Applications

Fundamental theorem of algebra :

f(z) = z^n + a_{n−1}z^{n−1} + · · · + a_1z + a_0 = 0 has at least one zero.(z, a_i ∈ C)

ďßÃZ‹ Ă–¨$- |a_{n−1}| + |a_{n−2}| + · · · + |a_0| < 1 sff~«Şę `«&ñ̇KŢÿ a%~^«. —=´»‚«Ă—¨, z = λx(λ > 0) ÜĳŰÐ Zȷ~Şę f(z) \ę̌ λ^nÜĳŰÐ ´«¿žĂ—¨ x^n +^{an−1}_λ x^{n−1} + · · · +^{a1}_{λn−1} x +^{a0}_{λn} = 0 sff œ&ÙĳŰÐ, |^{an−1}_λ | + · · · + |^{a0}_{λn} | < 1 ‘ę̌ ëSSŰ7áď‚«Ŋ›H ¯›H λ \ę̌ ÿúŽÜĳĂ—¨ İ)a^«.

sff]j f(z)`« ˘»H‘ę̌ `«tfftff ůúğŊ›H^«Şę `«&ñ̇‚«˘«. ÕłfflQĂ—¨ f : C → C \ {0} sffŞę, k(z) = z^n : S^1 → S^1 \Ą @/K f|_S1 ≃ k : S^1(⊂ C) → C \ {0} eŤ̌‘ę̌ ŸÐsff˘«. Define F (z, t) = z^n + t(a_{n−1}z^{n−1} + · · · + a_0), 0 ≤ t ≤ 1. Ă–¨$- F `« C \ {0} ÜĳŰÐ `«Ŋ›Htff\ę̌ ŸÐsff˘«. 0 ≤ t ≤ 1 , |z| = 1 sffŞę 0A\Ą"f |a_{n−1}| + |a_{n−2}| + · · · + |a_0| < 1eŤ̌‘ę̌ `«&ñ̇‚«%i„ÜĳÙĳŰÐ |F (z, t)| ≥ |z|^n − t | a_{n−1}z^{n−1} + · · ·a_0 | ≥ |z|^n − t( |a_{n−1}z^{n−1}| + · · · + |a_0| ) = 1 − t(|a_{n−1}| + |a_{n−2}| + · · ·|a_0|) > 0 sffŞę, sffŊ›H f|_S1 ü< k çSSŰ\Ą homotopy\ę̌ ïfir^«.

sff]j ^«6čğ diagram ‘ę̌ űúŸ(RŸÐĂ—¨, f p S^1 → C → C \ {0} → S^1 where p : z →^z_{|z|} .

S^1\Ą"f C \ {0} ÜĳŰÐ `«Ŋ›H map f|_S1 ü< k \Ą @/K f|_S1 ≃ k sffŞę, p ∘ k = k sffÙĳŰÐ p ∘ f|_S1 = g ~«Şę Zȷ~ĂŇď‘ę̌ M: g = p ∘ f|_S1 ≃ p ∘ k = k sff^«. ›«~«"f g_♯ = k_♯ : π_1(S^1) → π_1(S^1) Şff̈X<, fŊ›H D^2ŰÐ extend œ&ÙĳŰÐ g %ĩrff ¨«ðøÍ`«tffsff ^«. 7čď g_♯ = 0 Şff̈X< ìøÍK k_♯ : Z → Z Ŋ›H nC KÅÒŊ›H homomorphismsff#Q"f sff Ŋ›H ŮÿíHsff İ)a^«.

Ça‹hœ 1 (Existence of ”�´�´”) Let f : D^2 → R^2 be a non-vanishing continuous vector field. Then ∃ a point of S^1 where f is directly inward, i.e., f(x) · x < 0.(Similarly ∃ a point of S^1 where f is directly outward, i.e., f(x) · x > 0)

ďßÃZ‹ inward point`« \Ofl^«Şę `«&ñ̇‚«˘«. 7čď f(x) · x ≥ 0, ∀x ∈ S^1 sff~«Şę ¡+É M: Define F (x, t) : S^1 × I → R^2 \ {0} by F (x, t) = tf(x) + (1 − t)x. (1) F `« ÿúŸ &ñ̇_‹œ&%3„6čğ‘ę̌ ŸÐsff˘«. 7čď, F`« 0sff œ&tff ůúğ6čğ‘ę̌ ŸÐsff˘«.

