Homotopy invariance(general version)

ȷ,É«$ 1 If f ≃ g : X → Y , then the following diagram f_♯ π_1(X, x_0) → π_1(Y, f(x_0)) g_♯ ↘ ↓ ϕ_ρ commutes, π_1(Y, g(x_0)) where ρ(t) := F (x_0, t) and F is a homotopy between f and g.

ÐÚò»-É ϕ_ρ ∘ f_♯ = g_♯ ı$ÄÏÚê _fı$ȷ".

ÐÚä, ρ^{−1} ∗ (f ∘ α) ∗ ρ ∼ g ∘ α ÉÚê |-ÁÆç homotopy ÉÚê fi|Ých»/ż m-Ñ”".

**U[«$Ä 1,2**

t-ÑÑÔä U[«$Ä9L) boundary condition ÏÚê »%żÐÔä!"ÁÆç homotopy »%ż fi|Ých»/ż Ŕ$^him ».ż ȷ) U[«$Ä 1ě boundaryÉÚê U[«$Ä 2ě boundary9L »"Ê2L shrink$fl’ż Ł boundary" ı$ě mapÏÚê extend$fl$»/ż m-Ñ”". ÐÚä ŠŮÑ!"ÁÆç homotopy ě ÐÔç:@,ÉÏÚç ı$£–%żȷ,ÿchim map ϕ : ∂D^2 → ∂D^2 ÉÚê ϕ : D^2 → D^2im extend$fl$£ {- ı$È”"ÁÆç "$£imĆĹ’) ÐÚò»-É m-Ñ”". (9MÉÚê ÇÚêı) radial extensionı$ ı$È”".) „"«") α × id F I × I → X × I → Y 9L 4@?@ F ∘ (α × id) ∘ ϕ ‹" ŠŮÑ!"ÁÆç homotopyÉÚê ÐØ”".

ȷ,É«$ 2 X,Y are path connected. X≃Y ⇒ π_1(X) ∼= π_1(Y ). More precisely, if f : X → Y is a homotopy equivalence, then f_♯ : π_1(X, x_0) → π_1(Y, f(x_0)) is an isomorphism.

ÐÚò»-É Let g be a homotopy inverse of f : X → Y , i.e., g∘f ≃ id_X and f ∘g ≃ id_Y .

**U[«$Ä** id_X ≃ g ∘ f "ı$ě homotopy ÇÔòı%żě x_0ě pathÉÚê ρ «" x-ȷ".

U[&)»/ż ı"Îě ȷ,É«$9L ě?@ ”"ÏÚï diagram, (g ∘ f)_♯ π_1(X, x_0) → π_1(X, (g ∘ f)(x_0)) id_♯ ↘ ↑ ϕ_ρ π_1(X, x_0)

ı$ commute!"^him ϕ_ρ ∘ id_♯ = (g ∘ f)_♯ : π_1(X, x_0) → π_1(X, (g ∘ f)(x_0)). „" «") ϕ_ρ = g_♯ ∘ f_♯ ı$UW ϕ_ρÁÆç isomorphism ÐÚä onto ı$^him g_♯ : π_1(Y, f(x_0)) → π_1(X, (g ∘ f)(x_0)) ı-ÿ$ onto ı$”". (ı*‹$) f_♯ : π_1(X, x_0) → π_1(Y, f(x_0)).) ı$–.ż9LÁÆç g ∘ f 4@’ż9L f ∘ g 9L 4@!"ı* »"fi~Ñ‹"ȷ$im !"»/ż ϕ_σ = f_♯ ∘ g_♯ ı-ÿ$ isomorphism ÐÚä 1-1 ı$^him g_♯ : π_1(Y, f(x_0) → π_1(X, (g ∘ f)(x_0))ÏÚç 1-1ı$ m-Ñ”". (ı*‹$)ě f_♯ÏÚç f_♯ : π_1(X, g ∘ f(x_0)) → π_1(Y, f(g ∘ f(x_0)))ı$ Ŕ$ı) ť$ ÊØ”%ż ě f_♯ŇđÁÆç ”"io”".) „"«") g_♯ ÏÚç isomorphismı$ m-Ñ”". „"«") ť$ ÊØ”%ż9L)ě f_♯ : π_1(X, x_0) → π_1(Y, f(x_0)) ÏÚç isomorphism ı$ m-Ñ”".