Regular value and transversality.

Ça‹Ÿ+ 1 φ : M^m → N^n, C^∞, q ∈ N is called a regular value of φ if dφ_p is surjective for ∀p ∈ φ^{−1}(q).

Note. q ∈ N\imφ is also a regular value.

q ∈ N is a critical value if it is not regular.

Ça‹hff 1 φ : M^m → N^n, C^∞. If q ∈ N is a regular value of φ, then P = φ^{−1}(q) is ∅ or an embedded submanifold of M of dimension m−n. And T_pP = ker dφ_p.

ďßÃZ‹ p ∈ P = φ^{−1}(q) ~«Şę £ž˘«. dφ_pŊ›H p_‹ ˘»H~¡Ó\Ą"f ontosffÙĳŰÐ ůúą]X̊_‹ ›« 2čğ&ñ̇off 4\Ą ›«~« p, q\Ą"f_‹ chart (U, x)ü< (V, y)`« Ť>rFK"f y ∘ φ ∘ x^{−1}(a_1, · · ·, a_m) = (a_1 · ·, a_n)‘ę̌ ëSSŰ7áďô»Ç^«.

ÕłaË> 19

›«~«"f P \Ą x_2|_W = (x_{n+1}|_W , · · ·, x_m|_W )ü< W = U ∩ P \ę̌ coordinate chartŰÐ ÅÒ˘«. ÕłfflQĂ—¨ sff M: P _‹ subspace topology\Ą @/K W Ŋ›H open set sffÙĳŰÐ sff-–¨ chart[þt\Ą _‹K topological manifold`« İ)a^«. sffXO“>ı &ñ̇_‹İ)a chart[þtsff P \Ą smooth structure\ę̌ ÅÒŊ›H ffiŕ̄‘ę̌ ŸÐsfflff 0AK £ž chart x_2|_W , x^′_2|_W `« "f ŰÐ C^∞-relatedeŤ̌ ‘ę̌ ŸÐsff˘«. ẑť]jŰÐ x_2|_W ∘ x^′_2|^{−1}_W = π ∘ x ∘ x^{′−1} ∘ isffŞę sffŊ›H C^∞sffÙĳŰÐ C^∞-relatedeŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. ćÿô»Ç ůúą]X̊_‹ ›«2čğ&ñ̇off 5\Ą ›«~« P Ŋ›H submanifold`« İ)a^«.

M\Ą embeddedİ)a^«Ŋ›H ffiŕ̄ŞÉr ›«2čğ&ñ̇off 5\Ą ›«~« U ∩P = W \ę̌ ëSSŰ7áď‚«Ŋ›H global chart U`« Ť>rFô»Ç^«Ŋ›H ˚«ẑťŰÐÂÒ’- ůúŸ Ãž eŤ„^«.

Remark. 0A &ñ̇off\Ą"f Msff second countable‚«^«Şę `«&ñ̇‚«Ă—¨ P Ţÿ second countable‚«^«.

Examples. φ : R^m → R^n = (φ_1, · · ·, φ_n).

dφ_p has rank n ⇔ dφ_p : T_pR^m → T_{φ(p)}R^n : R^m → R^n is onto.

( recall dφ_p = ∇φ_1 · · · ∇φ_n )

⇔ ∇φ_1(p), · · ·, ∇φ_n(p) are linearly independent.

:čďyff n = 1 {9˚ M:_‹ Żÿ|¯¨ŞÉr ∇φ(p) ≠ 0 sff^«. \VĎı̈\Ą sffpff f(x) = |x|^2 − 1\Ą @/K(∇f ≠ 0) M = f^{−1}(0)sff smooth manifold`« HĘd‘ę̌ ŸÐŞff̈ &h̃sff eŤ„^«. sffŊ›H 0A_‹ :čďZ>˚ô»Ç ffiâ̇Äž\Ą 5Åqô»Ç^«. sffffiŕ̄sff {9˚ìøÍô|ĺc M:_‹ Żÿ|¯¨sff ˝«ŰÐ ∇φ_1(p), · · ·, ∇φ_n(p) `« linearly independentŞff̈ Żÿ|¯¨sff^«.

