Vector Bundle.

Ud 1 Typical example : Tangent bundle. T M = ⋃ p T_pM : tangent bundle. ↓ π M For each p∈ M, T_pM is an n-dim’l vector space and these are pieced together smoothly to give a manifold T M.

i.e. ∀p ∈ M, ∃U a neighborhood of p and a diffeomorphism φ_U : π^{−1}(U) −→ U × R^n X_p → (p, a^1, · · · , a^n) where X_p = ∑_n i=1 a^{i ∂}_{∂xi} |_p and a^i = dx^i(X_p) = X_p(x^i) s.t. φ_U |_p : π^{−1}(p) = T_pM → {p} × R^n is a vector space isomorphism.

Ça‹Ÿ+ 1 A n-dim’l vector space over M is a triple (E,π,M), where π : E → M is a C^∞-map between C^∞-manifolds toghther with a vector space (over R or C ) structure on each fiber π^{−1}(p) s.t. the following local triviality condition is satisfied:

∀p ∈ M,∃U a neighborhood of p and a diffeomorphism

φ_U : π^{−1}(U) = E_U −→ U × R^n π ↘ ↙ p U s.t. φ_U |_p : π^{−1}(p) −→ {p} × R^n is a vector space isomorphism ∀p ∈ U.

transition map Given two local trivilizations φ_U ,φ_V , the map g_{UV} (p) : U ∩ V −→ GL(n, R) given by g_{UV} (p) = φ_U ∘ φ_V^{−1}|_{p×R}n is called a transition function relative to φ_U and φ_V .

TM case : X_p = ∑ a^{i ∂}_{∂xi} = ∑ b^{j ∂}_{∂yj} ↓ ↘ (p, a^1, · · · , a^n)^{gUV (p)}←− (p, b^1, · · · , b^n) \Ą"f g_{UV} (p)(b) = a, #Ňlff"f aü¡ bffi̇ Ż’a>ȷ\ę̌ ¡ĺ‚«Ă—¨ a^i = dx^i(X_p) = ∑_{∂xi} ∂y_j dy j(X_p) = ∑_{∂xi} ∂y_j b j sff^«.

∴ g_{UV} (p) =^{∂x}_{∂y} (p) ← n × n Jacobian matrix.

Claim 1 Given φ_U and φ_V without condition C^∞.

Show that g_{UV} is C^∞ as a map from U ∩ V to GL(n, R) ⇔ φ_U ∘ φ^{−1}_V is C^∞.(�äť VĄ#18)