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THE COLORED JONES FUNCTION IS ¢-HOLONOMIC

STAVROS GAROUFALIDIS AND THANG TQ LE

ABSTRACT. A function of several variables is called holonomic if it satisfies a maximally overdetermined
system of linear differential equations with polynomial coefficients. Zeilberger was the first to notice that the
abstract notion of holonomicity can be applied to verify, in a systematic and computerized way, combinatorial
identities among special functions. Using a general state sum definition of the colored Jones function of a
link in 3-space, we prove from first principles that the colored Jones function is a multisum of g-proper-
hypergeometric function, and thus it is g-holonomic. We demonstrate our results by computer calculations.
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1. INTRODUCTION

1.1. Zeilberger meets Jones. The colored Jones function of a knot K in 3-space Jx : N — Z[¢F'/4] is

a sequence of Laurent polynomials that essentially measures the Jones polynomial of a knot and its cables.
This is a powerful but not well understood invariant of knots. As an example, the colored Jones function of
the right-hand trefoil is given by

—n n—1
T _M —kn({ _ g~ (] = gt~ 11— gk—n
k() == gt —g M@ —g" ) (1= gE ).
k=0

Here Jic(n) denotes the Jones polynomial of K colored by the n-dimensional irreducible representation of
sla. Only few knots have such a simple formula. However, as we shall see all knots have a multisum formula.
Another way to look at the colored Jones function of the trefoil is via the following 3-term recursion formula:

n—1 4—4n —n 1-2n 4—4n 3—2n
q +q —q

—q
Jic(n) = q1/2(q"_1 mpER Je(n—1)+

with initial conditions: Jic(0) =0, Jk(1)=1.

In this paper we prove that the colored Jones function of any knot satisfies a nontrivial difference recursion
relation. For a few knots this was obtained by Gelca and his colleagues [Gé, [GS]. (In [Gd] a more complicated
5-term recursion formula for the trefoil was established).

Discrete functions that satisfy a nontrivial difference recursion relation are known by another name: they
are g-holonomic.

Holonomic functions were introduced by I.N. Bernstein [BIl, [B2] and M. Saito (the latter coined the term
holonomic, that is a function which is entirely determined by the law of its differential equation, together
with finitely many initial conditions). Bernstein used holonomic functions to prove a conjecture of Gelfand
on the analytic continuation of operators. Holonomicity and the related notion of D-modules are a tool in
studying linear differential equations from the point of view of algebra (differential Galois theory), algebraic
geometry, and category theory. For an excellent introduction on holonomic functions and their properties,
see [Bo] and [Coul.

Our holonomic approach to the colored Jones function owes greatly to Zeilberger’s work. Zeilberger
noticed that the abstract notion of holonomicity can be applied to verify, in a systematic and computerized
way, combinatorial identities among special functions, [Z] and also [WZ, [PWZ].

A starting point for Zeilberger, the so-called operator approach, is to replace functions by the recursion
relations that they satisfy. This idea leads in a natural way to noncommutative algebras of operators that
act on a function, together with left ideals of annihilating operators.

To explain this idea concretely, consider the operators E and @) which act on a discrete function (that is,
a function of a discrete variable n) f: N — Z[¢*] by:

(Qf)(n) =q"f(n) (Ef)(n) = f(n+1).
It is easy to see that EQ = qQF, and that E,Q generate a noncommutative g- Weyl algebra generated by
noncommutative polynomials in £ and @, modulo the relation FQ = qQF:
A =Zlg")Q. B)/(EQ = 4QE)
Given a discrete function f as above, consider the recursion ideal Ty = {P € A|Pf = 0}. It is easy to see

that it is a left ideal of the g-Weyl algebra. We say that f is g-holonomic ift Z; # 0.
In this paper we prove that:

JK(TL — 2)

Theorem 1. The colored Jones function of every knot is q-holonomic.
Theorem [M and its companion Theorem B are effective, as their proof reveals.

