII. 3 Hopf theorem and π_n(S^n)

Ça‹Ÿ+ 1 (1) Let X be a space. The suspension of X, ΣX is the quotient space of X × [−1, 1] obtained by identifying X × {1} to a point and X × {−1} to another point.

(2) Given a map f : X → Y , the suspension of f, Σf : ΣX → ΣY is defined by Σf(x, t) = (f(x), t).

Ud. ΣS^n = S^{n+1}.

Note. f ≃ g : X → Y ⇒ Σf ≃ Σg : ΣX → ΣY .

Ça‹hff 1 f : S^n → S^n ⇒ degf = deg(Σf)

ďßÃZ‹ In general, let f : X → Y so that Σf : (ΣX, X_+, X_− ) → (ΣY, Y_+, Y_− ). From MV-sequence, we have a commutative diagram,

~H_{p+1}(ΣX)^{∂∗} �

(Σf)_∗ � ~H_p(X)

f_∗ � ~H_{p+1}(ΣY )^{∂∗} � ~H_p(Y )

sffM:, ∂_∗`« isomorphismsffÙĳŰÐ degf = deg(Σf)eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«.

Ça‹hff 2 f : S^n → S^n(= ΣS^{n−1} )), n ≥ 2 ⇒ ∃g : S^{n−1} → S^{n−1} such that f ≃ Σg.

ŹŒĲ£Ça‹hff 3 Let f : S^n → S^n, n ≥ 2. Then there exist g : S^n → S^n and q ∈ S^n such that f ≃ g and g^{−1} (q) = ∅ or one point.

ďßÃZ‹ (1) may assume ∃q such that f^{−1} (q) is ∅ or finite set {p_0, · · · , p_k} by simplicial approximation theorem.

fŊ›H simplicial approximation‘ę̌ `«tffÙĳŰÐ, f\ę̌ simplicial mapÜĳŰÐ ÒqtyŇŢKŢÿ İ)a^«. ›«~«"f fŊ›H simplex\ę̌ simplexŰÐ ŸÐ?/ÅÒÙĳŰÐ, S^n\Ą &h̃{ľĲô»Ç triangulation‘ę̌ ÅÒŞę ô»Ç triangle(simplex) ?/ÂÒ_‹ &ȟ‘ę̌ ÒqtyŇŢ‚«Ă—¨ Õł inverse imageŊ›H isolated setsff^«. ›«~«"f Äżô»Ç|9˘¡+ËeŤ̌‘ę̌ ůúŸ Ãž eŤ„^«.

(2) may assume{p_0, · · · , p_k} ⊂^∘E^n_+ by an isotopy of S^n by ”pulling pants”. #Ňlff"f isotopyŊ›H homotopy F : X × I → XsffĂ—¨"f yŇŢ t ∈ I\Ą @/‚«#Ň F_t : X → X, F_t(x) = F (x, t)`« homeomorphismŞff̈ map‘ę̌ >pwô»Ç^«.

(3) Let L be the union of line segments from p_0 to p_i. Then may assume f(L) ≠ S^n. (∵ fŊ›H simplicial mapÜĳŰÐ `«&ñ̇ÙþąÜĳÙĳŰÐ, image`« S^n Ďı̈^Ľ`« œ& tffŊ›H ůúğŊ›H^«.)

Since f(L) is compact, there exists U, an ϵ-neighborhood of L contained in ∘ E^n_+ such that f(U) ≠ S^n. So, may assume f : (S^n, U) → (S^n,^∘E^n_+) and q is the north pole by rotation and pulling pants.

(4) There exists f_1 ≃ f such that f^{−1}_1 (q) = L.

Let μ : S^n → [0, 1] be defined by μ(x) =^1_ϵ min{d(x, L), ϵ} and

f_1(x) := μ(x)f(x) + (1 − μ(x))q |μ(x)f(x) + (1 − μ(x))q|

7čď, f_1ŞÉr U ˝«¿úă\Ą"fŊ›H f_1 = f, L-ľĲ\Ą"fŊ›H f_1 = qŞff̈ mapsff^«. ›«~«"f fü< f_1ŞÉr ŮÿŐ›H &ȟ\Ą"f antipodalsff œ&tff ůúğŞę ůúą]X̊_‹ &ñ̇off\Ą ›«~« f ≃ f_1sff^«.

(5) There exists h : (S^n, L) → (S^n, p) such that h : S^n \ L → S^n \ p is a homeomorphism. Let h(x) = μ(x)x + (1 − μ(x))p |μ(x)x + (1 − μ(x))p| . Futhermore h and identity are never antipodal, so h ≃ id.

(6) (Sn, L)^{f1} � h � q � � (S^n, q)

S^n/L h � � (S^n, p) ∃g �

(5)\Ą _‹‚«#Ň hŊ›H homeomorphismsff^«. ›«~«"f h\ę̌ quotient mapÜĳŰÐ sffK ¡+É Ãž eŤ„Şę g^{−1} (q) = p`« œ&Ŋ›H g`« Ť>rFô»Ç^«. ćÿô»Ç

f ≃ f_1 = g ∘ h ≃ g

`« $í̇wn̆‚«ÙĳŰÐ 7čx"î̇sff =åQzŇď^«.

