Global flow.

Let X be a C^∞ vector field on M.

For p ∈ M, let α_p : J_p = (a(p), b(p)) → M be the maximal integral curve through p = α_p(0). Let D := {(t, p) ∈ R × M | t ∈ J_p , p ∈ M} , α : D → M defined by α(t, p) = α_p(t) is called the (global) flow of X.

Ça‹hff 1 D ⊂ R × M and α : D → M as above. Then (1) D is open. (2) α is C^∞.

(3) α(t, p) = α_p(t) gives the maximal integral curve with α_p(0) = p. (4) α(t, α(s, p)) = α(t + s, p) for points in D and J_{α(t,p)} = J_p − t.

ďßÃZ‹ (3)ŞÉr &ñ̇_‹ŰÐÂÒ’- {ľĲČȷ̈‚«Şę, (4)\ę̌ 7čx"î̇‚«˘«.

Ă–¨$- σ(t)`« integral curve(with σ(0) = p)~«Ă—¨ ~σ(t) = σ(t + a) %ĩrff integral curve(with ~σ(0) = σ(a)) sff^«.

∵ aëSSŰṕu traslationrffvffŊ›H f\Ą @/K ~σ = σ ∘ f ŰÐ ŸÐĂ—¨, d~σ dt (t) = ~σ_∗(^d_{dt} |_t)

= σ_∗f_∗(^d_{dt} |_t) = σ_∗(^d_{dt} |_{t+a}) =^{dσ}_{dt} (t + a) = X(σ(t + a)) = X(~σ(t)) α(s, p) = q~« £žŞę sff M: α_q(t) = α(t, q) on J_qŊ›H q\Ą"f_‹ maximal integral curve (with initial data (0, q)) sff^«. Õł-–¨X< β(t) := α(t + s, p) defined on J_p − s~« £žĂ—¨ sffŊ›H 0A_‹ ?/6ăx\Ą _‹K initial data\ę̌ (0, q)ŰÐ `«tffŊ›H integral curve`« İ)a^«. ›«~«"f βŊ›H α\Ą §íĘ<Êœ&Şę 7čď J_q ⊃ J_p − s, α(t, q) = α_q(t) = β(t) = α(t + s, p) on J_p − s. %ĩÜĳŰÐ γ(t) := α(t − s, q) defined on J_q + s ~« £žĂ—¨ sffŊ›H initial data\ę̌ (0, p)ŰÐ `«tffŊ›H integral curve`« İ)a^«. ›«~«"f 0Aü< ¨«ðøÍ`«tffŰÐ J_q + s ⊂ J_p \ę̌ ëSSŰ7áď‚« Şę ÕłfflQÙĳŰÐ J_p − s = J_q sff^«.

(1) and (2) Let A = {t ∈ J_p | ∃U a neighborhood of (t, p) such that U ⊂ D and α is C^∞ on U}. Ă–¨$- local flow theoremÜĳŰÐÂÒ’- 0 ∈ AeŤ̌‘ę̌ ůúŸ Ãž eŤ„ÜĳÙĳŰÐ A ≠ ∅sff^«. ćÿô»Ç A_‹ &ñ̇_‹ŰÐÂÒ’- A`« openeŤ̌ŞÉr {ľĲČȷ̈‚«^«. sff]j A`« closedeŤ̌‘ę̌ ŸÐsfflffëSSŰ ‚« Ă—¨ connectednessŰÐÂÒ’- (1),(2)\ę̌ 7čx"î̇¡+É Ãž eŤ„^«.

A ⊂ A\ę̌ ŸÐsff˘«. s ∈ A sff~« £žĂ—¨ α(s, p) ∈ M \Ą @/K local flow`« Ť>rFô»Ç ^«. i.e., ∃I = (−δ, δ) and V , a neighborhood of α(s, p), such that I × V ⊂ D and α_1 = α|_{I×V} is C^∞.

sff M: α_p(t)`« t\Ą @/K Čȷ̈5ÅqsffÙĳŰÐ ∃ I_s, a neighborhood of s, such that α_p(I_s) ⊂ V and I_s ⊂ I + s.

s ∈ AsffÙĳŰÐ a ∈ I_s ∩ A\ę̌ ÿúŽ‘ę̌ Ãž eŤ„Şę, sff a\Ą @/K A_‹ &ñ̇_‹\Ą _‹K ∃(a − ϵ, a + ϵ) × U_p = U, a neighborhood of (a, p), such that U ⊂ D and α_2 = α|_U is C^∞ sff^«. sff M: α(U) ⊂ V ~«Şę `«&ñ̇KŢÿ ÁžŻ’a‚«^«. sff]j I + a\ę̌ ÒqtyŇŢKŸÐ˘«. sffffiŕ̄sff ˝«ŰÐ D\Ą [þt#Q`«Ŋ›H s_‹ ˘»H~¡Ósff İ)a^«. Ă–¨$- a ∈ I_s ⊂ I + s sffÙĳŰÐ a − s ∈ I, s − a ∈ I`« œ&Şę ›«~«"f s ∈ I + asff^«. sff]j W := (I + a) × U_p ⊂ D eŤ̌‘ę̌ ŸÐsff˘«. Let α_3 := α|_{(I+a)×Up} . Then for t ∈ I + a, q ∈ U_p α_3(t, q) = α(u + a, q) = α(u, α(a, q)) = α_1(u, α_2(a, q)) : C^∞. i.e., W → I × U^{id×α2}→ I × V^{α1}→ M (u + a, q) → (u, (a, q)) → (u, α_2(a, q)) → α_1(u, α_2(a, q)) ›«~«"f s ∈ AeŤ̌‘ę̌ ŸÐ%i„ÜĳÙĳŰÐ AŊ›H closedsff^«.

