Exterior derivative

1. d : F = E^0(M) → E^1(M) is defined by df_p(X_p) = X_pf, ∀f ∈ F, X_p ∈ T_pM f → df Check : df Ŋ›H C^∞ 1-formsff^«.

Clearly df_p ∈ T^∗_p M (∵ df_p(X_p + cX^′_p) = df_p(X_p) + c · df_p(X^′_p)) =⇒ df = ∑ a_j dx^j locally on (U,x) =⇒ a_i = df(^∂_{∂xi} ) =^{∂f}_{∂xi} : C^∞ (∵ f : C^∞) =⇒ df = ∑ j ∂f ∂x^j dx^j : C^∞ ∴ df ∈ E^1(M)

Remark (1) d(x^i) = dx^i :

d(x^i)(^∂_{∂xj} ) =^∂_{∂xj} (x^i) = δ_{ij} = dx^i(^∂_{∂xj} ) ćÿŊ›H d(x^i)(X) = X(x^i) = dx^i(X)

(2) f : M → R, C^∞{9˚ M: Ś:r|9˚&h̃ÜĳŰÐ dfŊ›H f_∗ü< řúă^«. ŸÐ^« &ñ̇SXĽ‚«>ı

df :TM^{f∗}→ T R → Rsff İ)a^«. X → f_∗X □^d_{dt} → □(This map is a canonical translation.)

□ = f_∗(X)(t) = X(t · f) = Xf = df(X) where R^t→ R is the identity map.

(3) d(f + g) = df + dg d(fg) = g(df) + f(dg) ( d(f + g)(X_p) = X_p(f + g) = X_pf + X_pg d(fg)(X_p) = X_p(fg) = g(X_pf) + f(X_pg) = (g(df) + f(dg))(X_p) )

2. tffF̀K‹«tff d : E^0 → E^1\ę̌ &ñ̇_‹ ‚«%i„^«. sff]j sff\ę̌ {9˚ìøÍôrffĘff̈ d : E^p → E^{p+1}`« Ť>rFĘ<Ê‘ę̌ ŸÐsff˘«.

Ça‹hœ 1 d : F → E^1 can be extended uniquely to an anti-derivation of degree 1 on E s.t.

d^2 = 0. i.e. ∃! d : E^p → E^{p+1}, ∀p = 0, 1, 2, · · · s.t. (1) d(α + β) = dα + dβ (2) d(α ∧ β) = dα ∧ β + (−1)^pα ∧ dβ p = deg(α) (3) df are as in 1 for f ∈ F (4) d^2 = 0

ďßÃZ‹ ÄžĆ–¨ local‚«>ı d\ę̌ &ñ̇_‹‚«Şę 0A_‹ W1 `«tff propertyü< uniqueness\ę̌ checkô»Ç ^«6čğ global‚« >ı SXĽĄľĲ‚«˘«.

Local existence:

On (U, x), let α = ∑ I f_I dx^I , where dx^I = dx^{i1} ∧ · · · ∧ dx^{ip} .

Define dα := ∑ I df_I ∧ dx^I (1)∼(4) property\ę̌ ëSSŰ7áď‚«Ŋ›H operator`« eŤ„^«Ă—¨ sffXO“>ı &ñ̇_‹|ĺc Ãž ţ1Ú\Ą \Ofl^«. —=´»‚«Ă—¨ dα = ∑ I d(f_I dx^I ) = ∑ I (df_I ∧ dx^I + f_I ∧ d(dx^I )) = ∑ I df_I ∧ dx^I ⌣(by (1)) ⌣(by (2)) ⌣(by ˇ«AyŇŢÅÒ^1).

