Topology of Manifold and Partition of Unity

Ça‹hœ 1 Let M be a connected Hausdorff C^∞-manifold, then the followings are equivalent.

(1) M is paracompact.

(2) ∀U, an open covering of M, ∃ a partition of unity subordinate to U, i.e., ∃f_α : M → [0, 1], C^∞, ∀α ∈ A, such that a) {suppf_α | α ∈ A} forms a locally finite closed refinement of U b) � α f_α ≡ 1

(3) M admits a Riemannian metric. (4) M is metrizable.

(5) M has a compact exhaustion,

i.e., ∃ a sequence of open sets U_1, U_2, · · · such that

U_i is compact , U_i ⊂ U_{i+1}, ∀i and M = ∞� i=1 U_i.

(6) M is σ-compact, i.e., M is a countable union of compact sets. (7) M is a countable union of coordinate charts. (8) M is 2^{nd} countable.

&ñ̇off\ę̌ 7čx"î̇‚«lff\Ą ůúą"f &ñ̇off\Ą ´«ŽÿŊ›H Y>˛`«tff >hěÆ̌[þt‘ę̌ Źè>hô»Ç^«.

Ça‹Ÿ+ 1 A topological space X is paracompact if every open covering of X has a locally finite refinement.

{9˚ìøÍ&h̃ÜĳŰÐ, V`« U_‹ refinement~«Ŋ›H ffiŕ̄ŞÉr V = {V_β }, U = {U_α }~«Şę Ùþą‘ę̌ M:, eŤ̌_‹_‹ β\Ą @/‚«#Ň V_β ⊂ U_α `« œ&Ŋ›H α`« Ť>rFô»Ç^«Ŋ›H ffiŕ̄sffŞę, #Ňlff"f open covering_‹ refinementŊ›H refinementsffĂ—¨"f 1lxrff\Ą open coveringsff œ&Ŋ›H ffiŕ̄‘ę̌ ťúŸô»Ç^«. ćÿô»Ç open coveringsff locally finite‚«^«Ŋ›H ffiŕ̄ŞÉr eŤ̌_‹_‹ &ȟ\Ą @/‚«#Ň &h̃{ľĲô»Ç open neighborhood`« Ť>rF‚«#Ň covering_‹ Äżô»Ç>h_‹ open set[þtõ̆ ëSSŰ èSSŰ^«Ŋ›H ffiŕ̄sff^«.

Ça‹Ÿ+ 2 A Riemannian metric g is a C^∞ tensor field of type (0,2) which is symmetric and positive definite,

i.e., g(X, Y ) = g(Y, X), ∀X, Y ∈ X ,

g(X, X) ≥ 0, g(X, X) = 0 iff X = 0.

Ça‹Ÿ+ 3 A topological space X is metrizable if there exists a metric d on the set X where metric topology is the same as the topology of X.

Ça‹hœŸ+ ďßÃZ‹ ((1)⇒(2)) Step 1.(Shrinking lemma) Given U = {U_α | α ∈ A}, an open cover, construct V = {V_α | α ∈ A}, locally finite(possibly V_α = ϕ) such that V_α ⊂ V_α ⊂ U_α . ďßÃZ‹ ∀p ∈ M, ∃O_p s.t. p ∈ O_p ⊂ O_p ⊂ U_α for some α.

Msff paracompact‚«ÙĳŰÐ, O = {O_p}_‹ locally finite open refinement`« Ť>rF ‚«Şę sff\ę̌ N = {N_β }_{β∈B} ~«Şę ‚«˘«. 7čď, yŇŢyŇŢ_‹ N_β \Ą @/‚«#Ň N_β ⊂ O_p\ę̌ ëSSŰ 7áď‚«Ŋ›H p`« Ť>rFô»Ç^«. ›«~«"f, N_β ⊂ O_p ⊂ O_p ⊂ U_α \ę̌ ëSSŰ7áď‚«Ŋ›H α`« Ť>rF‚« Şę α = φ(β)~«Şę ‚«Ă—¨, Ę<ÊÃž φ : B → A `« &ñ̇_‹İ)a^«. (0A $í̇|9˚‘ę̌ ëSSŰ7áď‚«Ŋ›H α`« #ŇfflQ >h Ť>rF‚«Ă—¨ Õł Œ̋æ ‚«´«\ę̌ Ć–¨ŒþŸô»Ç^«.) sff]j, yŇŢyŇŢ_‹ α ∈ A\Ą @/‚«#Ň V_α = � {N_β | φ(β) = α}ŰÐ &ñ̇_‹‚«Ă—¨(possibly V_α = ϕ), V = {V_α | α ∈ A}Ŋ›H U_‹ locally finite open refinement`« İ)a^«. ćÿ ô»Ç, ^«6čğ_‹ Claim\Ą _‹‚«#Ň V_α = � N_β = � N_β ⊂ � O_p ⊂ U_α `« $í̇wn̆‚«ÙĳŰÐ V_α ⊂ V_α ⊂ U_α \ę̌ ëSSŰ7áďô»Ç^«.

