Tensor fields and Forms

tffF̀KÂÒ’- T^r(T M)‘ę̌ T^r(M)ÜĳŰÐ T^s(T^∗M)ŞÉr T_s(M)ÜĳŰÐ æĳlffŰÐ‚«˘«. ćÿô»Ç sffffiŕ̄[þt‘ę̌ sff6ăxK"f ^«6čğ‘ę̌ &ñ̇_‹ô»Ç^«. T^r_s (M) := T^r(M) ⊗ T_s(M) ; tensor bundle of type (r,s)

Ça‹Ÿ+ 1 A C^∞-section σ of a vector bundle E^π−→ M over U^{open} ⊂ M is a C^∞-map σ : U → E s.t. σ(p) ∈ E_p, ∀p ∈ U, i.e. π ∘ σ = id

C^∞(M, E) := space of C^∞-sections.

A C^∞-frame for E over U ⊂ M is a collection {σ_1, · · · , σ_n} of C^∞ sections over U s.t. {σ_1(p), · · · , σ_n(p)} is a basis for E_p, ∀p ∈ U.

Note: U0A\Ą"f_‹ frame‘ę̌ `«tffŞę eŤ„^«Ŋ›H ffiŕ̄ŞÉr U\Ą"f trivialization‘ę̌`«tffŞę eŤ„^«Ŋ›H ffiŕ̄õ̆ 1lxuffsff^«.

ďßÃZ‹ ⇐) local chart `« Ť>rFô»Ç^«Ŋ›H ffiŕ̄ŞÉr isomorphism π^{−1}U^{φU}−→ U × R^n sff Ť>r Fô»Ç^«Ŋ›H ffiŕ̄sff^«. sff]j R^n _‹ &ñ̇¡ľlff$- e_1, · · · , e_n[þt‘ę̌ φ^{−1}ŰÐ ŸÐ?/Ă—¨ framesff %3˝#QŤff̈^«.

⇒) framesff Ť>rF‚«ÙĳŰÐ π^{−1}U_‹ &ȟ[þtŞÉr ∑ v^iσ_i(x)ŰÐ şðĽ&ş¡+É Ãž eŤ„^«. sff]j sff &ȟ‘ę̌ U × R^n 0A_‹ &ȟ (x, v^1, · · · , v^n)ÜĳŰÐ ŸÐ?/Ŋ›H map‘ę̌ ÒqtyŇŢ‚«Ă—¨ sff mapŞÉr local chart`« İ)a^«.

^«6čğ_‹ >hěÆ̌[þtŢÿ &ñ̇_‹ ¡+É Ãž eŤ„^«.

1. T M_‹ section‘ę̌ vector field~« ô»Ç^«.

T^∗M_‹ section‘ę̌ 1-formsff~« ô»Ç^«. ⋀_p (T^∗M)_‹ section‘ę̌ p-formsff~« ô»Ç^«.

T^r_s (M)_‹ section‘ę̌ tensor field of type (r, s)sff~« ô»Ç^«.

2. coordinate chart (U, x)\Ą @/‚«#Ň bundle_‹ smooth structure &ñ̇_‹ŰÐ ÂÒ’- {^∂_{∂x1} , · · · ,^∂_{∂xn} } ŞÉr T M_‹ U0A\Ą"f_‹ C^∞-frame sff İ)a^«. {dx^1, · · · , dx^n} ŞÉr T^∗M_‹ U0A\Ą"f_‹ C^∞-frame sff İ)a^«.

Remark: :§x-ľĲ&h̃ÜĳŰÐ tensor notation‘ę̌ jþt M:\Ą covariantô»Ç index\ę̌ ˇ«A’Ś̌ ˘«ŰÐ, contravariantô»Ç indexŊ›H 0A’Ś̌˘«ŰÐ şðlff‚«Ă—¨ ĳ#¨off‚«lff M:ëH\Ą(\V\ę̌ [þt #Q summation\Ą"f dummy index\Ą @/K ∑ ‘ę̌ NSŞę æĳŊ›H Einstein notation 1px

‘ę̌ sff6ăx‚«lff\Ą ĳ#¨off)^∂_{∂xi} , dx_i@/Šff̈\Ą^∂_{∂xi} , dx^iŰÐ æĳlffŢÿ ô»Ç^«.

Exterior bundle, tensor bundle_‹ constructionõ̆ smooth structure_‹ &ñ̇_‹ ŰÐ ÂÒ’- {dx^I } ŞÉr ⋀_p (T^∗M)_‹ local chart U0A\Ą"f_‹ C^∞-frame sff œ&Şę, (#Ňlff\Ą"f IŊ›H multi-indexŰÐ"f 7čď I = (i_1, i_2, · · · , i_p) , i_1 < i_2 < · · · < i_psffŞę dx^I = dx^{i1} ∧ dx^{i2} ∧ · · · ∧ dx^{ip} sff^«.) {^∂_{∂xi1} ⊗ · · · ⊗^∂_{∂xir} ⊗ dx^{j1} ⊗ · · · ⊗ dx^{js} } ŞÉr T^r_s (M)_‹ U0A\Ą"f_‹ C^∞-frame sff İ)a^«.

