5. Tensors as multi-linear functions.

<Non-singular pairing.> A pairing of V and W is a bilinear map ( , ) : V × W → R(or C ). ( , ) is nonsingular if (1)(v, ∀w) = 0 ⇒ v = 0 (2)(∀v, w) = 0 ⇒ w = 0 (1) ⇔ V → W^∗ is 1-1. v → (v, ) (2) ⇔ W → V^∗ is 1-1. w → ( , w) 0A\Ą"f dim V ≤ dim W^∗,dim W ≤ dim V^∗\ę̌ %3˝‘ę̌ Ãž eŤ„Şę dim V = dim V^∗sffÙĳŰÐ ›«~«"f ( , )sff nonsingular‚«^«Ă—¨ V, W Ŋ›H řúăŞÉr ¯«"éűeŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. ¯«"éűsff řúăŞę 1-1sffÙĳŰÐ 0A Ę<ÊÃž[þtŞÉr isomorphism V ∼= W^∗, W ∼= V^∗ ‘ę̌ ïfir^«. ŸÐ^« {9˚ìøÍ&h̃ÜĳŰÐ ( , ) : V × W → R, a pairing with (1)(n, ) = 0 , ∀n ∈ N < V (2)( , m) = 0 , ∀m ∈ M < W .

Then ( , ) induces a pairing ( , ) : V/N × W/M → R given by ([v], [w]):=(v,w).

sff]j 0A_‹ ?/6ăx‘ę̌ tensor\Ą &h̃6ăx‚«˘«. M(V^∗) = span{V^∗ × · · ×V^∗}, M(V ) = span{V × · · ×V } \Ą @/K ^«6čğ pairing‘ę̌ ÒqtyŇŢô»Ç^«. (∗) M(V^∗) × M(V ) −→ R ((α_1, ··, α_r ), (v_1, ··, v_r )) → α_1(v_1) · ·α_r(v_r)

ůúą\Ą"f V × · · ×V \Ą"f T^r(V )\ę̌ %3˝‘ę̌ M: /ú„~”¨ N\Ą @/K N(V^∗), N(V )Ŋ›H ((α_1 + α^′_1, ··) − (α_1, ··) − (α^′_1, ··), ∀(v_1, · · ·, v_r)) → 0 , (∀(α_1, · · ·, α_r), (v_1 + v^′_1, ··) − (v_1, ··) − (v^′_1, ··)) → 0 1px‘ę̌ ëSSŰ7áď‚«Şę ›«~«"f ( , ) : T^r(V^∗) × T^r(V ) → R sff induceİ)a^«. 7čď M(V^∗) × M(V ) → R π ↓ ↗ ∃( , ) T^r(V^∗) × T^r(V )

sff]j sff pairingsff nonsingular ‚«^«Ŋ›H ffiŕ̄ëSSŰ ŸÐsffĂ—¨ T^r(V^∗) ∼= (T^r(V ))^∗eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. V _‹ basis e = (e_1, · · ·, e_n)\Ą @/K V^∗\Ą"f dual basis ϵ = (ϵ_1, · · ·, ϵ_n)‘ę̌ ÿúŽĂŇď‘ę̌ M: , ( ∑ I a_I ϵ_I , ∀v) = 0, a_I ϵ_I = a_{i1··ir} ϵ_{i1} ⊗ · · · ⊗ ϵ_{ir} sff~«Ă—¨ v = e_J = e_{j1} ⊗ · · ⊗e_{jr} \Ą @/ K 0 = ( ∑ I a_I ϵ_I , e_J ) = ∑ I a_I ϵ_{i1} (e_{j1} ) · · · ϵ_{ir} (e_{jr} ) = a_J sff œ&#Q ŮÿŐ›H a_J = 0sff œ&Şę ^«ŔÉrAáď %ĩrff ¨«ðøÍ`«tffsffÙĳŰÐ sff pairingsff nonsingularĘ<Ê ‘ę̌ ůúŸ Ãž eŤ„^«. 7čď T^r(V^∗) ∼= (T^r(V ))^∗ sff^«.

