Base point change

For x_0, x_1 ∈ X, compare π_1(X, x_0) with π_1(X, x_1). Choose a path ρ from x_0 to x_1 and define ϕ_ρ : π_1(X, x_0) → π_1(X, x_1) by {α} → {ρ^{−1} ∗ α ∗ ρ}. Then ϕ_ρ is an isomorphism. ÐÚò»-É (1) ϕ_ρ‹" homomorphismı$ÄÏÚê _fı$ȷ" : ϕ_ρ{α ∗ β} = {ρ^{−1} ∗ α ∗ β ∗ ρ} = {ρ^{−1} ∗ α ∗ ρ ∗ ρ^{−1} ∗ β ∗ ρ} = {ρ^{−1} ∗ α ∗ ρ}{ρ^{−1} ∗ β ∗ ρ} = ϕ_ρ{α}ϕ_ρ{β}. (2) Define ϕ_ρ−1 for ρ^{−1} similarly and show ϕ_ρ−1 = (ϕ_ρ)^{−1} : (ϕ_ρ−1 ∘ ϕ_ρ){α} = ϕ_ρ−1 {ρ^{−1} ∗ α ∗ ρ} = {ρ ∗ ρ^{−1} ∗ α ∗ ρ ∗ ρ^{−1}} = {α}. ı*‹$) ρ ∗ ρ^{−1} ∼ e ∼ ρ^{−1} ∗ ρ ı$ÄÏÚê "ÏÕò!"ı-È”". Similarly ϕ_ρ ∘ ϕ_ρ−1 = id.

Remark. If X is path connected, then we denote its fundamental group simply by π_1(X) if the choice of base point is not important.

»%żı$£ path ρ‹" |-ı)ȷ$»/ż U[9L „"«" isomorphism ϕ_ρ ‹" ı,¿ı)ȷ’ż”". ı$ CG ]f”"ÉÚç path σ‹" |-ı)ȷ$ÁÆç ‹-ÉĎĹ ı$9L „"ÉÚç ϕ_ρ Űđ ϕ_σ Űđě j~Ñ2MÉÚê "£(*_fȷ". ».żȷ) ρ ≃ σ ı’ż ‹-ÉĎĹ ϕ_ρ = ϕ_σ ı$”". ρ ≁ σı’ż ‹-ÉĎĹÁÆç ı)01Ï2L m}Ô›"? ÍÖä:L 5. ϕ_ρ π_1(X, x_0) → π_1(X, x_1) ϕ_σ ↘ ↑ μ π_1(X, x_1) 9L) μ = ϕ_ρ ∘ ϕ_σ−1 im x-»/ż ı$ÁÆç isomorphism ı$ Ŕ$UW, ı$‹.ÇÏÚç ı)03ż loop9L ě!~Ñ conjugation (an inner automorphism of π(X, x_1))ı$ m}ØÏÚê _fı*«".