Theorem 2. (a) The E-order of the colored Jones function of a knot is bounded above by an exponential
function in the number of crossings.
(b) For every knot K there exist a natural number n(K), such that n(K) initial values of the colored Jones
function determine the colored Jones function of KC. In other words, the colored Jones function is determined
by a finite list. n(KC) is bounded above by an exponential function in the number of crossings.
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Computer calculations are given in Section Bl In relation to (b) above, notice that the ¢-Weyl algebra
is noetherian; thus every left ideal is finitely generated. The theorem states more, namely that the we can
compute (via elimination) a basis for the recursion ideal of the colored Jones function of a knot.

Let us end the introduction with some remarks.

Remark 1.1. The colored Jones function can be defined for every simple Lie algebra g. Our proof of Theorem
[0 generalizes and proves that the g-colored Jones function of a knot is g-holonomic (except for Gs), see
Theorem B below.

Remark 1.2. The colored Jones function can be defined for colored links in 3-space. Our proof of Theorem
[ proves that the colored Jones function of a link is g-holonomic in all variables, see Section Bl

Remark 1.3. Tt is well known that computing J(n) for any fixed n > 1 is a #-P complete problem. Theorem
[ claims that this sequence of #P-complete problems is no worse than any of its terms.

Remark 1.4. In a subsequent publication [(G2] we will give applications of Theorem [[to Hyperbolic Geometry.
This should not come as a surprise, since the notion of holonomicity, due to Bernstein [B1 [B2], is geometric.
Thus, one can expect geometric applications by studying the recursion relation of the colored Jones function.

Remark 1.5. The proof of Theorem [l indicates that many statistical mechanics models, with complicated
partition functions that depend on several variables, are holonomic, provided that their local weights are
holonomic. This observation may be of interest to statistical mechanics.

1.2. Plan of the proof. In Section Bl we discuss in detail the notion of a ¢-holonomic function. We
give examples of g-holonomic functions (our building blocks), together with rules that create g-holonomic
functions from known ones.

In Section Bl we discuss the colored Jones function of a link in 3-space, using state sums associated to a
planar projection of the link. The colored Jones function is built out of local building blocks (namely, R-
matrices) associated to the crossings, which are assembled together in a way dictated by the planar projection.
The main observation is that the R-matrix is ¢g-holonomic in all variables, and that the assembly preserves
g-holonomicity. Theorem B follows. As a bonus, we present the colored Jones function as a multisum of a
g-proper hypergeometric function.

In Section Bl we show that the cyclotomic function of a knot (a reparametrization of the colored Jones
function, introduced by Habiro, with good integrality properties) is g-holonomic, too. We achieve this by
studying explicitly a change of basis for representations of sls.

In Section Bl we give a theoretical review about complexity and computability of recursion relations of
g-holonomic functions, following Zeilberger. These ideas solve the problem of finding recursion relations of
g-holonomic functions which are given by multisums of ¢ proper hypergeometric functions. It is a fortunate
coincidence (?7) that the colored Jones function can be presented by such a multisum, thus we can compute
its recursion relations. Theorem B follows.

Section Bl is a computer implementation of the previous section, using Mathematica packages developed
by A. Riese.

In Section [ we discuss the g-colored Jones function of a knot, associated to a simple Lie algebra g. Our
goal is to prove that the g-colored Jones function is g-holonomic in all variables (see Theorem ). In analogy
with the g = sly case, we need to show that the local building block, the R-matrix, is g-holonomic in all
variables. This is a trip to the world of quantum groups, which takes up the rest of the section, and ends
with an appendix which computes (by brute-force) structure constants of quantized enveloping Lie algebras
in the rank 2 case.

1.3. Acknowledgement. The authors wish to express their gratitude to Doron Zeilberger who introduced
them to the wonderful world of holonomic functions and its relation to discrete mathematics. Zeilberger is
a philosophical co-author of the present paper.

In addition, the authors wish to thank A. Bernstein, G. Lusztig, and N. Xie for help in understanding
quantum group theory, G. Masbaum and K. Habiro for help in a formula of the cyclotomic expansion of the
colored Jones polynomial, and D. Bar-Natan and A. Riese for computer implementations.
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2. ¢-HOLONOMIC AND ¢-HYPERGEOMETRIC FUNCTIONS

Theorem [ follows from the fact that the colored Jones function can be built from elementary blocks
that are g-holonomic, and the operations that patch the blocks together to give the colored Jones function
preserve g-holonomicity.