0A\Ą"f &ñ̇_‹İ)a dŊ›H d^2f = 0, ∀f ∈ F‘ę̌ ëSSŰ7áďô»Ç^«. ∵ d(df) = d( ∑ i ∂f ∂x^i dx^i) = ∑ i d( ∂f ∂x^i ) ∧ dx^i (by definition) = ∑ i,j ∂ ∂x^j ( ∂f ∂x^i )dx^j ∧ dx^i = ∑ i<j ( ∂ ∂x^j ( ∂f ∂x^i ) − ∂ ∂x^i ( ∂f ∂x^j ))(dx^j ∧ dx_i) (∵ dx^i ∧ dx^j = −dx^j ∧ dx^i) = 0

sff]j d on U`« (1)∼(4)_‹ property\ę̌ ëSSŰ7áďrffvffŊ›H ffiŕ̄‘ę̌ check‚«˘«.

(1) clear since d(f + g) = df + dg and α + β = ∑ (f_I + g_I )dx^I for α = ∑ f_I dx^I , β = ∑ g_J dx^J

1d(dx^I ) = d(dx^{i1} ∧ · · · ∧ dx^{ip} ) = Σ(−1)^{j+1}dx^{i1} ∧ · · · dd(x^{j+1}) · · · ∧ dx^{ip} = 0 (∵ dd(x^{j+1} ) = 0 by (4))

(2) d(α ∧ β) = d( ∑ I,J f_I g_J dx^I ∧ dx^J ) = ∑ I,J d(f_I g_J ) ∧ dx^I ∧ dx^J = ∑ {(df_I )g_J ∧ dx^I ∧ dx^J } + ∑ {f_I (dg_J ) ∧ dx^I ∧ dx^J } = dα ∧ β + (−1)^pα ∧ dβ (3) ›«ŰÐ 7čx"î̇ Ô̋ęĂ9˚ŕź.

(4) d^2α = d( ∑ df_I ∧ dx^I ) = ∑ I {d(df_I ) ∧ dx^I − df_I ∧ d(dx^I )} = 0

Local uniqueness:

d^′ ‘ę̌ 0A_‹ $í̇|9˚‘ę̌ Ůÿ£ž ëSSŰ7áď‚«Ŋ›H ćÿ^«ŔÉr local operator~« ‚«˘«. ÕłfflQĂ—¨ (3)\Ą _‹K"f d^′x_i = dx_i‘ę̌ ëSSŰ7áďô»Ç^«. sff\ę̌ sff6ăx‚«#Ň ^«6čğõ̆ řúăsff local uniqueness\ę̌ 7čx"î̇¡+É Ãž eŤ„^«. d^′α = ∑ d^′(f_I dx^I ) = ∑ (d^′f_I ∧ dx^I + f_I d^′(dx^I )) ⌣ (by (1)) ⌣ (by (2)) = ∑ (d^′f_I ) ∧ dx^I (by ˇ«AyŇŢÅÒ^2) = ∑ (df_I ) ∧ dx^I (by (3)) = dα

Global existence

ÅÒ#QŤff̈ α ∈ E^p\Ą @/K 0A\Ą"f localô»Ç d_‹ Ť>rFü< Äż{9˚$í̇‘ę̌ 7čx"î̇‚«%i„^«. sff]j d\ę̌ ^«6čğõ̆ řúăsff global‚«>ı SXĽĄľĲrffvff˘«. dα|_U := d(α|_U ) ~« &ñ̇_‹‚«˘«. ÕłfflQĂ—¨ dαŊ›H local uniqueness\Ą _‹K ÿúŸ &ñ̇_‹İ)a^«. ÕłoffŞę sff dŊ›H (1)∼(4) Żÿ|¯¨‘ę̌ ëSSŰ7áďĘ<Ê‘ę̌ ^«6čğõ̆ řúăsff ůúŸ Ãž eŤ„^«.

(1), (2)Ŋ›H +, ∧`« pointwise operationsffÙĳŰÐ ÿúŸ $í̇wn̆ô»Ç^«. \VĘ̄¨X< d(α+β)|_U = d((α+β)|_U ) = d(α|_U +β|_U ) = d(α|_U )+d(β|_U ) = dα|_U +dβ|_U = (dα+dβ)|_U (3) ›«ŰÐ 7čx"î̇ Ô̋ęĂ9˚ŕź.