ćÿô»Ç L_r(V ) = {f|f : V × · · ×V → R, multilinear}sff~« £žĂ—¨ ^«6čğ_‹ universal property ŰÐÂÒ’- L_r(V ) ∼= (T^r(V ))^∗eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«.

V × · · ×V^π−→ V ⊗ · · ⊗V = T^r(V ) multilinear f ↘ ↙ ∃!f ∈ L(T^r(V ), W ) W ›«~«"f L_r(V ) ∼= (T^r(V ))^∗ ∼= T^r(V^∗).

0A_‹ ?/6ăx‘ę̌ Λ(V )\ĄŢÿ &h̃6ăx¡+É Ãž eŤ„^«. %Č6čğ\Ą ÅÒ%3„~”¨ pairing (∗)\Ą"f

((α_1, ··, α_r), (v_1, ··, v_r)) = { det(α_i(v_j )) · · · I 1 r! det(α_i(v_j )) · · · II ŰÐ ÅÒĂ—¨ det_‹ $í̇|9˚(’§İ <Ȩ̂ŞÉr \P̊sff řúăŞÉr ffiŕ̄sff eŤ„ÜĳĂ—¨ detřúŕŞÉr 0sff İ)a^«.)\Ą _‹K ^«6čğ õ̆ řúăŞÉr quotient`« `«0px‚«^«. 7čď

T^r(V^∗) × T^r(V ) → R ↓ ↗ ( , ) = det Λ^r(V^∗) × Λ^r(V )

›«~«"f ( , ) : Λ^r(V^∗) × Λ^r(V ) → Rsff %3˝#QtffŞę sff M: sff pairingsff nonsingularĘ<ÊŞÉr 0A\Ą"f ô»Ç ffiŕ̄õ̆ ¨«ðøÍ`«tffŰÐ ŸÐ{9˚ Ãž eŤ„^«. A_r(V ) = {f | f : V × · · ×V → R, multilinear , alternating map} sff~« £žĂ—¨ sff %ĩ rff universal property\Ą _‹K A_r(V ) ∼= (Λ^r(V ))^∗eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. i.e.,

A_r(V ) ∼= (Λ^r(V ))^∗ ∼= Λ^r(V^∗) .

6. View Λ^r(V ) ⊂ T^r(V ).

^«6čğ exact sequence \ę̌ ÒqtyŇŢKŸÐ˘«. (∗) 0 → a_r → T^r(V )^π→ Λ^r(V ) → 0 Define s(v_1 ∧ · · · ∧ v_r) :=^1_{r!} ∑ σ sgn(σ)v_{σ(1)} ⊗ · · · ⊗ v_{σ(r)}. Then s is a section, i.e., π ∘ s = id so that T^r(V ) = a_r ⊕ s(Λ^r(V )).

(∗) \Ą"f 0 ← a^∗_r ← (T^r(V ))^{∗ π∗}← (Λ^r(V ))^∗ ← 0 \ę̌ %3˝‘ę̌ Ãž eŤ„Şę ›«~«"f (Λ^r(V ))^∗ →_{π∗} (T^r(V ))^∗ ŰÐ ^ffię Ãž eŤ„^«.

�äťVĄ 15. ^«6čğ diagramsff commuteĘ<Ê‘ę̌ SXĽŞff̈KŸÐ~«. L_r(V ) ∼= (T^r(V ))^∗ ∼= T^r(V^∗) ∪ ↑ π^∗ ↑ s^′ A_r(V ) ∼= (Λ^r(V ))^∗ ∼= Λ^r(V^∗)

7. Algebra structure on A(V ) = ⨁ r A_r(V^).

A_r(V ) ∼= Λ^r(V^∗) \Ą"f algebra structure on A(V )Ŋ›H Λ(V^∗)_‹ algebra structure\Ą"f induceİ)a^«.

