4. Integration of a function on M.

sff ĄľĲ\Ą"fŊ›H manifold0A\Ą"f_‹ form_‹ &h̃ìfirœfirëSSŰsff ˇ«mff~« Ę<ÊÃž_‹ &h̃ìfir‘ę̌ ^«ÀÒlffŰÐ ô»Ç^«.

1. Volume element α and ∫ M fα Let α be a function given on M^n such that ∀p ∈ M, α(p) = |ω_p| for some ω_p ∈ Λ^n(T^∗_p M) where |ω_p|(X_1, · · ·, X_n) := |ω_p(X_1, · · ·X_n)|, X_i ∈ T_pM. Such a function α is called a volume element - a way of measuring n-dimensional volume(without sign).

α is smooth if it can be written locally as α = g|dx_1 ∧ · · · ∧ dx_n| for g ∈ C^∞, g ≥ 0. Let α be a smooth volume element on M.

M sff R^n {9˚ M: @/şð&h̃Şff̈ volume elementŰÐŊ›H |du_1 ∧ · · · ∧ du_n|sff eŤ„^«. ( R^n \Ą"fŊ›H ∫ R^n f|du1 ∧ · · · ∧ dun| := ∫ R^n fdu1 · · · dun ÜĳŰÐ &ñ̇_‹İ)a^«.)

< Change of variable formula. > Domain D ⊂ R^n -ľĲ\Ą"f diffeomorphism φ : D → φ(D)\Ą @/K ∫ D(f ∘ φ)|detφ_∗|dt_1 · · · dt_n = ∫ φ(D) fdu1 · · · dun (Ą—¨ÃžĄ—¨ĺ8Ł/BNdŤ̃) ⇒ ∫ D φ^∗(f|du_1 ∧ · · · ∧ du_n|) = ∫ φ(D) f|du_1 ∧ · · · ∧ du_n| (7čx"î̇) φ^∗|du_1 ∧ · · ·du_n|(X_1, · · ·X_n) = |du_1 ∧ · · ∧du_n|(φ_∗X_1, ··, φ_∗X_n) = |du_1 ∧ · · · ∧ du_n(φ_∗X_1, · · ·, φ_∗X_n)| = |φ^∗du_1 ∧ · · · ∧ φ^∗du_n(X_1, · · · , X_n)| = |dφ^∗u_1 ∧ · · · ∧ dφ^∗u_n(X_1, · · · , X_n)| = |d(u_1 ∘ φ) ∧ · · · ∧ d(u_n ∘ φ)(X_1, · · · , X_n)| = |detφ_∗ · dt_1 ∧ · · · ∧ dt_n(X_1, · · · , X_n)| = |detφ_∗||dt_1 ∧ · · · ∧ dt_n|(X_1, · · · , X_n) ∴ φ^∗|du_1 ∧ · · · ∧ du_n| = |detφ_∗||dt_1 ∧ · · · ∧ dt_n| □ For f with supp f ⊂ (U, x), let φ = x^{−1}, ~U = x(U). Then ∫ M fα := ∫ ~U φ^∗(fα) is well defined as before.

Note that if M is orientable and ω is a positive n-form, then ∫ M fω = ∫ M f|ω|. In general, for f with compact support on (M, α), choose a finite cover {U_1, · · · , U_k}

of supp f and a partition of unity subordinate to this cover and define ∫ M fα := k∑ i=1 ∫ M ρ_ifα.

This is well-defined as before independent of choice of a cover and a partition of unity.

2. Classical examples.

(1) n = 1 :

α = ds =length elementŊ›H α = |”ds”| ŰÐ &ñ̇_‹İ)a^«. (#Ňlff"f ”ds” Ŋ›H Riemannian oriented volume formsff^«.) i.e., ds(v_p) = |v_p|. ÕłfflQĂ—¨ a parametrization φ : [a, b] → M ⊂ R^n \Ą @/K ∫ M fds = ∫_b a f(φ(t)) ds dt dt = ∫ [a,b] φ^∗(fds) `« İ)a^«.

ẑť]jŰÐ φ^∗(fds) = (φ^∗f)(φ^∗ds)sffŞę φ^∗ds\ę̌ ¡ĺ‚«lff 0AK φ^∗ds = g|dt|~« £ž˘«. ÕłfflQ Ă—¨ φ^∗ds(^d_{dt} ) = g|dt|(^d_{dt} ) = g|dt(^d_{dt} )| = g|1| = g. ∴ φ^∗ds = φ^∗ds(^d_{dt} )|dt| = ds(φ_∗^d_{dt} )|dt| = ds(^{dφ}_{dt} )|dt| = |φ^′(t)||dt| ∴ φ^∗(fds) = (f ∘ φ)|φ^′(t)||dt| = (f ∘ φ)^{ds}_{dt} |dt|. (2) n = 2 :

α = dσ =area element=|”dσ”|, dσ(X_p, Y_p) = |”dσ”(X_p, Y_p)|= X_pü< Y_p`« sffÀÒŊ›H ĺî̇’§İ˚«Ą—¨+þA_‹ V,sff`« İ)a^«. ẑť]jŰÐ

