CW-complex as an adjuction space

Ça‹hff 1 (1) Let X be a CW-complex of dimension p and {e_α } be p-cells in X with a characteristic function φ_α : D^p_α → X.

⇒ X ∼= ∐ D_α ∪_f X^{p−1} , f = ∐ φ_α |_{∂Dα} (2) Conversely, Y is a CW-complex of dim p-1 and f : ∐ ∂D^p_α → Y ⇒ X = ∐ D_α ∪_f Y is a CW-complex with X^{p−1} = Y .

ďßÃZ‹ (1) Let E = ∐ α D_α ∐ X^{p−1} .

Define h : E → X by h = ( ∐ φ_α ) ∐ (incl.).

It suffices to show that h is a quotient map.

Let C ⊂ X with h^{−1} (C) closed in E. Then ⇒ { C ∩ X^{p−1} = h^{−1} (C) ∩ X^{p−1} is closed in X^{p−1} h^{−1} (C) ∩ D_α is closed in D_α , ∀α and so compact. ⇒ { C ∩ē_β = (C ∩ X^{p−1} ) ∩ē_β is closed in ē_β whenever dime_β ≤ p − 1 C ∩ē_α = h(h^{−1} (C) ∩ D_α ) : compact and so closed in ē_α .

⇒ C is closed in X.

(2) Y : Hausdorff ( ∐ D_α , ∐ ∂D_α ) : collared pair ∐ D_α ∐ Y^q→ X ⇒ X: Hausdorff.

sff]j CW-complex_‹ $í̇|9˚‘ę̌ ëSSŰ7áď‚«Ŋ›Htff check‚«˘«. ÄžĆ–¨ (1)ŞÉr {ľĲČȷ̈‚«Şę,

(2) φ_α = q|_{Dα} ŰÐ &ñ̇_‹‚«Ă—¨, characteristic functionsff İ)a^«. —=´»‚«Ă—¨, ůúą\Ą"f q|_{Dα −∂D α} `« homeomorphism eŤ̌‘ę̌ ůúŸlff M:ëHsff^«.

(3) ē_α = φ_α (D_α ) = q(D_α ) and note that q(∂D_α ) is compact and hence meets only finitely many cells.

(4) Let X = {e_β } and Y = {e_γ }. A ⊂ X with A ∩ē_β closed in ē_β , ∀β ⇒ q^{−1} (A) ∩ Y = A ∩ Y is closed in Y,

since (A ∩ Y ) ∩ē_γ = A ∩ē_γ is closed in ē_γ . q^{−1} (A) ∩ D_α = q^{−1} (A ∩ē_α ) ∩ D_α : closed in D_α ⇒ q^{−1} (A) is closed in ∐ D_α ∐ Y .

⇒ A is closed.

Ça‹hff 2 (1) Let X be a CW-complex.

Then X is a coherent union of X^0 ⊂ X^1 ⊂ X^2 ⊂ · · · .

(2) Conversely, if X is a coherent union of CW-complexes X_0 ⊂ X_1 ⊂ X_2 ⊂ · · · with X_p, the p-skeleton of X_{p+1}, then X is a CW-complex with X^p = X_p.

ďßÃZ‹ Easy from the definitions.(�äťVĄ 10)