Claim. 1) {F_i | i ∈ I}, a locally finite collection of closed sets ⇒ � F_i is closed.

2) N = {N_β } locally finite ⇒ N = {N_β }, locally finite. 7čx"î̇. easy exercise

Step 2.(special case) Suppose U = {U_α | α ∈ A}, where U_α is compact ∀α. Then there exists a partition of unity subordinate to U.

ďßÃZ‹ step 1‘ę̌ £žĄ–¨ &h̃6ăx‚«#Ň V = {V_α | α ∈ A}ü< W = {W_α | α ∈ A}\ę̌ %3˝Ŋ›H ^«. 7čď, yŇŢyŇŢ_‹ α\Ą @/‚«#Ň, W_α ⊂ W_α ⊂ V_α ⊂ V_α ⊂ U_α ⊂ U_α .

Claim (bump function) C^{compact} ⊂ U^{open} ⇒ ∃C^∞-function f s.t. f(C) = 1 and f(U^c) = 0.

ďßÃZ‹ ∀p ∈ C, ∃f_p : C^∞ s.t. f_p > 0 on a neighborhood U_p ⊂ U and 0 on U^c. Choose a finite subcover {U_{p1} , · · · , U_{pn} } of C. f_{pi} Ŋ›H U_{pi} \Ą"f positivesffÙĳŰÐ, compact set C0A\Ą"f f_{p1} + · · · + f_{pn} > δŞff̈ ĂłĲÃž δ\ę̌ ÿúŽ‘ę̌ Ãž eŤ„^«. Ę<ÊÃž φ\ę̌

φ : C^∞ and φ = {

1 if x ≥ δ 0 if x ≤ 0

~«Şę ‚«Ă—¨, f = φ ∘ (f_{p1} + · · · + f_{pn} )`« ¡ĺ‚«Şę˘« ‚«Ŋ›H Ę<ÊÃžsff^«.

0A Claim\Ą _‹‚«#Ň g_α (W_α ) = 1 and g_α (V_α^c) = 0Şff̈ g_α `« Ť>rF‚«Şę, supp g_α ⊂

V_α ⊂ U_α sff^«. sff M:, {V_α | α ∈ A}`« locally finite refinementsffÙĳŰÐ, {supp g_α | α ∈ A}Ţÿ locally finite refinement`« œ&Şę, f_α =^{gα�}_{gα} ŰÐ £žĂ—¨ a), b)

Żÿ|¯¨‘ę̌ ëSSŰ7áď‚«Ŋ›H partition of unity`« İ)a^«.

Step 3.

C^{closed} ⊂ U^{open} ⇒ ∃f : M → [0, 1], C^∞ s.t. f(C) = 1 and f(U^c) = 0. ďßÃZ‹ Msff locally compactsffÙĳŰÐ eŤ̌_‹_‹ p ∈ C\Ą @/‚«#Ň V_p`« compactsffŞę V_p ⊂ UŞff̈ open neighborhood V_p\ę̌ ÿúŽ‘ę̌ Ãž eŤ„^«.

ćÿô»Ç, M − C_‹ open cover {V_β | β ∈ B}\ę̌ V_β `« compactsffŞę V_β ⊂ M − C`« œ&Ţÿ2§ď ‚«´« ÿúŽÜĳĂ—¨, {V_p, V_β | p ∈ C, β ∈ B}Ŋ›H M_‹ open coversffŞę Step 2_‹ `«&ñ̇‘ę̌ ëSSŰ7áďrffĘff̈^«. ›«~«"f partition of unity {f_p, f_β }_{p∈C,β∈B} subordinate to {V_p, V_β }`« Ť>rFô»Ç^«. sff]j, f = � p∈C f_pŰÐ £žĂ—¨, f(C) = 1 and f(U^c) = 0‘ę̌ ëSSŰ7áďô»Ç^«.

Step 4.(general case) Step 2_‹ 7čx"î̇\Ą"f Claim @/Šff̈ Step 3\ę̌ ˚«6ăx‚«Ă—¨ řúăŞÉr ~¡ÓZŎÜĳŰÐ 7čx"î̇İ)a^«.