Ça‹Ÿ+ 2 φ : M^m → N^n, C^∞ and i : Q → N is a sbmanifold. φ is said to be transversal to Q (φ ⋔ Q) if im(dφ_p) + T_{φ(p)}Q = T_{φ(p)}N, ∀p ∈ φ^{−1}(Q).

0A_‹ &ñ̇_‹ŰÐ &ñ̇off 1‘ę̌ ffi8 {9˚ìøÍô‚«#Ň φ^{−1}(Q)`« submanifold`« HĘd‘ę̌ ŸÐsff˘«.

Ça‹hff 2 φ : M^m → N^n, C^∞ and i : Q → N, a (embedded, respectively) submanifold, and let φ ⋔ Q. Then P = φ^{−1}(Q) is a (embedded, respectively) submanifold of M with codim P = codim Q and T_pP = dφ^{−1}_p (T_{φ(p)}Q).(P is second countable if Q is second countable.)

ďßÃZ‹ ÕłaË> 20

Q`« submanifold sffÙĳŰÐ ∀q ∈ Q\Ą @/K 0A ÕłaË>õ̆ řúăsff chart (V, y) `« Ť>rF K"f local chart W \ę̌ ïfir^«. W \ę̌ slice neighborhood~«Şę ÂÒØÔ˘«. sff M: @/6čx œ&Ŋ›H R^n , R^q _‹ open set‘ę̌ yŇŢyŇŢ ”V ”, ”W ” ~«Şę £ž˘«. ćÿ projection map p_2 : R^n → R^{n−q} \ę̌ ÒqtyŇŢK"f p_2 ∘ y = π_2 ~«Şę Zȷ~˘«.

sff]j φ^{−1}(V ) = U ~«Şę Zȷ~Şę φ\ę̌ U\Ą restrictionrffĘff̈ φ_U \Ą @/K π_2 ∘ φ_U \ę̌ Òqt yŇŢKŸÐ˘«. π_2 ∘ φ_U Ŋ›H U → R^{n−q} ŰÐ `«Ŋ›H Ę<ÊÃžsffŞę ∀p ∈ P ∩ U\ę̌ 0ÜĳŰÐ ŸÐů̂p ^«. sff M: 0ŞÉr π_2 ∘ φ_U _‹ regular value`« œ&ÙĳŰÐ(transversality φ ⋔ QŰÐÂÒ’- d(π_2 ∘φ_U )Ŋ›H ontosfflff M:ëHsff^«.) &ñ̇off 1‘ę̌ jþt Ãž eŤ„^«. ›«~«"f (π_2 ∘φ_U )^{−1}(0)ŞÉr U_‹ submanifold`« İ)a^«. (π_2 ∘φ_U )^{−1}(0) = (φ^{−1}_U ∘π^{−1}_2 )(0) = φ^{−1}_U (W ) = φ^{−1}(W ) Ŋ›H U_‹ embedded submanifold`« İ)a^«.

0Aü< řúăsff locallyŊ›H ÿúŸ &ñ̇_‹œ&%3„Şę sff]j yŇŢ ∀q ∈ Q\Ą @/K 0Aü< řúăsff %3˝#QŤff̈ submanifold φ^{−1}(W )[þt‘ę̌ ÿúŸ ůąŋ#Ň"f P \ę̌ %3˝#Qèŋq Ãž eŤ„^«. P `« submanifold`« HĘd‘ę̌ ŸÐsff˘«.

