Product and topological group

Ça‹hœ 1 If X and Y are path connected, then π_1(X × Y, (x_0, y_0)) ∼= π_1(X, x_0) × π_1(Y, y_0).

ďßÃZ‹ Define ϕ : π_1(X × Y, (x_0, y_0)) → π_1(X, x_0) × π_1(Y, y_0) , {α} → ({p_1 ∘ α}, {p_2 ∘ α}) where p_1, p_2 are projections to X and Y respectively.

{9˚ìøÍ&h̃ÜĳŰÐ £ž homomorphism ϕ_1 : G → H_1, ϕ_2 : G → H_2 \Ą @/K ϕ(g) = (ϕ_1(g), ϕ_2(g)) : G → H_1 × H_2 %ĩrff homomorphismsff œ&ÙĳŰÐ 0A\Ą"f_‹ ϕ Ŋ›H homomorphismsff İ)a^«. sff]j ϕ_‹ %ĩĘ<ÊÃž\ę̌ ź1Ôlff 0AK ˇ«Aü< řúăsff ψ\ę̌ &ñ̇_‹ ‚«˘«.

ψ : π_1(X, x_0) × π_1(Y, y_0) → π_1(X × Y, (x_0, y_0)) ({β}, {γ}) → {δ} ,where δ(t) = (β(t), γ(t)) sff ψŊ›H ϕ _‹ %ĩĘ<ÊÃž`« œ&Şę sff]j ψ `« ÿúŸ &ñ̇_‹œ&%3„Ŋ›HtffëSSŰ űúŸ(RŸÐĂ—¨ İ)a^«. F : β ∼ β^′ , G : γ ∼ γ^′ {9˚ M: H(t, s) = (F (t, s), G(t, s)) ŰÐ ÅÒĂ—¨ sffŊ›H δ ü< δ^′ ˚«sff_‹ homotopy\ę̌ ÅÒÙĳŰÐ ψ `« ÿúŸ &ñ̇_‹œ&%3„6čğ‘ę̌ ůúŸ Ãž eŤ„^«.

Ud 3. Topological group

Ça‹hœ 2 G : a path connected topological group with identity e ⇒ π_1(G, e) is abelian. ďßÃZ‹ {α}, {β} ∈ π_1(G, e) \Ą @/K {α}{β} = {β}{α} eŤ̌‘ę̌ ŸÐsfflff 0AK {α}{β}{α}^{−1}{β}^{−1} = 1 eŤ̌‘ę̌ ŸÐsff˘«. {α}{β}{α}^{−1}{β}^{−1} = {α ∗ β ∗ α ∗ β} ≃ 1 ‘ę̌ ŸÐsfflff 0AK α ∗ β ∗ α ∗ β \ę̌ ^« 6čğõ̆ řúăsff ŸÐ˘«. **ÕłaË> 1,2** ÕłaË> 2\Ą"f Ă–¨$- ŸÐĂ—¨, F : I^2 → G given by F(t,s)=α(t)β(s) Ŋ›H group G îSSŰ\Ą Y–Lsff &ñ̇_‹œ&ÙĳŰÐ I^2-ľĲ \Ą"f Čȷ̈5ÅqĘ<ÊÃžŰÐ ÿúŸ &ñ̇_‹œ&Şę I^2_‹ boundaryŊ›H ˚«ẑť-ľĲ α ∗ β ∗ α ∗ β\ę̌ ïfir^«. 7čď ÕłaË> 1_‹ boundary\Ą"f ÕłaË> 2_‹ boundaryŰÐ e[þt‘ę̌ ô»Ç &ȟÜĳŰÐ ŸÐ?/Ŋ›H Čȷ̈ 5ÅqĘ<ÊÃž`« eŤ„Şę, sffffiŕ̄ŞÉr ůúą #ŇfflQ /BM\Ą"f Ś:r ffiŕ̄řúăsff I^2_‹ ?/ÂÒŰÐŢÿ extendİ)a ^«(\VĘ̄¨X< radial extension). ćÿ ^«ØÔ>ı ŸÐŊ›H ~¡ÓZŎŞÉr {α}{β}{α}^{−1}{β}^{−1} = F_♯({∂I^2}) = F_♯(1) = 1. Ecercise. 0A 7čx"î̇_‹ ¨«tff}ŇŢ õ̆&ñ̇\Ą"f ŸÐ^« {9˚ìøÍ&h̃ÜĳŰÐ ^«6čğ‘ę̌ sff6ăxK"f 7čx "î̇KŢÿ İ)a^«.

{α} ∈ π_1(X, x_0), α : S^1 = ∂D^2 → X \Ą @/K {α} = 1 if and only if α can be extended to D^2