Choose N = (a_1, a_2, a_3), a unit normal on M such that [(N, X, Y )] = [(X, Y, N)] giving the standard orientation of R^3 . Then

area of parallelogram (X, Y ) = volume of parallelepiped (N, X, Y ) (∵ |N| = 1) = |det(N, X, Y )| = |dx ∧ dy ∧ dz(N, X, Y )| = |i_N μ(X, Y )| (let dx ∧ dy ∧ dz = μ) = |i_N μ|(X, Y ) = |i_N (dx ∧ dy ∧ dz)|(X, Y ) = |i_N (dx) ∧ dy ∧ dz − dx ∧ i_N (dy) ∧ dz + dx ∧ dy ∧ i_N (dz)|(X, Y ) Since a_1 = dx(N), a_2 = dy(N), a_3 = dz(N), = | a_1dy ∧ dz − a_2dx ∧ dz + a_3dx ∧ dy |(X, Y ) ”dσ” = dσ(X, Y ) parametrizationsff ÅÒ#Q&Š„‘ę̌ M: ẑť]j Ă—¨&h̃ìfir‘ę̌ >ȷíSSŰK ŸÐ˘«. M\Ą @/ô»Ç parametrization ‘ę̌ φ : D(⊂ R^2 ) → M sff~« £žĂ—¨ ∫ M fdσ = ∫ D φ^∗(fdσ) = ∫ D (f ∘ φ)φ^∗(dσ) \Ą"f

φ^∗(dσ)\ę̌ ¡ĺ‚«lff 0AK sff\ę̌ f|du ∧ dv|~« £ž˘«. (φ^∗(dσ)Ŋ›H D\Ą"f_‹ measuresffÙĳŰÐ sffü< řúăsff Ñüt Ãž eŤ„^«. ) ÕłfflQĂ—¨ φ^∗(dσ)(^∂_{∂u} ,^∂_{∂v} ) = f sffŞę ›«~«"f φ^∗(dσ) = φ^∗(dσ)(^∂_{∂u} ,^∂_{∂v} )|du ∧ dv| = dσ(φ_∗^∂_{∂u} , φ_∗^∂_{∂v} )|du ∧ dv| = dσ(^{∂φ}_{∂u} ,^{∂φ}_{∂v} )|du ∧ dv| =area of (^{∂φ}_{∂u} ,^{∂φ}_{∂v} ) · |du ∧ dv| = |^{∂φ}_{∂u} ×^{∂φ}_{∂v} ||du ∧ dv| ∴ ∫ M fdσ = ∫ D (f ∘ φ)| ∂φ ∂u × ∂φ ∂v |du dv

3. Riemannian volume element.

Let g be a Riemannian metric and let {e_1, · · · , e_n} be an orthonormal basis at p ∈ M and {ϵ_1, · · · , ϵ_n} be its dual basis. The Rimannian volume element, dvol at p is given by |ϵ_1 ∧ · · · ∧ ϵ_n|. (ν = ϵ_1 ∧ · · · ∧ ϵ_n is called a oriented volume form if (e_1, · · · , e_n) is positive.)

Locally on (U, x), let g_{ij} = g(^∂_{∂xi} ,^∂_{∂xj} ) and G = (g_{ij} ). If we let^∂_{∂xj} = ∑_n i=1 a_{ij} e_i, then ϵ_i = ∑ j a_{ij} dx_j . ∴ ϵ_1 ∧ · · · ∧ ϵ_n = (det A)dx_1 ∧ · · · ∧ dx_n, where A = (a_{ij} ). ô»Çĳ#¨ g_{ij} = g(^∂_{∂xi} ,^∂_{∂xj} ) = g( ∑ k a_{ki}e_k, ∑ l a_{lj}e_l) = ∑ k,l a_{ki}a_{lj}δ_{kl} = ∑ k a_{ki}a_{kj} = ∑ k ta_{ik}a_{kj} ∴ G =^tAA and det G = (det A)^2(> 0). ∴ dvol = |ϵ_1 ∧ · · · ∧ ϵ_n| = |det A||dx_1 ∧ · · · ∧ dx_n| = √ det G|dx_1 ∧ · · · ∧ dx_n| Ud. M^{n−1} ⊂ R^n with induced Riemannian metric \Ą @/K Ă–¨$- Msff orientable{9˚ ffiâ̇ Äž, positive orthonormal frame e_2, · · · , e_nõ̆ unit normal N‘ę̌ (N, e_2, · · · , e_n)sff R^n _‹ positive orthonormal framesff œ&Ţÿ2§ď ÿúŽŊ›H^«. ÕłoffŞę e_1 = Nsff~« £žŞę {e_1, · · · , e_n}_‹ dual basis {ϵ_1, · · · , ϵ_n}\Ą @/K ν\ę̌ M_‹ Riemannian oriented volume formsff~« £ž ˘«. ÕłfflQĂ—¨ ν = ϵ_2 ∧ · · · ∧ ϵ_n = i_N (ϵ_1 ∧ · · · ∧ ϵ_n) sffŞę ( ∵ i_N (ϵ_1 ∧ · · · ∧ ϵ_n) = i_N (ϵ_1) ∧ ϵ_2 ∧ · · · ∧ ϵ_n − ϵ_1 ∧ i_N (ϵ_2) ∧ · · · ∧ ϵ_n + · · · \Ą"f ’Í̄Ę¡Ó‘ę̌ ]jü@ô»Ç ´«QtffŊ›H Ůÿ£ž 0sff İ)a^«.) ćÿô»Ç (^∂_{∂x1} , · · · ,^∂_{∂xn} )Ţÿ R^n _‹ orthonormal basissff ÙĳŰÐ ϵ_1 ∧ · · · ∧ ϵ_n = dx_1 ∧ · · · ∧ dx_neŤ̌‘ę̌ ůúŸ Ãž eŤ„^«. ›«~«"f ν = ϵ_2 ∧ · · · ∧ ϵ_n = i_N (ϵ_1 ∧ · · · ∧ ϵ_n) = i_N (dx_1 ∧ · · · ∧ dx_n).