ÕłaË> 22

›«§ßÿÇa‹hff 2 Let D_t = {p ∈ M | (t, p) ∈ D} and α_t : D_t → M be given by α_t(p) = α(t, p). Then (1) D_t is open ∀t and ⋃ t>0 D_t = M.

(2) α_s ∘ α_t = α_{s+t} wherever defined.

(3) α_t : D_t → D_{−t} is a diffeomorphism with inverse α_{−t}.

ďßÃZ‹ (1) Consider the slice map i_t : D_t → D, i_t(p) = (t, p) , which is continuous. ⇒ i^{−1}_t (D) = D_t is open.

(2) (α_s ∘ α_t)(p) = α_s(α_t(p)) = α_s(α(t, p)) = α(s, α(t, p)) = α(s + t, p) = α_{s+t}(p), ∀p ∈ M. (3) For p ∈ D_t, α_t(p) ∈ D_{−t}eŤ̌‘ę̌ ŸÐsff˘«. α(−t, α_t(p)) = α(−t, α(t, p)) = α(0, p)(recall that J_{α(t,p)} = J_p − t) sffÙĳŰÐ ÿúŸ &ñ̇_‹İ)a^«.

›«~«"f (−t, α_t(p)) ∈ Dsff^«. ÕłoffŞę α_{−t} ∘ α_t(p) = α_{−t}(α_t(p)) = α(−t, α(t, p)) = α(0, p) = p sffŞę %ĩrff ¨«ðøÍ`«tffŰÐ α_t ∘ α_{−t} = idsff^«.

Remark. {α_t} is called the local 1-parameter family of lacal diffeomorphisms given by a vector field X or simply the flow generated by X.

›«§ßÿÇa‹hff 3 Let J(p) = (a(p), b(p)) be the maximal domain for integral curve at p. Then b(a, respectively) : M → R ∪ {±∞} is lower(upper, resp.) semicontinuous. i.e., b^{−1}(λ, ∞](a^{−1}[−∞, λ), resp.) is open , ∀λ ∈ R. ďßÃZ‹ b^{−1}(λ, ∞] = {p ∈ M | b(p) > λ} = {p ∈ M | (t, p) ∈ D for some t > λ} = ⋃ t>λ {p ∈ M | (t, p) ∈ D} = ⋃ t>λ D_t. a^{−1}[−∞, λ) = {p ∈ M | a(p) < λ} = {p ∈ M | (t, p) ∈ D for some t < λ} = ⋃ t<λ {p ∈ M | (t, p) ∈ D} = ⋃ t<λ D_t.

Remark. {9˚ìøÍ&h̃ÜĳŰÐ a, bŊ›H continuous‚«tff ůúğ^«. \V : R^2 \ {0}\Ą"f X =^∂_{∂u1} ‘ę̌ ÒqtyŇŢKŸÐ~«.

Ça‹Ÿ+ 1 A vector field X is complete if J_p = (−∞, ∞) for all p ∈ M. In this case {α_t} is a global 1-parameter family of (global) flows of M.

ÃZ‹VĄ 4 If (−ϵ, ϵ) × M ⊂ D for some ϵ > 0, then X is complete.

ďßÃZ‹ Suppose b(p) < ∞, then take t = b(p) −^ϵ_2 .

α(t, p)\Ą @/K J_{α(t,p)} = J_p − t sffŞę ›«~«"f b(α(p, t)) = b(p) − t sff^«. ∴^ϵ_2 + t = b(p) = b(α(p, t)) + t > ϵ + t, contradiction.

ÃZ‹VĄ 5 p ∈ M, If b(p) < ∞, then ” lim_{t→b(p)} α_p(t) = ∞”, i.e., ∀K^{cpt} ⊂ M, ∃t_0 such that t_o < t < b(p) ⇒ α_p(t) /∈ K. �äťVĄ 9. 0A "î̇]j\ę̌ 7čx"î̇‚«~«.

›«§ßÿÇa‹hff 6 supp X = {p ∈ M | X(p) ≠ 0} is compact ⇒ X is complete. In particular, M is compact ⇒ ∀ X on M is complete.

ďßÃZ‹ ∀p ∈ K = supp X, there is a local flow of p , i.e., ∃(−ϵ_p, ϵ_p), U_p such that (−ϵ_p, ϵ_p) × U_p ⊂ D. K`« compactsffÙĳŰÐ finite subcover {U_1, · · ·, U_k}`« Ť>rF ô»Ç^«. ›«~«"f Õł\Ą K{ľĲ‚«Ŋ›H (−ϵ_1, ϵ_1), · · ·, (−ϵ_k, ϵ_k)\Ą @/K ϵ = min{ϵ_1, · · ·, ϵ_k} sff~« £žĂ—¨ (−ϵ, ϵ) × M ⊂ Dsff^«. #Ňlff"f p /∈ supp X {9˚ ffiâ̇Äž\ĄŊ›H constant mapsff integral curve`« œ&ÙĳŰÐ {ľĲČȷ̈yff J_p = (−∞, ∞)sff^«.

�äťVĄ 10. X is a vector field on M and f ∈ C^∞(M, R) is a positive function. Let ~X = fX, ~J_p = (~a(p),~b(p)). Then (1) The integral curve for ~X is a reparametrization of the integral curve for X. (2) ~a(p) = ∫_{a(p)} 0 1 f(α(t,p)) dt , ~b(p) = ∫^{b(p)}_0^1_{f(α(t,p))} dt, ∀ p ∈ M.