Base point change

Let X be path-connected. For x_0, x_1 ∈ X, compare π_1(X, x_0) with π_1(X, x_1). Choose a path ρ from x_0 to x_1 and define ϕ_ρ : π_1(X, x_0) → π_1(X, x_1) by [α] → [ρ ∗ α ∗ ρ]. Then ϕ_ρ is an isomorphism.

ďßÃZ‹ (1) ϕ_ρ`« homomorphismeŤ̌‘ę̌ ŸÐsff˘«.

ϕ_ρ[α ∗ β] = [ρ ∗ α ∗ β ∗ ρ] = [ρ ∗ α ∗ ρ ∗ ρ ∗ β ∗ ρ] = [ρ ∗ α ∗ ρ][ρ ∗ β ∗ ρ] = ϕ_ρ[α]ϕ_ρ[β].

(2) Define ϕ_ρ : π_1(X, x_1) → π_1(X, x_0) by [β] → [ρ ∗ β ∗ ρ]. Then,(ϕ_ρ ∘ ϕ_ρ)[α] = ϕ_ρ [ρ ∗ α ∗ ρ] = [ρ ∗ ρ ∗ α ∗ ρ ∗ ρ] = [α]. ›«~«"f ϕ_ρ ∘ ϕ_ρ = id.

Similarly, ϕ_ρ ∘ ϕ_ρ = id.

ô»Çĳ#¨, ćÿ^«ŔÉr path σ`« ÅÒ#Q&Š„‘ę̌M: ëSSŰ{9˚ ρ ≃ σ sff~«Ă—¨ ϕ_ρ = ϕ_σ sff^«.

�äťVĄ 2.

{9˚ìøÍ&h̃ÜĳŰÐ homotopic ‚«tff ůúğŞÉr £ž path ρ, σ\Ą @/K ϕ_ρ π_1(X, x_0) → π_1(X, x_1) ϕ_σ ↘ ↑ μ π_1(X, x_1) \Ą"f μ = ϕ_ρ ∘ ϕ_σ −1 ŰÐ £žĂ—¨ sffŊ›H isomorphism sff œ&Şę, sffffiŕ̄ŞÉr #QŃ"¨ loop\Ą _‹ô»Ç conjugation (an inner automorphism of π_1(X, x_1))sff HĘd‘ę̌ ŸÐ#Ň~«.