((2)⇒(3)) M‘ę̌ cover‚«Ŋ›H coordinate chart\ę̌ U = {U_α }_{α∈A} ~«Şę £žŞę, yŇŢyŇŢ_‹ U_α \Ą coordinate vector field^∂_{∂xi} `« orthonormal‚«Ţÿ2§ď local Riemannian metric g_α \ę̌ ÅÒ˘«. 7čď, g_α ( ∂ ∂x_i , ∂ ∂x_j

) = δ_{ij} .

{f_α }_{α∈A} \ę̌ partition of unity subordinate to U~«Şę ‚«Şę, p ∈ M\Ą"f g\ę̌

g(X, Y ) = � α∈A f_α (p)g_α (X, Y ), X, Y ∈ T_pM

ŰÐ &ñ̇_‹‚«Ă—¨, gŊ›H M_‹ Riemannian metricsff İ)a^«.

sff\ę̌ SXĽŞff̈‚«lff 0A‚«#Ň, Ă–¨$- g`« smooth, symmetric, bilinear`« HĘdŞÉr ˘«"î̇ ‚«^«. g_α (X, X) ≥ 0ü< f_α ≥ 0\Ą"f g(X, X) ≥ 0eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. ćÿô»Ç, g(X, X) = 0sffĂ—¨ f_α (p) > 0Şff̈ α`« Ť>rF‚«ÙĳŰÐ g_α (X, X) = 0`« œ&#Q X = 0sff İ)a^«. ›«~«"f, gŊ›H Riemannian metricsff^«.

(ĆÃÐŞę) (3)_‹ $í̇|9˚‘ę̌ ëSSŰ7áď‚«Ŋ›H manifold\ę̌ Riemannian manifold~«Şę ÂÒŔÉr^«.

((3)⇒(4)) Piecewise C^1 curve σ_‹ Ûťsff\ę̌ ^«6čğõ̆ řúăsff &ñ̇_‹‚«˘«.

l(σ) =

�_b a �dσ dt � dt, where �dσ dt � = � g �dσ dt , dσ dt � sff]j, M_‹ metric d\ę̌ ^«6čğõ̆ řúăsff &ñ̇_‹ô»Ç^«.

d(x, y) := inf{l(σ) | all possible piecewise C^1 curve σ from x to y}

sffM:, d`« d(x, y) ≥ 0, d(x, y) = d(y, x), d(x, y) + d(y, z) ≥ d(x, z)\ę̌ ëSSŰ7áď‚« Ŋ›H ffiŕ̄ŞÉr ˘«"î̇‚«Şę, (4)\ę̌ ŸÐsfflff 0AK"fŊ›H d(x, y) = 0 ⇒ x = yü< d\Ą _‹‚«#Ň induceİ)a topology`« "éűA topologyü< řúă6čğ‘ę̌ ŸÐsffĂ—¨ İ)a^«.

(a) locally, on a compact coordinate ball, ∃c, C > 0 s.t. c‖X‖ ≤ |X| ≤ C‖X‖, ∀X = a_1^∂_{∂x1} + · · · + a_n^∂_{∂xn} , where |X| = � g(X, X) and ‖X‖ = � a^2_1 + · · · + a^2_n.

ďßÃZ‹ X _‹ orthonormal basis\ę̌ {e_i}~«Şę ‚«Şę,^∂_{∂xj} = � a_{ij}e_iŰÐ £ž˘«. ćÿô»Ç, G = (g_{ij}) where g_{ij} = g(^∂_{∂xi} ,^∂_{∂xj} ) ~«Şę ‚«Ă—¨, G = A^tA`« $í̇wn̆ô»Ç^«. ›«~«"f,

|X|^2 = g(X, X) = � i,j g_{ij}a_ia_j = X^tGX = X^tA^tAX = (AX)^t(AX)

= ‖AX‖^2 ≤ ‖A‖^2‖X‖^2 ≤ C‖X‖^2 for some C sff^«.

ćÿô»Ç, | |õ̆ ‖ ‖_‹ %ĩ¡+É‘ę̌ ˝«ËĺĂ—¨ ^«ŔÉr Aáď_‹ ÂÒ1pxdŤ̃‘ę̌ %3˝Ŋ›H^«.

(b) eŤ̌_‹_‹ compact ball\Ą"f (a)\Ą _‹‚«#Ň cl_E(σ) ≤ l(σ) ≤ Cl_E(σ) `« $í̇wn̆ô»Ç ^«. (l_EŊ›H Euclidean metric\Ą _‹ô»Ç Ûťsff) ›«~«"f, eŤ̌_‹_‹ x, y ∈ M\Ą @/‚«#Ň c‖x−y‖ ≤ d(x, y) ≤ C‖x−y‖`« $í̇wn̆‚«Şę, sff ÂÒ1pxdŤ̃\Ą _‹K, d(x, y) = 0 ⇒ x = yü< d-topology=manifold topologyeŤ̌‘ę̌ ůúŸ Ãž eŤ„^«.