(4) d^2α = 0 ∵ d^2α|_U = d(dα|_U ) = dd(α|_U ) = d^2(α|_U ) = 0

2(3)õ̆ (4)\Ą _‹K d^′(dx^{i1} ∧ · · · dx^{ip} ) = d^′(dx^{i1} ) ∧ dx^{i2} · · · dx^{ip} − dx^{i1} ∧ d^′(dx^{i2} ) · · · dx^{ip} · · · + (−1)^pdx^{i1} ∧ dx^{i2} · · · d^′(dx^{ip} ) = d^{′2}(x^{i1} ) ∧ dx^{i2} · · · dx^{ip} − dx^{i1} ∧ d^{′2}(x^{i2} ) · · · dx^{ip} · · · + (−1)^pdx^{i1} ∧ dx^{i2} · · · d^{′2}(x^{ip} ) = 0

Global uniqueness

d^′‘ę̌ (1)∼(4)\ę̌ ëSSŰ7áďrffvffŊ›H ćÿ ^«ŔÉr global operator~« ‚«˘«. ÕłfflQĂ—¨ Ă–¨$- d^′ŞÉr (1)∼(4)\ę̌ ëSSŰ7áď‚«Ŋ›H U-ľĲ\Ą"f_‹ operator d^′ : E^p(U) → E^{p+1}(U)\ę̌ induce‚«Ŋ›H ffiŕ̄‘ę̌ ŸÐsff˘«. sffffiŕ̄‘ę̌ ŸÐsfflff 0AK d^′sff ”local operator”eŤ̌‘ę̌ ŸÐsff˘«. 7čď, (∗) α|_U ≡ 0 =⇒ dα|_U ≡ 0 for α ∈ E^p(U) sff $í̇wn̆Ę<Ê‘ę̌ ŸÐsff˘«. sff Żÿ|¯¨ŞÉr U-ľĲ\Ą"f_‹ dαřúŕ‘ę̌ α_‹ U-ľĲ\Ą"f_‹ řúŕ\ĄëSSŰ _‹Ť>rô»Ç^«Ŋ›H >pwsff^«. (∗)\ę̌ ŸÐsffffl9Ă—¨ ∀p ∈ U, dα(p) = 0eŤ̌‘ę̌ ŸÐsffĂ—¨ İ)a^« :

U\Ą [þt#Q`«Ŋ›H p_‹ ĄŇŢŞÉr neighborhood V\Ą @/K , ∃φ a bump function s.t. 1 on V and 0 on U^c d(0)(p) = d(φ · α)(p) = dφ(p) ∧ α(p) + φ(p)dα(p) = dα(p) ∴ dα(p) = 0 (by ˇ«AyŇŢÅÒ^3)

sff]j α ∈ E^p(U)`« ÅÒ#Q&Š„^«Şę ‚«˘«. sff α\Ą @/K d^′α(p) := d^′(φα)(p), ∀p ∈ U~«Şę &ñ̇_‹ ‚«Ă—¨ 0A (∗)\Ą _‹K bump function φ_‹ Ć–¨ŒþŸ\Ą Ż’a>ȷ\Oflsff ÿúŸ &ñ̇_‹İ)a^«.

sffXO“>ı &ñ̇_‹İ)a d^′ : E^p(U) → E^{p+1}(U)Ŋ›H (1)∼(4)\ę̌ ëSSŰ7áďrffvffŊ›H ffiŕ̄‘ę̌ ~1—>ı check¡+É Ãž eŤ„^«. ffi8źąďsff, ~α`« α_‹ global extensionsff~«Ă—¨ d^′α = d^′ ~α|_U sff $í̇wn̆Ę<Ê‘ę̌ ůúŸ Ãž eŤ„^«. (∵ ∀p ∈ U, d^′α(p) := d^′(φα)(p) = d^′ ~α(p) by (∗)) ›«~«"f local uniqueness\Ą _‹K d = d^′ on UsffŞę (d^′α)|_U = d^′(α|_U ) = d(α|_U ) = (dα)|_U sff ŮÿŐ›H U\Ą @/K $í̇wn̆‚«ÙĳŰÐ

