3. Classical versions in R^n .

1. dim M=1 and orientable.

**ÕłaË> 9-1**

Stokes &ñ̇off ∫ M dω = ∫ ∂M ω \Ą"f ωŊ›H 0-form sffÙĳŰÐ Ę<ÊÃžsff^«. 7čď f : M → R ŰÐ şðĽ&ş‚«Ă—¨ ∫ M df = ∫ ∂M f `« İ)a^«. ∂M ŞÉr 0A ÕłaË>\Ą"f £ž &ȟ P, Q`« œ&Şę #Ňlff\Ą orientation‘ę̌ ÒqtyŇŢK"f ∫ ∂M f = f(Q)−f(P )ŰÐ &ñ̇_‹ô»Ç^«. ẑť]jŰÐ Msff σ : R → R^3 Üĳ ŰÐ ÅÒ#QtffŊ›H ffiâ̇Äž sff\ę̌ SXĽŞff̈¡+É Ãž eŤ„^«. ∫ M df = ∫ [a,b] σ^∗(df) = ∫_b a σ^∗(df) = ∫_b a d(f ∘ σ) = ∫_b a d dt (f ∘ σ)dt = (f ∘ σ)(b) − (f ∘ σ)(a) = f(Q) − f(P ) sffŊ›H pff&h̃ìfirĘ<Æ_‹ lffŚ:r&ñ̇offü<Ţÿ řúă^«.

2. dim M = 2, M ⊂ R^2 with standard orientation.

**ÕłaË> 9-2**

#Ňlff"f_‹ ωŊ›H R^2 \Ą"f_‹ 1-formsffŞę sff\ę̌ ω := P dx + QdyŰÐ jþt Ãž eŤ„^«. fŤ̃]X̆ >ȷíSSŰ \Ą _‹K dω = ( ∂Q ∂x − ∂P ∂y )dx ∧ dy eŤ̌‘ę̌ ůúŸ Ãž eŤ„Şę ÕłfflQĂ—¨ R^2 \Ą"f_‹ Stokes &ñ̇offŊ›H ^«6čğõ̆ řúăsff şðĽ&şœ&Ŋ›HX< sffŊ›H Green &ñ̇offü< řúă6čğ‘ę̌ ůúŸÃž eŤ„^«. ∫ M (Q_x − P_y)dxdy = ∫ ∂M P dx + Qdy 3. dim M = 2, M ⊂ R^3 .

**ÕłaË> 9-3**

Ă–¨$- R^3 \Ą standard orientationÜĳŰÐ ÅÒŞę M_‹ orientation‘ę̌ normal vector_‹ Ć–¨ŒþŸ ÜĳŰÐ ÅÒ˘«.

ω`« 1-form{9˚ ffiâ̇Äž ω = P dx + Qdy + Rdz ~« £žĂ—¨ fŤ̃]X̆ >ȷíSSŰ\Ą _‹K dω = (R_y − Q_z)dy ∧ dz − (P_z − R_x)dx ∧ dz + (Q_x − P_y)dx ∧ dy sffŞę ›«~«"f R^3 \Ą"fŊ›H ^«6čğõ̆ řúăsff şðĽ&şİ)a^«. ∫ M (R_y − Q_z)dy ∧ dz − (P_z − R_x)dx ∧ dz + (Q_x − P_y)dx ∧ dy = ∫ ∂M P dx + Qdy + Rdz.