ÃZ‹VĄ 1 For f ∈ A_p(V ), g ∈ A_q(V ), (1) f ∧_I g(v_1, · · ·, v_{p+q}) = ∑ σ=(p,q)shuffle (sgnσ)f(v_{σ(1)}, · · ·, v_{σ(p)})g(v_{σ(p+1)}, · · ·, v_{σ(q)}) = 1 p!q! ∑ σ (sgnσ)f(v_{σ(1)}, · · ·, v_{σ(p)})g(v_{σ(p+1)}, · · ·, v_{σ(q)}) (2) f ∧_{II} g(v_1, · · ·, v_{p+q}) = 1 (p + q)! ∑ σ (sgnσ)f(v_{σ(1)}, · · ·, v_{σ(p)})g(v_{σ(p+1)}, · · ·, v_{σ(q)}) (5]X̊\Ą"f I, II [O̊"î̇) ďßÃZ‹ It suffices to show for f = ϵ_{i1} ∧ · · · ∧ ϵ_{ip} , g = ϵ_{j1} ∧ · · · ∧ ϵ_{jq} where ϵ_1, · · ·, ϵ_n are dual basis of e_1, · · ·, e_n of V .

f ∧ g(v_1, · · ·, v_{p+q}) = (ϵ_{i1} ∧ · · · ∧ ϵ_{jq} )(v_1, · · ·, v_{p+q}) = det(ε(v)) sffŞę ˇ«A_‹ Ţÿźąğ&ñ̇off ŰÐÂÒ’- 7čx"î̇sff ć-a$í̇İ)a^«. (�äťVĄ 16.)

ŹŒĲ£Ça‹hff 2 (Lagrange formula) Given A = (a_{ij} ), n × n matrix and for fixed p, let A_I (I = i_1 < · · · < i_p) be a p × p submatrix given by (A_I )_{kl} = (a_{k,il} ), k = 1, · · ·, p and A_Î , Î = (1, · · ·, î_1, ··, î_p, ··, n) = (j_1 < · · · < j_q) = J, be a q × q submatrix given by (A_Î )_{kl} = (a_{p+k,jl} ). Then detA = ∑ I sgn(I, Î)detA_I detA_Î . ďßÃZ‹ detA = ∑ σ (−1)^σa_{1σ(1)} · · · a_{pσ(p)}a_{p+1σ(p+1)} · · · a_{nσ(n)} = ∑ σ∈sh(p,q) ∑ ρ∈S_p ∑ τ ∈S_q (−1)^σ (−1)^ρ(−1)^τ a_{1,ρσ(1)} · · · a_{p,ρσ(p)}a_{p+1,τ σ(p+1)} · · · a_{n,τ σ(n)} = ∑ σ∈sh(p,q) ∑ τ ∈S_q (−1)^σ (−1)^τ ( ∑ ρ∈S_p (−1)^ρa_{1,ρσ(1)} · · · a_{p,ρσ(p)})a_{p+1,τ σ(p+1)} · · · a_{n,τ σ(n)} = ∑ σ∈sh(p,q) (−1)^σdetA_I detA_Î

ÃZ‹VĄ 3 Let f ∈ A_p(V ) and g ∈ A_q(V ), then f ∧ g = (−1)^{pq}g ∧ f.

ďßÃZ‹ f = ϵ_{i1} ∧ · · · ∧ ϵ_{ip} , g = ϵ_{j1} ∧ · · · ∧ ϵ_{jq} {9˚M: ŸÐsffĂ—¨ Ø̋æìfirô»ÇX< sff ffiâ̇Äž\ĄŊ›H ìfir"î̇ ‚«^«.

ÃZ‹VĄ 4 (f ∧ g) ∧ h = f ∧ (g ∧ h).

ďßÃZ‹ Λ(V^∗)_‹ associativity ŰÐÂÒ’- ìfir"î̇‚«^«.