Ça‹hff 2Ÿ+ ďßÃZ‹ n‘ę̌ north pole, s\ę̌ south polesff~«Şę ‚«˘«. 0A_‹ ŸÐŻÿ&ñ̇off\Ą _‹‚«#Ň f^{−1} (n) = ∅ or {n}sff~«Şę `«&ñ̇KŢÿ İ)a^«.

ëSSŰĂŊŢ f^{−1} (n) = ∅sffĂ—¨ f ≃ c ≃ Σc (c: constant map)sffÙĳŰÐ, f^{−1} (n) = {n}Şff̈ ffiâ̇ÄžëSSŰ 7čx"î̇‚«Ă—¨ İ)a^«.

s_‹ ball neighborhood B_s\ę̌ ÒqtyŇŢ‚«Ă—¨, f(D) ⊂ B^c_sŞff̈ n_‹ neighborhood D`«

Ť>rFô»Ç^«. sffM:, f(D^c)Ŋ›H compact setsffŞę n‘ę̌ §íĘ<Ê‚«tff ůúğÜĳÙĳŰÐ, f(D^c) ⊂ B^c_nŞff̈ n_‹ neighborhood B_nsff Ť>rFô»Ç^«.

S^n_‹ isotopy\ę̌ sff6ăx‚«#Ň D =^∘E^n_+ŰÐ `«&ñ̇KŢÿ Áž~¡Ó‚«^«. ›«~«"f, ∂D = S^{n−1} sffŞę, f(S^{n−1} ) ⊂ (B_n ∪ B_s)^c`« $í̇wn̆ô»Ç^«.

τ\ę̌ ”squeezing deformation” τ : (S^n, ∂B_n, ∂B_s) → (S^n, S^{n−1} , S^{n−1} )~« £ž˘«. τ((B_n ∪ B_s)^c) ⊂ S^{n−1} sffÙĳŰÐ,

g := τ ∘ f|_Sn−1 : S^{n−1} → S^{n−1}

sff ÿúŸ &ñ̇_‹İ)a^«. ćÿô»Ç

τ ∘ f(E^n_+) ⊂ E^n_+, τ ∘ f(E^n_− ) ⊂ E^n_−

`« $í̇wn̆‚«ÙĳŰÐ, Σgü< τ ∘ fŊ›H ŮÿŐ›H &ȟ\Ą"f antipodalsff œ&tff ůúğŞę ›«~«"f Σg ≃ τ ∘ f ≃ f eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«.

Ça‹hff 4 deg : π_1(S^1) → Z is an isomorphism.

ďßÃZ‹ α_n : S^1 → S^1‘ę̌ α_n(z) = z^nÜĳŰÐ &ñ̇_‹‚«Ă—¨ deg(α_n) = nsffŞę, π_1(S^1) = {[α_n]}eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. π_1(S^1)\Ą"f [α_n] + [α_m] = [α_{n+m}]sff $í̇wn̆‚«ÙĳŰÐ degŊ›H isomorphismeŤ̌‘ę̌ SXĽŞff̈¡+É Ãž eŤ„^«.

Ça‹hff 5 (Hopf) n ≥ 1, f ≃ g : S^n → S^n ⇔ degf = degg

ďßÃZ‹ Induction on n.

n = 1: may assume f, g : (S^1, 1) → (S^1, 1) by rotations so that [f], [g] ∈ π_1(S^1). Then degf = degg ⇒ [f] = [g] ⇒ f ≃ g.

n > 1: f, g : S^n → S^n⇒ ∃f_1, g_1 : S^{n−1} → S^{n−1} such that f ≃ Σf_1 and g ≃ Σg_1.

Then degf_1 = deg(Σf_1) = degf = degg = deg(Σg_1) = degg_1. By induction, f_1 ≃ g_1. So, f ≃ g.

Ça‹hff 6 deg : π_n(S^n) → Z is an isomorphism.

ďßÃZ‹ Induction on n.

π_{n−1} (S^{n−1} )^{Σ ∗} �

deg_{n−1} � � � � π_n(S^n)

deg_n � � � � Z

&ñ̇off 1\Ą _‹‚«#Ň 0A diagramsff commute‚«Şę, &ñ̇off 2\Ą _‹‚«#Ň Σ_∗Ŋ›H ontosff ^«. Induction\Ą _‹‚«#Ň deg_{n−1} sff isomorphismsffÙĳŰÐ Σ_∗`« injectionsffŞę ›« ~«"f Σ_∗, deg_nŊ›H isomorphismsff İ)a^«.

Remark. (Freudental suspension theorem) Σ_∗ : π_k(S^n) → π_{k+1}(S^{n+1}) is an isomorphism for k < 2n − 1 and onto for k = 2n − 1.

General version of Hopf’s theorem Let M^n be a closed orientable n-manifold. Then H_n(M^n) ∼= Z. So for a map f : M^n → S^n, degf is well-defined.

Ça‹hff 7 Let f : M^n → S^n. Then there exist g : M^n → S^n and q ∈ S^n such that f ≃ g and g^{−1} (q) = ∅ or one point.

ďßÃZ‹ Same as ŸÐŻÿ&ñ̇off 3.

Ça‹hff 8 (Hopf) f ≃ g : M^n → S^n ⇔ degf = degg

ďßÃZ‹ �äťVĄ 3

›«§ßÿÇa‹hff 9 [M^n, S^n] ∼= Z