II. CW-complex

Ça‹Ÿ+ 1 A CW-complex X is a Hausdorff space along with a family {e_α } of ”open cells” such that the following conditions are satisfied. Let X^p = ⋃ {e_α | dim e_α ≤ p}. (p-skeleton) (1) X = ∐ e_α (disjoint union).

(2) ∀n-cell e_α , ∃ a characteristic map φ_α : (D^n, ∂D^n) → (X, X^{n−1} ) such that φ_α | ∘_{Dn} is a homeomorphism onto e_α .

(3) (Closure finiteness) Eachē_α is contained in the union of finitely many open cells.

(4) (Weak topology) A ⊂ X is closed if and only if A ∩ē_α is closed in ē_α for all α.

Note.

(1) Let ė_α = ē_α − e_α . Then φ_α : (D^n, ∂D^n) → (ē_α , ė_α ) is onto. ďßÃZ‹ φ_α (D^n)Ŋ›H compactsffŞę ›«~«"f closedsff^«. &ñ̇_‹_‹ Żÿ|¯¨ (2)ŰÐÂÒ’- e_α ⊂ φ_α (D^n)sffÙĳŰÐ, ē_α ⊂ φ_α (D^n) sff^«. ćÿô»Ç φ_α `« continuoussffÙĳŰÐ

φ_α (D^n) = φ_α (^∘D^n) ⊂ φ_α (^∘D^n) = ē_α

sff^«. ›«~«"f φ_α (D^n) = ē_α sffŞę φ_α (∂D^n) = ė_α sff^«.

(2) For a finite CW-complex, condition (3) and (4) are automatic.

Ça‹Ÿ+ 2 Let X be a CW-complex. A subcomplex of X is a subset Y along with a subfamily {e_β } of the cells in X such that Y = ⋃ e_β with ē_β ⊂ Y for all β.

Note. A subcomplex Y is closed and a CW-complex in its own right. ďßÃZ‹ Y `« Żÿ|¯¨ (1)-(3)‘ę̌ ëSSŰ7áď‚«Ŋ›H ffiŕ̄ŞÉr ˘«"î̇‚«^«.

Claim If B ⊂ Y with B ∩ē_β is closed in ē_β for all β, then B is closed in X. pf) Żÿ|¯¨ (4)\Ą _‹‚«#Ň B ∪ē_α `« closed in XeŤ̌‘ę̌ ŸÐsffĂ—¨ İ)a^«. Żÿ|¯¨ (3)õ̆ Y _‹ $í̇|9˚\Ą _‹‚«#Ň Y ∩ē_α ⊂ e_1 ∩ · · · ∩ e_kŞff̈ e_1, · · · , e_k ⊂ Y `« Ť>rFô»Ç^«. Õł-–¨X< B ∩ē_α ⊂ Y ∩ē_α sffÙĳŰÐ B ∩ē_α = ((B ∩ē_1) ∪ · · · ∪ (B ∩ē_k)) ∩ē_α sffŞę ›«~«"f BŊ›H X\Ą"f closedsff^«.

0A_‹ Claim\Ą"f Żÿ|¯¨ (4)`« ëSSŰ7áďHĘd‘ę̌ ůúŸ Ãž eŤ„Şę ćÿô»Ç B = Y ŰÐ ‚«Ă—¨ Y `« closedeŤ̌‘ę̌ %3˝Ŋ›H^«.

Example. X^p = ⋃ {e_α | dim e_α ≤ p}= p-skeleton of X is a subcomplex (and hence closed).

Ça‹Ÿ+ 3 dim X= sup{dim e_α | e_α ⊂ X}

Ça‹hff 1 Let X be a CW-complex with ∐ e_α = X.

(1) f : X → Y is continuous if and only if f|_{ē α} is continuous for all α. (2) F : X × I → Y is continuous if and only if F |_{ē α ×I} is continuous for all α.

ďßÃZ‹ ^«6čğ_‹ (ĆÃÐŞę)ü< ůúą]X̊_‹ &ñ̇off^∗ŰÐÂÒ’- ˘«"î̇‚«^«.

(ĆÃÐŞę) A space X = ⋃ X_α has a coherent topology with respect to X_α (or X is a coherent union of X_α ) if A ⊂ X is closed ⇔ A ∩ X_α is closed in X_α for all α or equivalently, a natural projection p : ∐ X_α → X is a quotient map or equivalently, f : X → Y is continuous ⇔ f|_{Xα} : X_α → Y is continuous for all α.

ďßÃZ‹ �äťVĄ 9.

∗&ñ̇off(Theorem 20, of Munkres, p.113) p : X → Y , a quotient map. C : locally compact, Hausdorff ⇒ p × id : X × C → Y × C is a quotient map.