sffffiŕ̄‘ę̌ pff&h̃ìfirĘ<Æ ÕþŸ\Ą"f ŸÐŊ›H ŮÿĂłĲÜĳŰÐ ffi8 ˝«Ëĺffl9Ă—¨ ^«6čğõ̆ řúăsff ‚«Ă—¨ İ)a^«. ”dσ”\ę̌ M-ľĲ_‹ Riemannian volume formsff~« £ž˘«. ^«rff ťúŸK ô»Ç &ȟ p ∈ M\Ą"f (v_1, v_2)\ę̌ T_pM_‹ positive orthonormal basis~« £žŞę (ϵ_1, ϵ_2)\ę̌ sffffiŕ̄_‹ dual basis~« £ž%3„‘ę̌ M: ”dσ” := ϵ_1 ∧ϵ_2ŰÐ &ñ̇_‹ô»Ç^«. sff M: ν_‹ &ñ̇_‹Ŋ›H positive orthonormal basis_‹ Ć–¨ŒþŸ\Ą ÁžŻ’a‚«^«.(Exercise) {9˚ìøÍ&h̃ÜĳŰÐ #QŃ"¨ 2-form η = ady ∧ dz − bdx ∧ dz + cdx ∧ dy`« ÅÒ#QtffĂ—¨ &h̃{ľĲô»Ç f\Ą @/K η = f”dσ”ŰÐ jþt Ãž eŤ„Şę vector field G = (a, b, c)~« £žĂ—¨

f = η(v_1, v_2) = | | | | a b c v_1 v_2

| | | | = G · (v_1 × v_2) = G · N

ÜĳŰÐ şðrff¡+É Ãž eŤ„^«. #Ňlff"f N = v_1 × v_2ŞÉr M-ľĲ_‹ orientation\Ą _‹K ffi—˚&ñ̇İ)a unit normal vector field`« İ)a^«.

:čďyff sff dŤ̃\Ą"f N = (a_1, a_2, a_3)~« £žĂ—¨ G @/Šff̈ N‘ę̌ ˚«6ăx‚«#Ň ”dσ” = (N ·N)”dσ” = a_1dy ∧ dz − a_2dx ∧ dz + a_3dx ∧ dy`« İ)a^«. sff]j ω = P dx + Qdy + Rdz, vector field F = (P, Q, R)~« £žĂ—¨ dω = (Q_x − P_y)dx ∧ dy − (P_z − R_x)dx ∧ dz + (R_y − Q_z)dy ∧ dz := adx ∧ dy − bdx ∧ dz + cdy ∧ dz ~« £žĂ—¨ ∇ × F = (a, b, c)`« œ&ÙĳŰÐ 0A\Ą"f dω = (∇ × F ) · N”dσ” `« œ&Şę ∫ M dω = ∫ M (∇ × F ) · N”dσ” `« İ)a^«.

ô»Çĳ#¨ ∂M-ľĲ\Ą"f induced orientation ~¡ÓĘ¿ÓÜĳŰÐ unit tangent vector\ę̌ T ~« £žĂ—¨ sff ffiŕ̄_‹ dual ”ds”`« Riemannian orientation volume formsff œ&Şę ω = g”ds”~« £žĂ—¨ g = ω(T ) = F · T `« œ&#Q ∫ ∂M ω = ∫ ∂M (F · T )”ds” `« İ)a^«. ›«~«"f Stokes &ñ̇offŊ›H

^«6čğõ̆ řúăsff şðrff¡+É ÃžŢÿ eŤ„^«. ∫ M ∇ × F · Ndσ = ∫ ∂M F · T ds.

4. dim M = 3, M ⊂ R^3 .

**ÕłaË> 9-4** ω`« 2-form{9˚ ffiâ̇Äž ω = ady ∧ dz − bdx ∧ dz + cdx ∧ dy~« £žĂ—¨ dω = (a_x + b_y + c_z)dx ∧ dy ∧ dz `« İ)a^«. sff\ę̌ Stokes &ñ̇off\Ą @/{9˘‚«Ă—¨ ∫ M (a_x + b_y + c_z)dx ∧ dy ∧ dz = ∫ ∂M ady ∧ dz − bdx ∧ dz + cdx ∧ dy. 0A_‹ dŤ̃‘ę̌ vector notationÜĳŰÐ şðrff‚«˘«. 7čď F = (a, b, c)~« £žĂ—¨ ůúą\Ą"f ω = F · N”dσ”`« œ&Şę dω = (divF )dx ∧ dy ∧ dz`« œ&#Q Stokes &ñ̇offŊ›H ^«6čğõ̆ řúăsff şðĽ&şİ)a

^«.∫ M (divF )dxdydz = ∫ ∂M F · N”dσ” sffŊ›H ţ1ÏíSSŰ&ñ̇off(Gauss &ñ̇off)eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«.