Contractible space and Brouwer fixed point

Ça‹Ÿ+ 1 A space X is contractible to x_0 ∈ X if id_X ≃ c, where c : X → {x_0} ⊂ Xis a constant map.

Remark contractible ⇒ path connected.

Ud 1. R^n is contractible.

F(x)=tx ŰÐ ÅÒĂ—¨ sffŊ›H id ü< 0 çSSŰ\Ą homotopy \ę̌ ïfir^«. 2. D^n is contractible. %ĩrff F(x)=tx ŰÐ ÅÒĂ—¨ İ)a^«. 3. Any space which is homeomorphic to D^n. 4. A ”tree” is contractible.(ÕłaË>) 5. S^1 is not contractible.

�äťVĄ 6. X∼=Y and X is contractible ⇒ Y is also contractible.

Can you show that S^1 is not contractible.(π_1‘ę̌ æĳtff ůúğŞę fŤ̃]X̆&h̃ÜĳŰÐ ŸÐ{9˚ Ãž eŤ„´«?)

Remark.

1. X is contractible to x_0 ∈ X ⇒ X is contractible to any other point of X : X`« contractible to x_0 sffĂ—¨ path connected sffÙĳŰÐ ∀ x_1 ∈ \Ą @/K x_0, x_1 ˚« sff\Ą path ρ`« Ť>rFô»Ç^«. F \ę̌ id_X ü< c_{x0} çSSŰ_‹ homotopy~« ¡+É M: ˇ«Aü< řúă sff &ñ̇_‹İ)a HŊ›H id_X ü< c_{x0} ˚«sff\Ą "éű‚«Ŋ›H homotopy\ę̌ ïfir^«.

H(x, t) = { F (x, 2t) 0 ≤ t ≤^1_2 ρ(2t − 1)^1_2 ≤ t ≤ 1.

2. X is contractible ⇔ X ≃ {point} : (⇒ 7čx"î̇) {x_0} → X → {x_0}\Ą"f i c_{x0} c_{x0} ∘i = id_{x0} sffŞę X `« contractible sffÙĳŰÐ i∘c_{x0} ≃ id_X sff^«. ›«~«"f X ≃ {x_0} sff^«.

(⇐ 7čx"î̇) X ≃ {x_0} sffÙĳŰÐ homotopy equivalence f: X → {x_0}, g : {x_0} → X `« Ť>rFô»Ç^«. sff M: fŊ›H constant map c_{x0} `« œ&Şę ›«~«"f g ∘ f %ĩrff constant mapsff İ)a^«. Õł-–¨X< g ∘ f ≃ id_X sffÙĳŰÐ X Ŋ›H contractible‚«^«.

Ça‹hff 1 X is contrantible ⇒ π_1(X) = 0.

ďßÃZ‹ X ≃ {x_0} sffÙĳŰÐ π_1(X) ∼= π_1({point}) = 0.

Fact. π_1(S^1) ∼= Z.

›«~«"f S^1 ŞÉr contractible‚«tff ůúğ^«. R^2\{0} %ĩrff ¨«ðøÍ`«tffsff^«.

Ça‹hff 2 (Brouwer fixed point theorem) Let f : D^2 → D^2 be a map. Then f has a fixed point, i.e., ∃x ∈ D^2 such that f(x)=x.

ďßÃZ‹ Suppose not. Then x ≠ f(x), ∀x ∈ D^2. Define a function g : D^2 → ∂D^2 as follows :

Let g(x) be the point of intersection of the half line from f(x) to x with ∂D^2. i.e., g(x) = f(x) + t(x − f(x)) where t is the unique solution of ‖f(x) + t(x − f(x))‖ = 1. Then g is continuous and g is id on ∂D^2 = S^1 i.e., i g S^1 → D^2 → S^1 and g ∘ i = id sffÙĳŰÐ @/6čx‚«Ŋ›H fundamental group[þt‘ę̌ Òqt yŇŢK ŸÐĂ—¨,

i_♯ g_♯ π_1(S^1, 1) → π_1(D^2, 1) → π_1(S^1, 1)

Z 0 Z

sff œ&Şę sffŊ›H funtorial property\Ą _‹K ŮÿíHsff^«. 7čď 0 = g_♯ ∘ i_♯ = (g ∘ i)_♯ = id_♯ = id : Z → Z sffÙĳŰÐ sffŊ›H ŮÿíHsff İ)a^«.