8. Interior multiplication.

Ça‹Ÿ+ 1 For l ∈ End(Λ(V )), l is derivation if l(u ∧ v) = l(u) ∧ v + u ∧ l(v).

l is anti-derivation if l(u ∧ v) = l(u) ∧ v + (−1)^pu ∧ l(v), u ∈ Λ^p(V ). l is of deg k if l : Λ^p(V ) → Λ^{p+k}(V ), ∀p.

Note. l is an anti-derivation if and only if

l(v_1 ∧ · · · ∧ v_r) = r∑ i=1 (−1)^{i+1}v_1 ∧ · · ∧l(v_i) ∧ · · ∧v_r, v_i ∈ V, i = 1, · · ·, r. ďßÃZ‹ ⇒)l(v_1 ∧ (v_2 ∧ · · · ∧ v_r)) = l(v_1)(v_2 ∧ · · · ∧ v_r) + (−1)v_1 ∧ l(v_2 ∧ · · · ∧ v_r) sffŞę, )‚śúŽZŎ‘ę̌ æĳĂ—¨ İ)a^«.

⇐)u = v_1 ∧ · · · ∧ v_p, v = v_{p+1} ∧ · · · ∧ v_{p+q} Şff̈ ffiâ̇Äž\ę̌ ŸÐsffĂ—¨ Ø̋æìfir‚«^«. l(u ∧ v) = l(v_1 ∧ · · · ∧ v_{p+q}) = ∑_p i (−1)^{i+1}v_1 ∧ · · ∧l(v_i) · ·v_p ∧ v_{p+1} ∧ · · ∧v_{p+q})+ (−1)^p ∑_q j (−1)^{j+1}v_1 ∧ · · ∧v_{p+1} ∧ · · l(v_{p+j}) · · ∧ v_{p+q} = l(u) ∧ v + (−1)^pu ∧ l(v).

Ça‹Ÿ+ 2 For x ∈ V , define i(x) = i_x : Λ(V^∗)(∼= A(V ))) → Λ(V^∗)(∼= A(V )) by (i_x(f))(v_2, · · ·, v_r) = f(x ∧ v_2 ∧ · · · ∧ v_r).

ÃZ‹VĄ 5 i_x is an anti-derivation of deg −1.

ďßÃZ‹ 0A Note\ę̌ ˚«6ăxK"f (i_x(α^1 ∧ · · · ∧ α^r), v_2 ∧ · · · ∧ v_r) = ( ∑_r i (−1)^{i+1}α^1 ∧ · · ∧i_x(α^i) ∧ · · ∧α^r, v_2 ∧ · · · ∧ v_r) \ę̌ ŸÐsffĂ—¨ İ)a^«. x = v_1sff~« £žĂ—¨ 0A dŤ̃_‹ ýaĄ—¨ŞÉr (α^1 ∧ · · · ∧ α^r)(v_1 ∧ v_2 ∧ · · · ∧ v_r) sffÙĳŰÐ sffŊ›H det(α(v))`« œ&Şę ÄžĄ—¨\Ą"f i_x(α^i) = α^i(v_1)ŞÉr -ľĲÃžsffÙĳŰÐ ( r∑ i=1 (−1)^{i+1}α^1 ∧ · · ∧i_x(α^i) ∧ · · ∧α^r, v_2 ∧ · · · ∧ v_r) = r∑ i=1 (−1)^{i+1}α^i(v_1)(α^1 ∧ · · ∧α̂^i ∧ · · ∧α^r, v_2 ∧ · · · ∧ v_r)

sffŊ›H det(α(v))_‹ ’Í̄Ą–¨P: \P̊7Ÿ’-\Ą @/ô»Ç cofactor expansionsffÙĳŰÐ ›«~«"f ýaĄ—¨õ̆ Äž Ą—¨ŞÉr Ůÿ£ž det(α(v))ŰÐ řúă^«.