ëSSŰ{9˚ tf(x) + (1 − t)x = 0sff~«Ă—¨, | tf(x) + (1 − t)x|^2 = t^2|f(x)|^2 + 2tx(1 − t)f(x) + (t − 1)^2|x|^2 = 0 ‘ę̌ ëSSŰ7áď‚«Şę, #Ňlff"f yŇŢ Ę¡Ósff Ůÿ£ž 0ŸÐ^« SSĳfi–´« řúăÜĳÙĳŰÐ Ůÿ£ž 0sff œ&#Qˇ»ô»Ç ^«. |x| = 1sffÙĳŰÐ t = 1sffŞę, ›«~«"f f(x) = 0 sffÙĳŰÐ sffŊ›H f`« non-vanishing sff~«Ŋ›HX<\Ą ŮÿíHsff^«. ÕłoffŞę F (x, 0) = x, F (x, 1) = f(x) sffÙĳŰÐ F Ŋ›H xü< f(x) ˚«sff_‹ homotopy\ę̌ ïfir^«.

(2) F p

S^1 × I → R^2 \ {0} → S^1

sffÙĳŰÐ p ∘ inclusion = id ≃ p ∘ f : S^1 → S^1 sff^«. ‚«tffëSSŰ fŊ›H "éűA D^2ŰÐ extensionsff `«0px‚«ÙĳŰÐ p ∘ f %ĩrff `«0px‚«Şę ›«~«"f (p ∘ f)_♯ = 0 sff^«. 7čď id = 0 : Z → ZsffÙĳŰÐ sffŊ›H ŮÿíHsff^«.

”outward point”_‹ ffiâ̇Äž\ĄŊ›H f@/Šff̈ −f\ę̌ æĳĂ—¨ İ)a^«.

Ça‹hœ 2 ∄ non-vanishing continuous vector field on S^2.

ďßÃZ‹ Ă–¨$- nonvanishing vector field`« S^20A\Ą Ť>rFô»Ç^«Şę `«&ñ̇‚«˘«. S^2-ľĲ _‹ ůąďF̀G N\Ą"f_‹ vector v\ę̌ ÒqtyŇŢ‚«Ă—¨ Čȷ̈5Åqsff~«Ŋ›H Żÿ|¯¨\Ą"f vü< fi–_‹ řúăŞÉr vector\ę̌ `«tffŊ›H N_‹ &h̃{ľĲô»Ç ˘»H~¡Ósff Ť>rFô»Ç^«.

sff]j S^2\ę̌ R^2ŰÐ stereographic projection‘ę̌ ô»Ç^«. ÕłfflQĂ—¨ D^2-ľĲ_‹ nonvanishing vector field\ę̌ %3˝Ŋ›HX< sffffiŕ̄‘ę̌ ˘«lff˘«Šff̈_‹ ÛťsffŰÐ ´«¿ž#Q %3˝#QtffŊ›H unit vector field\ę̌ f~« £žĂ—¨ ^«6čğ ÕłaË>\Ą"f fŊ›H z\ę̌ z^2 ÜĳŰÐ ŸÐ?/Ŋ›H mapõ̆ homotopicĘ<Ê‘ę̌ ůúŸ Ãž eŤ„Şę, ›«~«"f f_♯ŞÉr ×2ŰÐ ÅÒ#QtffŊ›H mapsff^«. ‚«tffëSSŰ fŊ›H f|_S1 : S^1 → S^1\Ą"f D^2 ŰÐ SXĽĄľĲœ&ÙĳŰÐ f_♯ = 0 sffŞę, sffŊ›H ŮÿíHsff^«.

**ÕłaË>3**