((4)⇒(5)) ∀p ∈ M, let r(p) =^1_2 sup{r | B_r(p) is compact.}.

Msff locally compactsffÙĳŰÐ, r(p) > 0sffŞę, #QŃ"¨ p\Ą @/‚«#Ň r(p) = ∞sffĂ—¨ {ľĲČȷ̈yff (5)`« $í̇wn̆‚«ÙĳŰÐ, 0 < r(p) < ∞~«Şę ‚«˘«.

Claim 1. r : M → R is continuous.

ďßÃZ‹ B_r(x_1) ⊂ B_{r+d}(x_2), d = d(x_1, x_2) (by triangular inequality), ∀r ⇒ B_{r−d} (x_1) ⊂ B_r(x_2), ∀r ⇒ r(x_1) ≥ r(x_2) −^1_2 d x_1õ̆ x_2_‹ %ĩ¡+É‘ę̌ ˝«ËĺĂ—¨, r(x_2) ≥ r(x_1) −^1_2 d. ›«~«"f, |r(x_1) − r(x_2)| ≤ 1 2 d(x_1, x_2)\ę̌ %3˝Şę, rsff Čȷ̈5ÅqeŤ̌‘ę̌ îSSŰ^«.

Claim 2. A ⊂ M, A compact ⇒ ~A = � a∈A B_{r(a)}(a) is compact.

ďßÃZ‹ {z_i}^∞_{i=1}\ę̌ ~A_‹ eŤ̌_‹_‹ sequence~«Şę ‚«˘«.

yŇŢyŇŢ_‹ z_i\Ą @/‚«#Ň z_i ∈ B_{r(yi)}(y_i)Şff̈ y_i ∈ A`« Ť>rF‚«Şę, {y_i}^∞_{i=1}Ŋ›H A_‹ sequencesffŞę, A`« compact setsffÙĳŰÐ, A\Ą"f Ãžğ4ˇ‚«Ŋ›H subsequence\ę̌ řúİŊ›H ^«. sff subsequence\ę̌ {y_j}, y_j → y~«Şę ‚«Şę, sff\Ą @/6čxœ&Ŋ›H {z_i}_‹ subsequence\ę̌ {z_j}^∞_{j=1}~«Şę ‚«˘«.(ˇ«fŤ̃ z_j_‹ Ãžğ4ˇ$í̇ŞÉr 7čx"î̇‚«tff ůúğĂŇď^«.) B := B 3_{2 r(y)}(y)~«Şę &ñ̇_‹‚«Ă—¨, rsff Čȷ̈5ÅqsffÙĳŰÐ, Ø̋æìfiryff ¯›H j\Ą @/‚«#Ň B_{r(yj )}(y_j) ⊂ B`« $í̇wn̆ô»Ç^«.

sff]j, z_j ∈ B_{r(yj )}(y_j) ⊂ BŞff̈ z_j\ę̌ Ć–¨ŒþŸ‚«Ă—¨, sffŊ›H B\Ą 5Åq‚«Ŋ›H {z_j}_‹ subsequencesffŞę, B`« compactsffÙĳŰÐ, B\Ą"f Ãžğ4ˇ‚«Ŋ›H subsequence‘ę̌ řúİŊ›H^«. sff subsequence\ę̌ {z_k}, z_k → z~«Şę ‚«˘«.

sff]j 0 < ϵ <^1_2 \Ą @/‚«#Ň B_ϵ := B_{(1+ϵ)r(y)}(y)~«Şę &ñ̇_‹‚«Ă—¨, ¨«ðøÍ`«tffŰÐ {z_k}Ŋ›H B_ϵ\Ą"f Ãžğ4ˇ‚«Ŋ›H subsequence\ę̌ řúİŞę, ›«~«"f z ∈ B_ϵsff^«. ffi—˚šDG z ∈ � 0<ϵ<^1_2

B_ϵ = B_{r(y)}(y) ⊂ ~A sffŞę, ›«~«"f ~AŊ›H compact setsff^«.

