Homotopy invariance(general version)

Ça‹hœ 1 If f ≃ g : X → Y , then the following diagram f_♯ π_1(X, x_0) → π_1(Y, f(x_0)) g_♯ ↘ ↓ ϕ_ρ commutes, π_1(Y, g(x_0)) where ρ(t) := F (x_0, t) and F is a homotopy between f and g.

ďßÃZ‹ ϕ_ρ ∘ f_♯ = g_♯ eŤ̌‘ę̌ ŸÐsff˘«.

7čď, ρ^{−1} ∗ (f ∘ α) ∗ ρ ∼ g ∘ α \ę̌ ÅÒŊ›H homotopy \ę̌ ź1ÔÜĳĂ—¨ İ)a^«.

ć,aAáď ÕłaË>\Ą"f "éű‚«Ŋ›H boundary condition ‘ę̌ ëSSŰ7áď‚«Ŋ›H homotopy G ëSSŰ ź1ÔÜĳ Ă—¨ œ&ÙĳŰÐ Ă–¨$- ÕłaË> 1_‹ boundary\ę̌ ÕłaË> 2_‹ boundary\Ą ťúİ>ı shrinkrffvff Ŋ›H boundary˚«sff_‹ map‘ę̌ I × IŰÐ extendrffvffĂ—¨ İ)a^«. 7čď "éű‚«Ŋ›H homotopy _‹ Ť>rF$í̇ŞÉr {9˚ìøÍ&h̃ÜĳŰÐ map ϕ : ∂D^2 → ∂D^2 \ę̌ ϕ : D^2 → D^2ŰÐ extendrff~ť̂ Ãž eŤ„^«Ŋ›H ˚«ẑťŰÐÂÒ’- 7čx"î̇İ)a^«. (\V\ę̌ [þt#Q radial extensionsff eŤ„^«.) ›«~« "f α × id F I × I → X × I → Y \Ą @/K F ∘ (α × id) ∘ ϕ `« "éű‚«Ŋ›H homotopy\ę̌ ïfir^«.

Ça‹hœ 2 X,Y are path connected. X≃Y ⇒ π_1(X) ∼= π_1(Y ). More precisely, if f : X → Y is a homotopy equivalence, then f_♯ : π_1(X, x_0) → π_1(Y, f(x_0)) is an isomorphism.

ďßÃZ‹ Let g be a homotopy inverse of f : X → Y , i.e., g ∘ f ≃ id_X and f ∘ g ≃ id_Y .

id_X ≃ g ∘ f ˚«sff_‹ homotopy 1lxîSSŰ_‹ x_0_‹ path\ę̌ ρ ~« £ž˘«. ÕłfflQĂ—¨ ůúą_‹ &ñ̇off\Ą _‹K ^«6čğ diagram, (g ∘ f)_♯ π_1(X, x_0) → π_1(X, (g ∘ f)(x_0)) id_♯ ↘ ↑ ϕ_ρ

π_1(X, x_0)

sff commute‚«ÙĳŰÐ ϕ_ρ ∘ id_♯ = (g ∘ f)_♯ : π_1(X, x_0) → π_1(X, (g ∘ f)(x_0)). ›« ~«"f ϕ_ρ = g_♯ ∘ f_♯ sffŞę ϕ_ρŊ›H isomorphism 7čď onto sffÙĳŰÐ g_♯ : π_1(Y, f(x_0)) → π_1(X, (g ∘ f)(x_0)) %ĩrff onto sff^«. (#Ňlff"f f_♯ : π_1(X, x_0) → π_1(Y, f(x_0)).) sffĄ–¨\ĄŊ›H g ∘ f @/Šff̈\Ą f ∘ g \Ą @/‚«#Ň ¨«ðøÍ`«tffŰÐ ‚«Ă—¨ ϕ_σ = f_♯ ∘ g_♯ %ĩrff isomorphism 7čď 1-1 sffÙĳŰÐ g_♯ : π_1(Y, f(x_0) → π_1(X, (g ∘ f)(x_0))ŞÉr 1-1sff İ)a ^«. (#Ňlff"f_‹ f_♯ŞÉr f_♯ : π_1(X, g ∘ f(x_0)) → π_1(Y, f(g ∘ f(x_0)))sff œ&#Q 0A ëHéSSŰ _‹ f_♯õ̆Ŋ›H ^«ØÔ^«.) ›«~«"f g_♯ ŞÉr isomorphismsff İ)a^«. ›«~«"f 0A ëHéSSŰ\Ą"f_‹ f_♯ : π_1(X, x_0) → π_1(Y, f(x_0)) ŞÉr isomorphism sff İ)a^«.