L_X and i_X

· i_X : eŤ̌_‹_‹ X ∈ X (M)\Ą @/K i_X : E^p → E^{p−1}Ŋ›H ^«6čğõ̆ řúăsff &ñ̇_‹İ)a^«.

i_X α|_p := i_{Xp} (α_p) ∀p ∈ M(pointwise operation) or equivalently, i_X α(X_2, · · · , X_p) = α(X, X_2, · · · , X_p) Recall : i_X is an antiderivation of deg -1 i.e. i_X (α ∧ β) = (i_X α) ∧ β + (−1)^pα ∧ (i_X β) and i^2_X = 0 · L_X : ÅÒ#QŤff̈ tensor field K\Ą @/K X ~¡ÓĘ¿ÓÜĳŰÐ_‹ Lie derivative L_X ŞÉr ^«6čğõ̆ řúăsff &ñ̇_‹İ)a^«. (L_X K)_p := lim_{t→0} 1 t ((φ^∗_t K)_p − K_p) where {φ_t} is a flow of X and φ^∗_t Y := φ^{−1}_{t∗} Y .

Recall : L_X f = Xf and L_X Y = [X, Y ]

ÃZ‹VĄ 1 (a) L_X : T → T is a tensor derivation,

i.e. L_X (K ⊗ L) = (L_X K) ⊗ L + K ⊗ (L_X L).

(b) ∀α ∈ E^1 and ∀Y ∈ X , L_X (α(Y )) = (L_X α)Y + α(L_X Y ). (c) L_X : E(M) → E(M) is a derivation, i.e.

L_X (α ∧ β) = (L_X α) ∧ β + α ∧ (L_X β).

(d) (Cartan formula) L_X = i_X ∘ d + d ∘ i_X on E(M).

ďßÃZ‹ (a) and (c) ŸÐ:§x pffìfir_‹ Y–L\Ą @/ô»Ç Leifniz rule 7čx"î̇õ̆ řúă^«.

(b) L_X (α(Y )) = lim_{t→0} 1 t (φ^∗_t (α(Y )) − α(Y ))

= lim_{t→0} 1 t ((φ^∗_t α)(φ^∗_t Y ) − α(φ^∗_t Y ) + α(φ^∗_t Y ) − α(Y ))

= lim_{t→0} 1 t ((φ^∗_t α)(φ^∗_t Y ) − α(φ^∗_t Y )) + lim_{t→0} 1 t (α(φ^∗_t Y ) − α(Y ))

↓(by ˇ«AyŇŢÅÒ^1) ↓(by ˇ«AyŇŢÅÒ^2)

= (L_X α)(Y ) + α(L_X Y )

(d) It suffices to check on F and E^1, since a derivation is a local operator and is completely determined by its action on F and E^1.

L_X f = (i_X ∘ d + d ∘ i_X )f , ∀f ∈ E^1 :

∵ (i_X ∘ d + d ∘ i_X )f = i_X (df) + 0 = df(X) = Xf = L_X f , ∀f ∈ E^1 ∀α ∈ E^1and ∀Y ∈ X , (L_X α)Y = L_X (α(Y )) − α(L_X Y ) = X(α(Y )) − α([X, Y ]).

(i_X ∘ d + d ∘ i_X )(α)(Y ) = i_X (dα)(Y ) + d(i_X (α))(Y ) = dα(X, Y ) + d(α(X))Y = dα(X, Y ) + Y (α(X)) = X(α(Y )) − α([X, Y ]). ∴ (L_X α)Y = (i_X ∘ d + d ∘ i_X )(α)(Y ).

1 lim_{t→0} 1 t (φ^∗_t α(φ^∗_t Y ) − α(φ^∗_t Y )) = lim_{t→0} 1 t (φ^∗_t α − α)(φ^∗_t Y ) = (L_X α)(Y )

2 lim_{t→0} 1 t (α(φ^∗_t Y ) − α(Y )) = lim_{t→0} 1 t α(φ^∗_t Y − Y ) = lim_{t→0} α( 1 t (φ^∗_t Y − Y ))

= α(lim_{t→0} 1 t (φ^∗_t Y − Y )) = α(L_X Y )

›«§ßÿÇa‹hff 2 L_X is a total derivation, i.e., L_X (α(X_1, · · · , X_p)) = (L_X α)(X_1, · · · , X_p)+α(L_X X_1, X_2, · · · , X_p)+· · ·+α(X_1, · · · , X_{p−1}, L_X X_p) , ∀α ∈ E^p and X_i ∈ X . ďßÃZ‹ It suffices to show for α = α_1 ⊗ · · · ⊗ α_p, α_i ∈ E^1.

L_X ((α_1 ⊗ · · · ⊗ α_p)(X_1, · · · , X_p)) = L_X (α_1(X_1) · · · α_p(X_p)) = ∑ i α_1(X_1) · · · L_X (α_i(X_i)) · · · α_p(X_p)

↓ (by ˇ«AyŇŢÅÒ^3) = ∑ i(α_1⊗· · ·⊗L_X α_i⊗· · ·⊗α_p)(X_1, · · · , X_p)+ ∑ i (α_1⊗· · ·⊗α_p)(X_1, · · · , L_X X_i, · · · , X_p) =L_X (α_1 ⊗ · · · ⊗ α_p)(X_1, · · · , X_p) + ∑ i α(X_1, · · · , L_X X_i, · · · , X_p)

ÿnq]j 20. Prove invariant formula of dω using the above corollary and

Cartan formula. (Hint : Use induction.)

3L_X (α_i(X_i)) = (L_X (α_i))(X_i) + α_i(L_X X_i)