Effect of Mappings φ : M → N, C^∞ ⇒ φ_∗ : T M → T N bundle map. And φ_∗|_p : T_pM → T_{φ(p)}N, linear ⇒ (φ_∗|_p)^∗ : T^∗_{φ(p)}N → T^∗_p M, dual map. T his induces a linear map φ^∗_p := ⋀_r (φ_∗|^∗_p) : ⋀_r (T^∗_{φ(p)}N) → ⋀_r (T^∗_p M) F or α ∈ E^1(N), φ^∗α ∈ E^1(M) is defined as φ^∗α|_p = φ^∗_p(α|_{φ(p)}). Note that φ^∗α(X_p) = α(φ_∗X_p)

Similarly, for α ∈ E^r(N), φ^∗α ∈ E^r(M) and φ^∗α(X_1, · · · , X_r)(p) = φ^∗α(X_1(p), · · · , X_r(p)) = α((φ_∗X_1)(φ(p)), · · · , (φ_∗X_r)(φ(p))) = α(φ_∗X_1, · · · , φ_∗X_r)(φ(p)) ⇒ φ^∗ : E(N) → E(M) = ∞⨁ r=0 E^r(M). sff Œâ�Äž differential d\Ą Ż’a‚«#Ň E(M)ŞÉr ”differential graded algebra”`« İ)a^«.

ÃZ‹VĄ 1 Let φ : M → N , C^∞. Then φ^∗ : E(N) → E(N) is a differential graded algebra homomorphism, i.e.,

1. φ^∗(α + β) = φ^∗α + φ^∗β 2. φ^∗(α ∧ β) = φ^∗α ∧ φ^∗β 3. φ^∗d = dφ^∗ ďßÃZ‹ 1 and 2 are clear.

(∵) f : V → W ⇒ f^∗ : W^∗ → V^∗ ⇒ ⋀ (f^∗) : ⋀ (W^∗) → ⋀ (V^∗) is an algebra homomorphism.

And note that +, ∧ are pointwise operations.

Show φ^∗α is C^∞ if α ∈ E^r(N) : 1st φ^∗(df) case :

φ^∗(df)(X)(p) = φ^∗(df)(X_p) = df(φ_∗X_p) = (φ_∗X_p)f = X_p(f ∘φ) = X(f ∘φ)(p) : C^∞ − function of p. Moreover, = d(f ∘ φ)(X)(p) ∴ φ^∗(df) = d(f ∘ φ) = d(φ^∗f) and φ^∗d = dφ^∗ on F

2nd α ∈ E^r(N) case: Locally φ : V → (U, x) p → φ(p) Let α = ∑ f_I dx_I . Then φ^∗α = ∑ φ^∗(f_I )φ^∗(dx_{i1} ) ∧ · · · ∧ φ^∗(dx_{ir} ) : C^∞.

Now we can prove 3 as follows. d(φ^∗α) = d( ∑ (φ^∗f_I )d(φ^∗x_{i1} ) ∧ · · · ∧ d(φ^∗x_{ir} )) = ∑ d(φ^∗f_I ) ∧ d(φ^∗x_{i1} ) ∧ · · · ∧ d(φ^∗x_{ir} ) = φ^∗( ∑ df_I ∧ dx_{i1} ∧ · · · ∧ dx_{ir} ) = φ^∗dα