∴ |ν| = | ∑ (−1)^{i−1}a_idx_1 ∧ · · · ∧^∧dx_i ∧ · · · ∧ dx_n| for N = (a_1, · · · , a_n) Msff orientablesff ˇ«Ŋff̈ ffiâ̇Äž ůúą_‹ orientable_‹ ffiâ̇Äž\ę̌ locally(in fact pointwise) &h̃ 6ăx‚«Ă—¨ |ν|Ŋ›H orientation\Ą Ż’a>ȷ\Oflsff ÿúŸ &ñ̇_‹İ)a^«.

Ud. M = S^{n−1}_r (0) = sphere of radius r Şff̈ ffiâ̇Äž N =^1_r (x_1, · · · , x_n)sffŞę ›«~«"f ¡ĺ_‹ Riemannian volume formŞÉr ^«6čğõ̆ řúă^«. ν =^1_r ∑ (−1)^{i−1}x_idx_i ∧ · · · ∧^∧dx_i ∧ · · · ∧ dx_n. R^n \Ą"f Œ̋æŕź‚«>ı æĳsffŊ›H ćÿ^«ŔÉr formÜĳŰÐŊ›H solid angle form ”dθ”`« eŤ„^«. (:§x-ľĲ&h̃ ÜĳŰÐ dθŰÐ æĳ´« R^n \{0}-ľĲ\Ą"f exact formŞÉr ˇ«mff^«.) dθ := 1 r^{n−1} ν = 1 r^{n−1} ∑ (−1)^{i−1}x_idx_1 ∧ · · · ∧^∧dx_i ∧ · · · ∧ dx_n Exercise. dθ `« closedeŤ̌‘ę̌ ŸÐ#Ň~«.

Exercise.(See. ^Ť̌<ł̧7áx,îflr6§ďffiâ̇, ”pffìfir^«ĂłĲ^ĽŔ:r {9˘ëH”)

1. (1) Let μ be an m-form on M^m and ν be an n-form on N^n. Let ”μ ∧ ν” = π^∗_1 μ ∧ π^∗_2ν where π_i is the canonical projection of M × N onto M or N. Then ∫ M×N f(x, y)μ ∧ ν = ∫ M ( ∫ N f(x, y)ν)μ. (2) For f ∈ C^∞_c (R^n ), ∫ R^n fdx_1 ∧ · · · ∧ dx_n = ∫ S^{n−1} ( ∫_∞ 0 f(r, θ)r^{n−1}dr)dθ 2. Volume of B^n and S^n:

vol(S^{n−1})=

2π^n2 Γ(^n_2 ) where Γ(s) = ∫_∞ 0 e^{−t}t^{s−1}dt and vol(B^n ) = 1 n vol(S^{n−1}) .

(proof of 2) ∫ R^n e^{−r2} = ( ∫ R e^{−x2} dx)^n = ( √ π)^n \Ą"f

0A dŤ̃_‹ ýaĄ—¨‘ę̌ F̀G+þAdŤ̃ÜĳŰÐ şðĽ&ş‚«Ă—¨ ∫ S^{n−1} ∫_∞ 0 e^{−r2} r^{n−1}drdθ =vol(S^{n−1}) ∫_∞ 0 e^{−r2} r^{n−1}dr =vol(S^{n−1}) ∫_∞ 0 e^{−t}t^{n2 −1} 1 2 dt (Let r^2 = t then 2rdr = dt)

=vol(S^{n−1}) 1 2 Γ( n 2 ) ∴ ( √ π)^n =vol(S^{n−1}) 1 2 Γ( n 2 ). vol(B^n ) = 1 n vol(S^{n−1}) Ŋ›H Stokes &ñ̇off\ę̌ æĳĂ—¨ ŸÐ{9˚ Ãž eŤ„^«.