I.N. Bernstein defined the notion of holonomic functions f : R" — C, [BIl [B2]. For an excellent and
complete account, see Bjork [Bj]. Zeilberger’s brilliant idea was to link the abstract notion of holonomicity
to the concrete problem of algorithmically proving combinatorial identities among hypergeometric functions,
see [Z, IWZ] and also [PWZ]. This opened an entirely new view on combinatorial identities.

Sabbah extended Bernstein’s approach to holonomic functions and defined the notion of a g-holonomic
function, see [S] and also [(J.

2.1. g-holonomicity in many variables. We briefly review here the definition of g-holonomicity. First of
all, we need an r-dimensional version of the g-Weyl algebra. Consider the operators E; and @) for 1 <i,j <r
which act on discrete functions f : N — Z[g*] by:

Qif)(n1,...,n) = ¢ f(n1,...,n.)

(El-f)(nl,...,nr) = f(nl,...,ni,l,ni+1,ni+1,...,nr).
It is easy to see that the following relations hold:
QiQ; = Q;Qi E,E; = E;E;

(Rely) QiE; = E;Qifori #j E;Q; =qQi:E;

We define the g- Weyl algebra A, to be a noncommutative algebra with presentation

Z[qi1]<Qla s 7QT7E15 s aET>
(Rely) '

Given a discrete function f with domain N” or Z" and target space a Z[g™']-module, one can define the
left ideal Zy in A, as before. If we want to determine a function f by a finite list of initial conditions, it does
not suffice to ensure that f satisfies one nontrivial recursion relation if » > 2. The key notion that we need
instead is ¢-holonomicity.

Intuitively, a discrete function f : N* — Z[g*] is g-holonomic if it satisfies a mazimally overdetermined
system of linear difference equations with polynomial coefficients.

The homological codimension of a finitely generated A,-module M is defined by

(M) := min{j € N | Ext/, (M, A,) # 0}.

and the homological dimension by d(M) = 2r — ¢(M).

An alternative way to define the dimension, at least for cyclic modules M = A, /I, where I is a left
A,-module, is as follows. Let F,, be the sub-space of A, spanned by polynomials in Q;, F; of total degree
< m. Then the module A, /I can be approximated by the sequence F,,/(F,, N I),m = 1,2,.... It turns out
that, for m >> 1, the dimension (over the fractional field Q(q)) of F,,,/(F, N I) is a polynomial in m of
degree equal to d(A/I).

Bernstein’s famous inequality (proved by Sabbah in the g-case, [S]) states that d(M) > r, if M # 0 and
M has no monomial torsions, i.e., any non-trivial element of M cannot be annihilated by a monomial in
Qi, E;. Note that the left A.-module My := A, - f = A, /Z; does not have monomial torsion.

A, =

Definition 2.1. We say that a discrete function f is g-holonomic if d(My) < r.

Note that if d(My) < r, then by Bernstein’s inequality, either My = 0 or d(My) = r. The first can happen
only if f = 0.
Closely related to A, is the g-torus algebra 7, with presentation
ZlgF QT ..., QF B .. EFY)
(Rely) '
Elements of 7,. acts on the set of functions with domain Z", but not on the set of functions with domain

N". Note that 7, is simple, but A, is not. If I is a left ideal of 7, then the dimension of 7,./I is equal to
that of A,./(I N A,).

7;,:



2.2. Assembling g-holonomic functions. Here are some important operations that preserve g-holonomicity:
Fact 0:

e Sums and products of g-holonomic functions are g-holonomic.

e Specializations and extensions of g-holonomic functions are g-holonomic. In other words, if f(n1,...,7m)
is g-holonomic, the so are the functions g(ns, ..., ny) := f(a,na,...,ny) and h(ny, ..., Ny, Nupg1) =
f(ni,...,nm).

e Diagonals of g-holonomic functions are g-holonomic. In other words, if f(n1,...,n,) is g¢-holonomic,
then so is the function

gna, ... ;) = f(na,na,na, ..., Nyy).

e Linear substitution. If f(nq,...,n,,) is ¢-holonomic, then so is the function, g(nj,...,n., ), where
each n; is a linear function of n;.

e Multisums of g-holonomic functions are g-holonomic. In other words, if f(n1,...,n.,) is g¢-holonomic,

the so are the functions g and h, defined by

b 0
gla,byng, ... ny) == Z f(na,na, ..., nm) h(a,ng, ... ,ny) = Z flna,na, ..., nm)

ni=a ni=a
(assuming that the latter sum is finite for each a).