Note: U0A_‹ C^∞-frame {σ_1, · · · , σ_n}sff ÅÒ#Q4R eŤ„‘ę̌ M:, eŤ̌_‹_‹ section σŞÉr ∑ i f^iσ_iÜĳŰÐ ´«¸«èŋq Ãž eŤ„^«. ÕłfflQĂ—¨ σ`« C^∞sff~«Ŋ›H ffiŕ̄õ̆ yŇŢyŇŢ_‹ i\Ą @/‚«#Ň f^i`« C^∞(p\Ą Ż’aô»Ç Ę<ÊÃžŰÐ"f)sff~«Ŋ›H ffiŕ̄ŞÉr 1lxuffsff^«. ďßÃZ‹ ) ůúą NoteŰÐ ÂÒ’- ˘«"î̇‚«^«. \V) α: p-form, α is C^∞ ⇔ for some (U, x), α|_U = ∑ α_I dx^I where α_I is C^∞.

Notation: For a smooth vector bundle E → M,

Γ(E) = C^∞(M, E) = the space of smooth global sections of E C^∞(M, T M) = X (M) = the space of C^∞ vector fields C^∞(M, R) = F(M) = the space of C^∞ functions on M C^∞(M, ⋀_r (T^∗M)) = E^r(M) = the space of r-forms C^∞(M, T^r_s (M)) = T^r_s (M) = the space of tensor fields of type (r,s)

3. View an r-form α ∈ E^r(M) as an alternating F-linear map:

α ∈ E^r(M){9˚ M: α\ę̌ alternating F-linear map α : X × · · · × X r −→ FÜĳŰÐ ^ffię Ãž eŤ„^«. #Ňlff"f α(X_1, · · · , X_r)(p) := α_p(X_1(p), · · · , X_r(p)) for α_p ∈ ⋀_r (T^∗_p M) = ( ⋀_r (T_pM))^∗ = A_r(T_pM)^1(ˇ«AyŇŢÅÒ1) locally α = Σα_I dx^I =⇒ α(X_1, · · · , X_r) is clearly C^∞ .

ffi8źąďsff &ñ̇_‹ŰÐ ÂÒ’- α`« F -linear, i.e. α(X_1, · · · , fX_i, · · · , X_r) = fα(X_1, · · · , X_i, · · · , X_r) eŤ̌‘ę̌ /BI ůúŸ Ãž eŤ„^«.

Conversely ∀F-linear alternating map is an r-form:

Given α : F-linear, alternating and X_1, · · · , X_r ∈ T_pM\Ą @/K α_p(X_1, · · · , X_r) := α(~X_1, · · · , ~X_r)(p) for ~X_i : C^∞-extension of X_i~« &ñ̇_‹‚« ˘«. ÕłfflQĂ—¨ α_p ∈ ⋀_r (T^∗_p M) = A_r(T_pM)sff^«.

sff]j α(~X_1, · · · , ~X_r)(p)`« extension_‹ Ć–¨ŒþŸ\Ą -ľĲŻ’a\Oflsff ÿúŸ &ñ̇_‹œ&Ŋ›H ffiŕ̄‘ę̌ ŸÐsff˘«.

(∗) X_1, · · · , X_r ∈ X , X_1(p) = 0{9˚ M: α(X_1, · · · , X_r)(p) = 0sff œ&Ŋ›H ffiŕ̄‘ę̌ ŸÐ sffĂ—¨ Ø̋æìfir‚«^«. —=´»‚«Ă—¨ ~X^′sff ćÿ^«ŔÉr extensionsff~« ¡+É M: X_1(p) = ~X_1(p) = ~X_1^′(p) =⇒ (~X_1 − ~X_1^′)(p) = 0 ÕłfflQĂ—¨ (∗)\Ą _‹K α(~X_1, ~X_2, · · · , ~X_r)(p) = α(~X_1^′, ~X_2, · · · , ~X_r)(p) = α(~X_1^′, ~X_2^′, · · · , ~X_r)(p) = · · · = α(~X_1^′, ~X_2^′, · · · , ~X_r^′)(p)`« $í̇wn̆ô»Ç^«.

1recall ⋀_r (V^∗) = ( ⋀_r V )^∗ = A_r(V )

ÕłfflQĂ—¨ (∗)\ę̌ ŸÐsff˘«.

X_1 = Σa_i^∂_{∂xi} on U=⇒ X_1(p) = Σa_i(p)^∂_{∂xi} |_p = 0 =⇒ a_i(p) = 0 ∀i Let φ be a bump function s.t. φ(x) = 1 for x ∈K (K compact neighborhood ⊂ U) and φ(x) = 0 for x ∈ U^c X_1 = φ^2X_1 + (1 − φ^2)X_1 = Σ(φa_i)(φ^∂_{∂xi} ) + (1 − φ^2)X_1 α(X_1, · · · , X_r)(p) = Σ(φa_i)(p)·α(φ^∂_{∂xi} , X_2, · · · , X_r)(p)+(1−φ^2)(p)·α(X_1, · · · , X_r)(p) =0 (∵ a_i(p) = 0 and (1 − φ^2)(p) = 0)