∴ globally d^′ = d

3(1)\Ą _‹K d(0) + d(0) = d(0) =⇒ d(0) = 0

3. Invariant definition of dω: Recall r − form ⇐⇒ F-linear alternating map X × · · · × X r −→ F

I. dω(X_0, · · · , X_r) = r∑ i=0 (−1)^iX_i(w(X_0, · · · , ^X_i, · · · , X_r)) + ∑ 0≤i<j≤r (−1)^{i+j} ω([X_i, X_j ], X_0, ·, ^X_i, · · · , ^X_j , · · · , X_r) II. dω(X_0, · · · , X_r) =^1_{r+1} { r∑ i=0 (−1)^iX_i(w(X_0, · · · , ^X_i, · · · , X_r)) + ∑ 0≤i<j≤r (−1)^{i+j} ω([X_i, X_j ], X_0, ·, ^X_i, · · · , ^X_j , · · · , X_r)} (ˇ«AyŇŢÅÒ^4)

ω`« 1-form{9˚ M: -Àż dŤ̃‘ę̌ 7čx"î̇K ŸÐ˘«. ω`« 1-form{9˚ M: -Àż dŤ̃_‹ ÄžĄ—¨‘ę̌ ^«6čğõ̆ řúăsff £ž ˘«. ”dω”(X_0, X_1)^{I.}:= X_0ω(X_1) − X_1ω(X_0) − ω([X_0, X_1]) II. :=^1_2 (X_0ω(X_1) − X_1ω(X_0) − ω([X_0, X_1])) ÄžĆ–¨ ”dω”`« 2-formeŤ̌‘ę̌ ŸÐsfflff 0AK 2-formsff F-linear alternating mapeŤ̌‘ę̌ sff6ăx‚«˘«. sff \ę̌ ŸÐsffffl9Ă—¨ ^«6čğ [j `«tffëSSŰ check‚«Ă—¨ İ)a^«.

”dω”(X_0 + X^′_0, X_1) = ”dω”(X_0, X_1) + ”dω”(X^′_0, X_1) ”dω”(fX_0, X_1) = f”dω”(X_0, X_1) ”dω”(X_0, X_1) = −”dω”(X_1, X_0) Õł-–¨X< sff [j`«tffŊ›H &ñ̇_‹ŰÐ ÂÒ’- ÿúŸ $í̇wn̆Ę<Ê‘ę̌ ~1—>ı ůúŸ Ãž eŤ„^«.

sff]j ”dω” = dωeŤ̌‘ę̌ ŸÐsff˘«. Locally check ‚«Ă—¨ Ø̋æìfirô»ÇX<

local chart U0A\Ą"f ω = ∑ a_j dx^j =⇒ dω = ∑ j da_j ∧ dx^j = ∑ i,j ∂a_j ∂x^i dx^i ∧ dx^j . Let ”dω” = ∑ i<j □ dx^i ∧ dx^j =⇒ □ = ”dω”(^∂_{∂xi} ,^∂_{∂xj} ) =^∂_{∂xi} a_j −^∂_{∂xj} a_isffÙĳŰÐ ”dω” = dωsff $í̇wn̆ô»Ç^«.

(ÿnq]j) -Àż dŤ̃‘ę̌ {9˚ìøÍ&h̃Şff̈ p-form\Ą @/K"f 7čx"î̇‚«#Ň~«. (ĆÃÐŞę Spivak p 289)

4α^1 ∧ · · · ∧ α^r (v_1, · · · , v_r ) = det(α^i (v_j )) · · · I. =^1_{r!} det(α^i(v_j )) · · · II. ÜĳŰÐ yŇŢyŇŢ pairing‘�ę &ñ�_‹‚«%ì‘�ę M: