Construction of new vector bundles from given ones

General rule: A functorial construction of a vector space from given ones gives rise to the corresponding vector bundle construction. \V:7Ÿ’- /BNçSSŰ\Ą"f &ñ̇_‹İ)a ∗, ⊕, ⊗, ∧, S, · · · [þtŞÉr functorial constructionsffŞę ›«~«"f sffffiŕ̄[þtŞÉr vector bundle_‹ ffiâ̇ÄžŰÐŢÿ Õł@/ŰÐ SXĽĄľĲ¡+É Ãž eŤ„^«. sff]j yŇŢyŇŢ_‹ construction‘ę̌ űúŸ(RŸÐfiŠx^«. Ă–¨$- vector bundle E = ⋃ p∈M E_p with {φ_U } and {g_{UV} } ↓ π M `« ÅÒ#Q4R eŤ„^«Şę ‚«˘«. 1. Dual bundle a. total space:

ÄžĆ–¨ yŇŢyŇŢ_‹ E_pŊ›H7Ÿ’-/BNçSSŰsffÙĳŰÐ ŁľĲ@//BNçSSŰ(dual) E^∗_p `« Ť>rF‚«Ŋ›Hffiŕ̄ŞÉr ˘«"î̇ ‚«Şę @/6čxœ&Ŋ›H π^∗Ţÿ ¨«ðøÍ`«tffŰÐ &ñ̇_‹`« İ)a^«. ›«~«"f ÄžĆ–¨ setÜĳŰÐ"f_‹ E^∗\ę̌ &ñ̇_‹¡+É Ãž eŤ„^«. E^∗ = ⋃ p∈M E^∗_p ↓ π^∗ M b. local chart(local trivialization):

^«6čğÜĳŰÐ E^∗_‹ local trivialization φ^∗_U Ŋ›H E_‹ local trivialization φ_U : π^{−1}U → U × R^n ÜĳŰÐÂÒ’- yŇŢ point p ∈ M\Ą @/K φ_U |_p : E_p → p × R^n ‘ę̌ %3˝Ŋ›H^«. sff ŰÐÂÒ’- dual map (φ_U |_p)^∗ : p × R^{n ∗} → E_p^∗sff induceœ&Şę sffŰÐÂÒ’- E^∗_‹ local trivialization φ^∗_U^{−1} : π^{∗−1}U → U × R^{n ∗} `« &ñ̇_‹İ)a^«. c. transition:

¨«tff}ŇŢÜĳŰÐ sffXO“>ı %3˝#QŤff̈ local trivialization[þt ˚«sff_‹ transition‘ę̌ űúŸ(RŸÐ ˘«. φ^∗_U^{−1} · φ^∗_V = (φ_V · φ^{−1}_U )^∗ = ((φ_U · φ^{−1}_V )^{−1})^∗ g^∗_{UV} (p) = φ^∗_U^{−1} · φ^∗_V |_{p×R}n∗ and g_{UV} (p) = φ_U · φ^{−1}_V |_{p×R}n ∴ g^∗_{UV} =^t (g^{−1}_{UV} ) as matrices tffèSSŰrffçSSŰ_‹ Čȷ̈_þvëH]jŰÐÂÒ’- g_{UV} `« C^∞eŤ̌‘ę̌ ůúŸ Ãž eŤ„Şę sffõ̆&ñ̇(inverse\ę̌ 2[ ‚«Şę transpose\ę̌ rffvffŊ›H õ̆&ñ̇)ŞÉr algebraic processsffÙĳŰÐ C^∞sff ŸÐŤ>rœ&ÙĳŰÐ g^∗_{UV} Ţÿ C^∞sff^«. ›«~«"f řúăŞÉr Čȷ̈_þvëH]jŰÐ ÂÒ’- φ^∗_U^{−1} · φ^∗_V `« C^∞sffŞę {φ^∗_U^{−1}} `« E^∗\Ą C^∞ ¡ĺŻÿ\ę̌ ïfir^«Ŋ›H ffiŕ̄‘ę̌ ůúŸ Ãž eŤ„^«.(sffffiâ̇Äž topologyŊ›H φ^∗_U^{−1}ŰÐ ÂÒ ’-_‹ coherent topology) 7čď sffXO“>ı &ñ̇_‹ô»Ç dual bundlesff ẑť]jŰÐ C^∞ vector bundlesff İ)a^«Ŋ›H >pwsff^«.

2. Direct sum řúăŞÉr base\ę̌ `«tffŊ›H £ž bundle E → M(with {φ_U }, {g_{UV} }), F → M(with {ψ_U }, {h_{UV} } sff ÅÒ#Q4R eŤ„^«Şę ‚«˘«. a. total space:

yŇŢyŇŢ_‹ fibre E_p, F_pŊ›H7Ÿ’- /BNçSSŰsffÙĳŰÐ direct sum E_p ⊕ F_p‘ę̌ ÒqtyŇŢ¡+É Ãž eŤ„^«. ›«~«"f E ⊕ F := ⋃ p (E_p ⊕ F_p) ↓ π M sff ÿúŸ &ñ̇_‹İ)a^«.

b. local trivialization:

E_‹ local trivialization φ_U : π^{−1}U → U × R^n , F _‹ local trivialization ψ_U : π^{−1}U → U × R^m ÜĳŰÐÂÒ’- ůúą\Ą"f%Č!3ˇ Ă–¨$- fiberwise &ñ̇_‹İ)a map φ_U |_p ⊕ ψ_U |_p : E_p ⊕ F_p → p × (R^n ⊕ R^m )‘ę̌ φ_U |_pü< ψ_U |_pŰÐÂÒ’- %3˝Şę, sffŰÐÂÒ’- φ_U ⊕ ψ_U : π^{−1}U → U × (R^n ⊕ R^m ) \ę̌ %3˝‘ę̌ Ãž eŤ„^«. c. transition: E_p ⊕ F_p φ_U ⊕ψ_U ↙^{φV ⊕ψV}↘ p × (R^n ⊕ R^m )^{gUV (p)⊕hUV (p)}←− p × (R^n ⊕ R^m ) #Ňlff"f g_{UV} ⊕ h_{UV} Ŋ›H ^«6čğõ̆ řúăŞÉr ’§İğ>=ŰÐ ÅÒ#QtffÙĳŰÐ g_{UV} ü< h_{UV} `« C^∞sffĂ—¨ g_{UV} ⊕ h_{UV} `« C^∞sff^«. ( g_{UV} (p) 0 0 h_{UV} (p) )

›«~«"f ůúą\Ą"f %Č!3ˇ {φ_U ⊕ ψ_U }sff C^∞ vector bundle structure\ę̌ ÿúŸ &ñ̇_‹ô»Ç^«.

3. Tensor product a. total space:

řúăŞÉr base\ę̌ `«tffŊ›H £ž bundle E → M(with {φ_U }, {g_{UV} }), F → M(with {ψ_U }, {h_{UV} })\Ą @/K direct sumõ̆ ¨«ðøÍ`«tffŰÐ yŇŢyŇŢ_‹ fibre E_p, F_pŊ›H7Ÿ’- /BN çSSŰsffÙĳŰÐ tensor product E_p ⊗ F_p‘ę̌ ÒqtyŇŢ¡+É Ãž eŤ„^«. ›«~«"f E ⊗ F := ⋃ p∈M E_p ⊗ F_p ↓ π M `« ÿúŸ &ñ̇_‹İ)a^«. b. local chart:

φ_U ⊗ ψ_U : π^{−1}(U) −→ U × (R^n ⊗ R^m ) sffffiŕ̄ %ĩrff ůúą\Ą"f %Č!3ˇ yŇŢyŇŢ_‹ &ȟ p\Ą"f pointwise‚«>ı &ñ̇_‹İ)a φ_U |_p ⊗ ψ_U |_p : E_p ⊗ F_p −→ p × (R^n ⊗ R^m )ÜĳŰÐÂÒ’- %3˝#QtffŊ›H mapsff^«. c. transition: E_p ⊗ F_p φ_U ⊗ψ_U ↙^{φV ⊗ψV}↘ p × (R^n ⊗ R^m )^{gUV (p)⊗hUV (p)}←− p × (R^n ⊗ R^m ) g_{UV} \ę̌ (g_{ij})ŰÐ, h_{UV} Ŋ›H HŰÐ ´«¸«?/˘«. ÕłfflQĂ—¨ g_{UV} ⊗ h_{UV} Ŋ›H ^«6čğõ̆ řúăŞÉr nm × nm’§İğ>=ŰÐ ÅÒ#QtffÙĳŰÐ g_{11}H g_{12}H . . . g_{21}H g_{22}H . . . . . . . ...

g_{UV} ü< h_{UV} `« C^∞sffĂ—¨ g_{UV} ⊗ h_{UV} `« C^∞sff^«.

4. Exterior product

a. total space:

ÅÒ#QŤff̈ bundle E → M(with {φ_U }, {g_{UV} })\Ą @/K E_pŊ›H vector spacesffÙĳŰÐ ⋀_r (E_p)‘ę̌ ÒqtyŇŢ¡+É Ãž eŤ„^«. ›«~«"f ⋀_r (E) := ⋃ p∈M ⋀_r (E_p) ↓ π M `« ÿúŸ &ñ̇_‹İ)a^«.

ffi8 {9˚ìøÍ&h̃ÜĳŰÐ ⋀ (E) = ⊕ ⋀_r (E)ŞÉr ⋀_r (E)ëSSŰ ůúŸĂ—¨ direct sum‘ę̌ :§xK ůúŸ Ãž eŤ„ ^«. ⋀ (E) = ⊕ ⋀_r (E) ↓ π M b. local chart:

yŇŢyŇŢ_‹ &ȟ p\Ą"f pointwise‚«>ı ⋀_r (φ_U |_p) : ⋀_r (E_p) −→ p × ⋀_r (R^n )sff %3˝#Qtff Şę, sffŰÐÂÒ’- local trivialization ⋀_r (φ_U ) : π^{−1}(U) −→ U × ⋀_r (R^n ) sff ÿúŸ &ñ̇_‹İ)a^«. c. transition: ⋀_r (E_p) ⋀_r (φ_U |_p) ↙ ⋀_r (φ_V |_p) ↘ p × ( ⋀_r (R^n )) ⋀r (gUV (p)) ←− p × ( ⋀_r (R^n )) ÕłoffŞę ⋀_r (g_{UV} )ŞÉr g_{UV} `« p\Ą @/ô»Ç C^∞mapsffÙĳŰÐ C^∞sff^«.

5. Pullback bundle a. total space:

ÅÒ#QŤff̈ vector bundle E → M(with {φ_U })ü< C^∞ map f : N → M\Ą @/K pullback bundleŞÉr yŇŢyŇŢ_‹ p ∈ N\Ą @/K f(p) ∈ M\Ą"f_‹ vector space E_{f(p)}\ę̌ @/ 6čxrffĘff̈^«. 7čď pullback bundleŞÉr ^«6čğõ̆ řúăsff &ñ̇_‹İ)a^«. f^∗E := ⋃ p∈N E_{f(p)} ↓ π N b. local chart:

f(p)_‹ ˘»H~¡Ó U\Ą @/K f^∗φ_U : f^∗E|_f −1_{(U)} −→ f^{−1}(U) × R^n ŞÉr yŇŢyŇŢ_‹ &ȟ p ∈ N\Ą"f pointwise‚«>ı &ñ̇_‹İ)a map f^∗E|_p = E_{f(p)}^{φU |f (p)}−→ f(p) × R^n = p × R^n

ÜĳŰÐÂÒ’- &ñ̇_‹İ)a^«. c. transition: f^∗E|_p := E_{f(p)} φ_U |_{f (p)} ↙ φ_V |_{f (p)} ↘ p × R^n = f(p) × R^{n gUV (f (p))}←− f(p) × R^n = p × R^n #Ňlff"f g_{UV} ü< f`« yŇŢyŇŢ C^∞sffÙĳŰÐ f^∗g_{UV} := g_{UV} ∘ fŊ›H C^∞sff^«.