2. Stokes’ theorem.

Ça‹hœ 1 For (M^n, μ) , (∂M, ∂μ), i^∗ : ∂M → M and ω ∈ E^{n−1}_c (M), ∫ M dω = ∫ ∂M ω Remark. #Ňlff"f ∫ ∂M ωŊfflH ŸÐ^« %3ˇx9˚‚«>ı ťúŸ‚«Ă—¨ ∫ ∂M i^∗ωsffŞę ∂M = ∅sffĂ—¨ 0ÜĳŰÐ &ñ̇_‹ô»Ç^«.

ďßÃZ‹ 1. (Easy case) Suppose supp ω ⊂ (U, x), a positive coordinate chart (single chart). Then ω can be

written as ω = n∑ i=1 (−1)^{i−1}f_idx_1 ∧ · · · ∧^∧dx_i ∧ · · · ∧ dx_n with supp f_i ⊂ U. Then dω = ∑ i (−1)^{i−1} ∑ j ∂f_i ∂x_j dx_j ∧ dx_1 ∧ · · · ∧^∧dx_i ∧ · · · ∧ dx_n #Ňlff"f j = i{9˚ M:ëSSŰ Ę¡Ósff \Ofl#Qtfftff ůúğÜĳÙĳŰÐ ›«~«"f dω = ∑ i ∂f_i ∂x_i dx_1 ∧ · · · ∧ dx_n ∫ M dω = ∫ H^n n∑ i=1 ∂(f_i ∘ x^{−1}) ∂u_i du_1 · · · du_n = n∑ i=1 ∫_∞ −∞ · · · ∫_∞ −∞ ∫_0 −∞ ∂(f_i ∘ x^{−1}) ∂u_i du_1 · · · du_n u_n, · · ·, u_2 u_1 = ∫_∞ −∞ · · · ∫_∞ −∞ ∫_0 −∞ ∂(f_1 ∘ x^{−1}) ∂u_1 du_1du_2 · · · du_n = ∫_∞ −∞ · · · ∫_∞ −∞ [f_1 ∘ x^{−1}]^0_{−∞}du_2 · · · du_n = ∫_∞ −∞ · · · ∫_∞ −∞ (f_1 ∘ x^{−1})(0, u_2, · · ·, u_n)du_2 · · · du_n = ∫ ∂M i^∗ω 0A dŤ̃\Ą"f supp f_iŊfflH UîSSŰ\Ą eŤ„^«ŊfflH ˚«ẑťŰÐÂÒ’- −∞, ∞\Ą"f_‹ &h̃ìørřúŕ (f_2∘x^{−1})(±∞) = 0, (f_1 ∘ x^{−1})(−∞)ŞÉr Ůÿ£ž 0eŤ̌‘�ę sff6ăx‚«%i„^«.

2. (General case) Choose a finite cover {U_i} of positive coordinate chart such that supp ω ⊂ ⋃ U_i and let {ρ_i} be a partition of unity subordinate to {U_i}. Then ∫ M dω = ∫ M ∑ i ρ_idω = ∫ M ∑ i d(ρ_iω)

= ∑ i ∫ M d(ρ_iω) = ∑ i ∫ ∂M ρ_iω = ∫ ∂M ∑ i ρ_iω = ∫ ∂M ω. Remark. ϕ : N → M \Ą @/K integral along ϕ\�ę ∫ ϕ ω = ∫ N ϕ^∗ω ŰÐ &ñ̇_‹ô»Ç^«. ćÿô»Ç ϕ : N^n → M^n\Ą @/K ϕ^{−1}(compact) = compact{9˚ M: ϕ\�ę proper~«Şę ô»Ç^«. ϕ`« proper{9˚ M: ∂ϕ = ϕ ∘ i : ∂N → M sff~« £žĂ—¨ ω ∈ E^{n−1}_c (M)\Ą @/K ∫ ϕ dω = ∫ ∂ϕ ω sff $í̇wn̆ô»Ç^«.

(7čx"î̇) ∫ ϕ dω = ∫ N ϕ^∗dω = ∫ N d(ϕ^∗ω) = ∫ ∂N i^∗ϕ^∗ω = ∫ ∂N (ϕ ∘ i)^∗ω = ∫ ∂ϕ ω