II.4 Existence of covering spaces

1. Existence of a covering space assuming the existence of a universal covering space.

( ~X, ~x) ↓ p : a universal covering with a deck transformation group G^{θ(∼=)}← π_1(X, x) (X, x)

Ça‹hff 1 If H < G, then ( ~X, ~x) ↘ q p ↓ ( ~X_H ,x̄) ↙ r (X, x)

where ~X_H = H \ ~X with r_♯π_1( ~X_H ,x̄) = θ^{−1} (H) and the quotient map q and the induced map r become covering maps.

ďßÃZ‹

ć,aAáď ÕłaË>\Ą"fü< řúăsff p\Ą _‹K evenly coverœ&Ŋ›H U\ę̌ ÿúŽÜĳĂ—¨ HŊ›H p^{−1} (U)\Ą permutationÜĳŰÐ ĄŇŢ6ăx‚«ÙĳŰÐ H action\Ą @/ô»Ç quotient map q`« covering mapsff œ&Ŋ›H ffiŕ̄ŞÉr ìfir"î̇‚«Şę r‘ę̌ q\Ą _‹K pŰÐ ÂÒ’- inducedœ&Ŋ›H p̄ŰÐ &ñ̇_‹

‚«Ă—¨ rŞÉr {ľĲČȷ̈yff ontosffŞę, U`« %ĩrff r\Ą _‹K"f evenly covered œ&ÙĳŰÐ rŞÉr covering sff İ)a^«. ÕłoffŞę

α ∈ θ^{−1} (H) ⊂ π_1(X, x) ⇔ θ(α) ∈ H ⇔ x̃ · α ∈ H · x̃ ⇔ x̄ := f(x̃) = q(x̃ · α) = x̄ · α ⇔ α ∈ Π_{x̄} = r_♯π_1( ~X_H ,x̄) `« $í̇wn̆‚«Ùĳ ŰÐ, r_♯π_1( ~X_H ,x̄) = θ^{−1} (H) sff^«.

2. Existence of a universal covering space.

Idea : the set of homotopy classes of paths from x to y ↔_{1−1} p^{−1} (y) ⊂ ~X , universal covering , via [α] ↔ α̃(1)

Ça‹Ÿ+ 1 A space X is said to be semilocally simply connected if for each x ∈ X, there is a neighborhood U of x such that the homomorphism i_♯ : π_1(U, x) → π_1(X, x) induced by inclusion is trivial.

Assume that X is path-connected, locally path-connected and semilocally simply connected.

Let (P, x) = {α : I → X |α(0) = x} Define ~X = (P, x)/ ∼ ( recall α ∼ β ⇔ α ≃ β rel ∂) and p : ~X → X by p([α]) = α(1)

Topology of ~X For α ∈ (P, x) and open set U with α(1) ∈ U, let (α, U) := {α ∗ α^′|α^′ : I → U with α^′(1) = α(0)}/ ∼ ⊂ ~X.

sffM: ÅÒ#QŤff̈ y = α(1) ∈ X\Ą @/K, U\ę̌ path-connected , semilocally simply connected neighborhood of y(= α(1)) ~«Şę ‚«Ă—¨ p| : (α, U) → UŊ›H onto sffŞę one-to-one sff^«.

sff]j p`« evenly covered eŤ̌‘ę̌ ŸÐsff˘«. 7čď, p^{−1} (U) = � α(1)=y

(α, U):

(α, U) ∩ (β, U) ≠ ∅ ~«Şę ‚«˘«.

γ ∈ (α, U) ∩ (β, U)\Ą @/‚«#Ň α^′ü< β^′`« Ť>rFK"f

α ∗ α^′ ∼ γ ∼ β ∗ β^′ ⇒ α ∗ α^′ ∗ ᾱ^′ ∼ β ∗ α^′ ∗ ᾱ^′(∵ U`« semilocally simply connectedsffÙĳŰÐ β ∗ β^′ ∼ β ∗ α^′)

⇒ α ∼ β

∴ (α, U) ∩ (β, U) ≠ ∅ ⇒ (α, U) = (β, U)

Take {(α, U)|U : open neighborhood of α(1), α ∈ (P, x)} as a base for a topology of ~X. Check 1. � (α, U) = ~X(obvious) 2. γ ∈ (α, U) ∩ (β, U)

⇒ ∃W ⊂ U ∩ V such that (γ, W ) ⊂ (α, U) ∩ (β, U) #Ňlff"f W Ŋ›H pathconnected neighborhood of γ(1)sffŞę U`« semilocally simply connected sffÙĳ ŰÐ subset W Ţÿ ¨«ðøÍ`«tff(obvious)

~X`« path-connected eŤ̌‘ę̌ ŸÐsff˘«.

eŤ̌_‹_‹ [α] ∈ ~X\Ą @/K"f α_s(t) := α(st)~«Şę ‚«Ă—¨ α_sŊ›H αü< x(constant path)\ę̌ eś̄Ŋ›H pathsff^«. #Ňlff"f α̃(s) := [α_s]~«Şę &ñ̇_‹‚«Ă—¨ α̃(0) = [x], α̃(1) = [α]`« œ&#Q [α]ü< [x]Ŋ›H path ŰÐ Čȷ̈ffi—˚İ)a^«. (exercise : α̃ is continuous)

¨«tff}ŇŢÜĳŰÐ ~X`« simply connectedeŤ̌‘ę̌ ŸÐsff˘«. Let τ be a loop in ( ~X, ~x), where x̃ = [x]

⇒ α := p ∘ τ is a loop in X and α̃ = τ ⇒ [α] = α̃(1) = τ(1) = [x] ⇒ α ∼ x ⇒ τ ∼ x̃ ■

›«§ßÿÇa‹hff 2 ∀H < π_1(X, x), ∃ a covering space ( ~X, ~x) corresponding to H, i.e. p_♯π_1( ~X, ~x) = H

Remark 1. Universal covering is ”universal”, i.e. it covers every other covering by lifting theorem and universal covering is clearly unique up to isomorphism.

2. X has a universal covering.

⇒ X is semilocally simply connected. π_1(Ũ, x̃)^{i♯}−→ π_1( ~X, ~x) =0 ∼=↓ p_♯ � ↓ p_♯

π_1(U, x)^{i♯}−→ π_1(X, x) ŰÐ ÂÒ’- {ľĲČȷ̈‚«^«.

�äťVĄ 8 Let (G, e) be a topological group and p : (G̃, ẽ) → (G, e) be a covering. Then we can lift the group structure of G to G̃ so that p becomes a homomorphism unique up to the choice of identity ẽ ∈ p^{−1} (e).