1. Topology of P .

∀q ∈ Q\Ą @/K Ť>rF‚«Ŋ›H slice neighborhood W \ę̌ 0Aü< řúăsff ÒqtyŇŢ‚«Şę Q = ∪W_iŞff̈ W_i[þt‘ę̌ Ůÿˇ« {W_i}, {V_i}[þt‘ę̌ ÒqtyŇŢ‚«˘«. (ëSSŰ{9˚ Q`« second countableŞff̈ ffiâ̇Äž\ĄŊ›H {W_i} \ę̌ conuntablesff~«Şę ^ffię Ãž eŤ„^«.) ÕłfflQĂ—¨ yŇŢ φ^{−1}(W_i)[þt ŞÉr U_i = φ^{−1}(V_i)_‹, ›«~«"f M_‹ embedded submanifold`« İ)a^«. 7čď yŇŢ φ^{−1}(W_i) \ĄŊ›H M_‹ subspace topology`« eŤ„ÜĳÙĳŰÐ P = ∪φ^{−1}(W_i)\Ą coherent topology\ę̌ ÅÒ˘«. sff\ę̌ 0AK ^«6čğ £ž `«tff\ę̌ ŸÐsffĂ—¨ Ø̋æìfir‚«^«.

(check 1) φ^{−1}(W_i)∩φ^{−1}(W_j )_‹ φ^{−1}(W_i), φ^{−1}(W_j ) \Ą"f_‹ subspace topologyŊ›H yŇŢyŇŢ Ůÿ£ž M\Ą"f_‹ subspace topologyü< řúă^«. ›«~«"f Õł ÑütŞÉr topology`« řúă ^«. (check 2) φ^{−1}(W_i) ∩ φ^{−1}(W_j ) Ŋ›H φ^{−1}(W_i)\Ą"f openeŤ̌‘ę̌ ŸÐsff˘«. Ă–¨$- φ| : φ^{−1}(W_i) → W_iŊ›H Čȷ̈5ÅqĘ<ÊÃžsff^«. W_i_‹ topologyŊ›H N_‹ subspace topologysffŞę, φ^{−1}(W_i)_‹ topologyŊ›H M_‹ subspace topology sffÙĳŰÐ φ|Ŋ›H Čȷ̈5Åqsff ^«. φ^{−1}(W_i) ∩ φ^{−1}(W_j) = φ^{−1}(W_i ∩ W_j ) sffŞę W_i ∩ W_j Ŋ›H open in W_i sffÙĳŰÐ ffi—˚šDG φ^{−1}(W_i) ∩ φ^{−1}(W_j ) Ŋ›H φ^{−1}(W_i)\Ą"f opensff^«.

›«~«"f P \Ą coherent topology\ę̌ Œ̋ę Ãž eŤ„^«. ô»Ç `«tff ÅÒ_‹¡+É ffiŕ̄ŞÉr 0Aü< řúăsff ïfir coherent topologyŊ›H subspace topologyŸÐ^«Ţÿ finer ‚«^«Ŋ›H &ȟsff^«.

�äťVĄ 6. Note that coherent topology of P ⊃ subspace topology of P . i.e., i : P → M is continuous.

2. Smooth structure of P .

sffŊ›H submanifold _‹ smooth structure\Ą @/ô»Ç uniqueness ŰÐ ŸÐ{9˚ Ãž eŤ„^«. 7čď φ^{−1}(W_i) ∩ φ^{−1}(W_j)_‹ smooth structureŊ›H φ^{−1}(W_i)ŰÐÂÒ’- %3˝‘ę̌ ÃžŢÿ eŤ„Şę, φ^{−1}(W_j )ŰÐÂÒ’-Ţÿ %3˝‘ę̌ Ãž eŤ„^«. ÕłfflQ´« uniqueness of smooth structures of submanifold\Ą _‹K sff £ž structureŊ›H řúăˇ«ˇ» ô»Ç^«. ›«~«"f P = ∪φ^{−1}(W_i)\ę̌ W=›Ŋ›H yŇŢ φ^{−1}(W_i)[þt\Ą @/K smooth structure\ę̌ ÅÒœ& ffi—˘uffŊ›H ÂÒìfir\Ą"fŊ›H structure`« "fŰÐ řúăÜĳÙĳŰÐ Ďı̈^Ľ&h̃ÜĳŰÐ P \Ą smooth structure\ę̌ ÅÒ>ı œ&Şę M_‹ submanifold`« İ)a^«.

