Definition of Fundamental Group

ȷ,Éě 1 Ω(X, x_0) := {α : I → X | α(0) = α(1) = x_0} : loop space of X based at x_0.

Define ∼ on Ω = Ω(X, x_0) : α ∼ β ⇔ α ≃ β relative to x_0, i.e., ∃ F : I × I → X such that

1. F(t,0) = α(t), ∀t ∈ I. 2. F(t,1) = β(t), ∀t ∈ I.

3. F(0,s) = x_0 = F (1, s), ∀s ∈ I.

In general for f and g : X→ Y, f is homotophic to g, denoted by f ≃g, if ∃ a map F : X ×I → Y such that

1. F(x, 0)=f(x), ∀x ∈ X. 2. F(x, 1)=g(x), ∀x ∈ X.

Note. ∼ is an equivalence relation. (reflexive) α ∼ α (symmetric) α ∼ β ⇒ β ∼ α :

α ∼ βÉÚê |-ÁÆç homotopy F9L 4@?@ G(t,s)=F(t,1-s)im |-»/ż ı$ÁÆç β ∼ α ÉÚê »%żÐÔä !"ÁÆç homotopy‹" m-Ñ”".

(transitive) α ∼ β, β ∼ γ ⇒ α ∼ γ :

F: homotopy between α and β, G: homotopy between β and γ «" !"ȷ". ı$ CG, HÉÚê

H(t, s) = { F (t, 2s) 0 ≤ s ≤^1_2 G(t, 2s − 1)^1_2 ≤ s ≤ 1 im x-»/ż H ÁÆç α Űđ γ "ı$ě homotopy‹" m-Ñ”".

Introduce a group structure on Ω/ ∼.

x- 2@ě loop ]fÁÆç ı$£–%żȷ,ÿchim x- 2@ě path α, β9L 4@?@) product path α ∗ βÉÚê

α ∗ β(t) = { α(2t), 0 ≤ t ≤^1_2 β(2t − 1),^1_2 ≤ t ≤ 1 im ȷ,Éě!"ȷ". U[&)»/ż (a) ∗ defines a multiplication on Ω/ ∼, i.e., {α}{β} = {α ∗ β} : ı$ ĳ¿ðı$ Ω/ ∼ 9L) ȷ"£ ȷ,Éě‹" m-Ñ”"ÁÆç ‹.ÇÏÚê _fı$ȷ". Show α_1 ∼ α_2, β_1 ∼ β_2 ⇒ α_1 ∗ β_1 ∼ α_2 ∗ β_2: FÉÚê α_1, α_2ě homotopy, GÉÚê β_1, β_2 ě homotopyim x-»/ż

H(t, s) = { F (2t, s), 0 ≤ t ≤^1_2 G(2t − 1, s),^1_2 ≤ t ≤ 1 ‹" α_1 ∗ β_1, α_2 ∗ β_2 "ı$ě homotopy ÉÚê ÐØ”". ∴ {α}{β} = {α ∗ β} is well defined on Ω/ ∼. (b) Associativity, i.e., (α ∗ β) ∗ γ ∼ α ∗ (β ∗ γ) :

(α ∗ β) ∗ γ Űđ α ∗ (β ∗ γ) ÁÆç "$£"É ‹"ÍÏÚç path ě reparametrizationı$^him ”"ÏÚï Note»%ż _fı$»/ż m-Ñ”".

Note. In general, if β(t) = α(ϕ(t)) where ϕ : I → I with ϕ(0) = 0 and ϕ(1) = 1, is a reparametrization, then α ∼ β. (ÐÚò»-É) F(t,s) : = α(sϕ(t) + (1 − s)t) ÁÆç ı/żÍÔäı$UW F (t, 0) = α(t), F (t, 1) = α(ϕ(t)) = β(t) "ı$9L ŠŮÑ!"ÁÆç homotopyÉÚê ÐØ”".

(c) Existence of an identity e: I → {x_0} ⊂ X. (a constant loop.) α ∗ e ÁÆç αě reparametrizationı$^him ť$ě Note9L „"«" α ∗ e ∼ α ∼ e ∗ α.

(d)Existence of an inverse.

Given α ∈ Ω, define α(t) := α(1 − t). Then α ∗ α ∼ e ∼ α ∗ α. F : I × I → X ÉÚê ”"ÏÚïŇđ ‹"Íı$ ȷ,Éě!"ȷ".

F (t, u) = α(2t), 0 ≤ u ≤ 1 − 2t. α(2t − 1), u ≤ 2t − 1. α(1 − u) = α(u), u ≥ |1 − 2t|.

U[&)»/ż FÁÆç ı/żÍÔäı$UW α∗αŰđ e "ı$9L homotopyÉÚê ÐØ”". ‹"ÍÏÚç –"É–,Åchim α∗α ∼ e \f ı-ÿ$ _fı$£ {- ı$È”".

ȷ,Éě 2 (The fundamental group.)

π_1(X, x_0) := Ω(X, x_0)/ ∼ÏÚê Xě fundamental group (based at x_0)«"UW ĆĹÉÚç”".