(Msff metrizablesffÙĳŰÐ sequentially compactü< compact`« 1lxuffsff^«.)

sff]j, A_1 = {x_0}, A_{n+1} = ~A_nsff~«Şę ‚«Şę, M = ∞� n=1 A_neŤ̌‘ę̌ 7čx"î̇‚«˘«. A = ∞� n=1 A_n is open in M :

Let U_{n+1} := � a∈A_n

B_{r(a)}(a). Then U_n is open and A_n ⊂ U_{n+1} ⊂ A_{n+1}.

∴ A = � U_n : open. A = ∞� n=1 A_n is closed in M :

x ∈ A ⇒ ∃y ∈ A s.t. d(x, y) <^2_3 r(x) r(y) ≥ r(x) −^1_2 d(x, y) > r(x) −^1_3 r(x) =^2_3 r(x) > d(x, y) So, y ∈ A_n ⇒ x ∈ B_{r(y)}(y) ⇒ x ∈ ~A_n = A_{n+1} ⊂ A ∴ A : closed.

›«~«"f, A = MsffŞę, ffi—˚šDG A_nsff M_‹ compact exhaustionsff İ)a^«.

((5)⇒(1)) M = � G_i, G_i^{compact} ⊂ G_{i+1}^{open}~« £ž˘«.

Let U = {U_α } be an open cover of M. For each i, G_{i+1} − G_i : compact

⇒ ∃ a finite subcover U^{(i)}α_1 , · · · , U^{(i)}α_k ⇒ V^{(i)}α_j = U^{(i)}α_j ∩ (G_{i+2} − G_{i−1} ) : cover of G_{i+1} − G_i Then V, the collection of all such V^{(i)}α_j , is a locally finite open refinement of U.

((5)⇒(6)) Clear.

((6)⇒(5)) M = ∞� i=1 K_i, where K_i is compact.

M : locally compact Hausdorff space ⇒ K_1 has a neighborhood U_1 with compact U_1. ⇒ U_i � K_2 has a neighborhood U_2 with compact U_2. . . ∴ M = ∞� i=1 U_i with U_i ⊂ U_{i+1}.

((6)⇒(7)) M = ∞� i=1 K_i, where K_i is compact.

yŇŢyŇŢ_‹ K_nŞÉr Äżô»Ç>h_‹ coordinate ballŰÐ W=›‘ę̌ Ãž eŤ„Şę, ›«~«"f M Ďı̈^Ľ\ę̌ countable coordinate ballŰÐ W=›‘ę̌ Ãž eŤ„^«.

((7)⇒(8)) yŇŢyŇŢ_‹ coordinate ballsff 2^{nd} countablesffŞę, MŞÉr coordinate ball_‹ countable unionsffÙĳŰÐ 2^{nd} countablesff^«.

((8)⇒(6)) ∀p ∈ M, take a coordinate neighborhood U_p with compact U_p.

∃V_p : basic open set s.t. p ∈ V_p ⊂ U_p ⇒ V_p ⊂ U_p, and hence V_p is compact Then, M = � V_p and {V_p} is countably many.

ffĺ§ßÿÇa‹hœ 2 Let M be a (not necessarily connected) Hausdorff C^∞-manifold, then the followings are equivalent. (1) M is paracompact.

(2) ∀U an open covering of M, ∃ a partition of unity subordinate to U. (3) M admits a Riemannian metric. (4) M is metrizable.

(5) Each component of M has a compact exhaustion. (6) Each component of M is σ-compact.

(7) Each component of M is a countable union of coordinate charts. (8) Each component of M is 2^{nd} countable.

ďßÃZ‹ (1)⇔Each component of M is paracompact.(Clear by definition, Msff locally connectedsffÙĳŰÐ yŇŢ componentŊ›H opensff^«.) (2)⇔Each component has property (2) (trivial) (3)⇔Each component has property (3) (trivial) (4)⇔Each component has property (4) :

(⇒) clear (⇐) M_‹ yŇŢ component\ę̌ (M_i, d_i)~«Şę ‚«Şę, DhŰÐîfir metric ~d_i =^{di}_{1+di} \ę̌ &ñ̇ _‹‚«Ă—¨, ~d_iŊ›H d_iü< řúăŞÉr topology\ę̌ ÅÒŞę, ~d_i(x, y) < 1sff^«. sff]j, M_‹ metric d\ę̌

d(x, y) = {

~d_i(x, y), if x, y are in the same component M_i 1 , otherwise

ŰÐ &ñ̇_‹‚«Ă—¨, dŊ›H manifold topologyü< řúăŞÉr topology\ę̌ ïfir^«.

yŇŢ component\Ą"fŊ›H (1) (8)sff 1lxuffeŤ̌‘ę̌ ůúŸŞę eŤ„ÜĳÙĳŰÐ 7čx"î̇=åQ.