3. Q is embedded⇒ P is embedded. Q`« embedded submanifold ~«Ă—¨ yŇŢ q ∈ Q\Ą @/K V ∩Q = W (slice neighborhood) `« œ&Ŋ›H ˘»H~¡Ó V \ę̌ ÿúŽ‘ę̌ Ãž eŤ„^«. P `« embeddingHĘd‘ę̌ ŸÐsffffl9Ă—¨ P _‹ coherent topology`« subspace topology\Ą §íĘ<ÊHĘd‘ę̌ ŸÐsffĂ—¨ Ø̋æìfir‚«^«. —=´»‚«Ă—¨ i : P with subspace topology → MŞÉr {ľĲČȷ̈yff embedding sffÙĳŰÐ ëSSŰ{9˚ coherent topology = subspace topologyëSSŰ ŸÐsffĂ—¨ P Ŋ›H (coherent topologyŰÐ +Ń) embedded submanifold`« İ)a^«. coherent topology ⊂ subspace topology\ę̌ ŸÐsff˘«. coherent topology\Ą"f_‹ open setŞÉr φ^{−1}(W )[þt_‹ open subset[þt\Ą _‹K generateœ&Şę φ^{−1}(W ) = φ^{−1}(V ∩ Q) = φ^{−1}(V ) ∩ φ^{−1}(Q)sff^«. φ^{−1}(V ) ∩ φ^{−1}(Q) = U ∩ P sffŞę sff\ę̌ M\Ą"f_‹ subspace topologyŰÐ ŸÐ˘«Ă—¨ UŊ›H M\Ą"f opensffÙĳ ŰÐ 0AŊ›H P with subspace topology\Ą"f opensff^«. 7čď coherent topology ⊂ subspace topology sffŞę ›«~«"f 0A ÿnq]j 6\Ą _‹K £ž topologyŊ›H řúă^«. ÕłfflQÙĳŰÐ P %ĩrff embedded submanifold`« İ)a^«.

¨«tff}ŇŢÜĳŰÐ codim P = codim φ^{−1}(W ) = n − q = codim Q sffŞę,

T_pP = ker d(π_2 ∘ φ_U )_p (by thm 1.) = ker (dπ_2 ∘ dφ_U )_p = (dπ_2 ∘ dφ_U )^{−1}(0) = dφ^{−1}_p (T_{φ(p)}Q) (dπ^{−1}_2 (0) = T_{φ(p)}W = T_{φ(p)}Q)

Ça‹Ÿ+ 3 Let P and Q be submanifolds of M. P and Q are transversal, P ⋔ Q, if i : P → M is transversal to Q. i.e., if ∀p ∈ P ∩ Q, T_pP + T_pQ = T_pM holds.

›«§ßÿÇa‹hff 3 If two(embedded respectively) submanifold P and Q of M are transversal, then their intersection P ∩ Q is a (embedded respectively) submanifold of P ,Q and hence of M.

ďßÃZ‹ P ∩Q = i^{−1}_p (Q)(i_p : P → M = inclusion map)sffŞę QŊ›H M_‹ submanifold sffÙĳŰÐ &ñ̇off 2\ę̌ æĳĂ—¨ i^{−1}_p (Q) %ĩrff submanifold`« İ)a^«. P \Ą @/K"fŢÿ ¨«ðøÍ `«tffsffŞę embedded submanifold_‹ ffiâ̇Äž %ĩrff ¨«ðøÍ`«tffsff^«.