For a user-friendly explanation of these facts and for many examples, see [Z, [WZ]| and [PWZ].

2.3. Examples of g-holonomic functions. Here are a few examples of g-holonomic functions. In fact, we
will encounter only sums, products, extensions, specializations, diagonals, and multisums of these functions.
In what follows we usually extend the ground ring Z[g*'] to the fractional field Q(¢*/?), where D is a positive
integer. We also use v to denote a root of ¢, v2 = gq.

For n, k € Z, let

{n}:=v"-0v7", [n] == %, [n]! = 11;[1[1], {n}!:= E{Z}

{n}y = {Hf—l{n —i+1}, ifk>0

0 if k<0
{n}:_ e ifh>0
k 0 if k<0

The first four functions are g-holonomic in n, and the last two, as well as the delta function 6, j, are
g-holonomic in both n and k.

2.4. g-hypergeometric functions.

Definition 2.2. A discrete function f : Z" — Q(q) is g-hypergeometric iff E;f/f € Q(q,q"™*,...,q"") for
alli=1,...,r.

In that case, we know generators for the annihilation ideal of f. Namely, let E; f/f = (Ri/Si)|Q,=q~: for
R;,S; € Zlq,Q1,...,Q.]. Then, the annihilation ideal of f is generated by S;F; — R;.

All the functions in the previous subsections are g-hypergeometric.

Unfortunately, g-hypergeometric functions are not always g-holonomic. For example, (n, k) — 1/[n?+k?]!
is g-hypergeometric but not g-holonomic. However, g-proper-hypergeometric functions are g-holonomic. The
latter were defined by Wilf-Zeilberger as follows, [WZ, Sec.3.1]:

Definition 2.3. A proper q-hypergeometric discrete function is one of the form

(1) F(n,10 = HelZei bt aiog
Ht(Bt; q)utn+vt~k+wt
where A, B; € K = Q(q), as, u; are integers, by, ks are vectors of r integers, A(n,k) is a quadratic form,
cs, Wy are variables and ¢ is an r vector of elements in K.
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3. THE COLORED JONES FUNCTION FOR slo

3.1. Proof of Theorem [l for links. We will formulate and prove an analog of Theorem [l (see Theorem
below) for colored links. Suppose L is a framed, oriented link of p components. Then the colored Jones
function Jy, : NP — Z[¢F'/4] = Z[v*'/?] can be defined using the representations of braid groups coming
from the quantum group U,(sls).

Theorem 3. The colored Jones function Jy, is q-holonomic.

Proof. We will present the definition of Jy, in the form most suitable for us. Let V(n) be the n-dimensional
vector space over the field Q(v'/?) with basis {eg,e1,...,e,_1}, with V(0) the zero vector space.
Fix a positive integer m. A linear operator

A:V(n) @ @V(nm) = V(n) @ @ Ving,)

can be described by the collection
Abl,...,bm c Q(’Ul/Q),

A1,..-,0m
where
Aleq, ® - Req, ) = > Al o) @@y,
bi<nl,....b;m<nl,
We will call (a1, ..., am,b1,...,bm) the coordinates of the matrix entry A%--tm of A, with respect to the

given basis.
The building block of our construction is a pair of functions fy : Z° — Z[v*1/?], given by

fr(ni,no;a,b k) = (—1)kp=((m=1720)(nam1=20)h(k=1))/2 [ b "}; k ]{m —1+k—alg,
fﬁ (nh no; a, b7 k) = v((nl71*2(17216)(77«2*172b+2k)+k(k71))/2 |: a —]L— k :| {n2 14k b}k

The reader should not focus on the actual, cumbersome formulas. The main point is that
Fact 1: f, and f_ are g-holonomic in all variables.
For each pair (n1,ns) € N2 we define two operators
B+(7’Ll, ng), B_ (nl, ’ng) : V(nl) & V(TLQ) — V(?’Lz) ® V(?’Ll)
by
(By(n1,m2))ey = fr(n1,n2;0,0,¢ = b) e paa,
(B*(nl’nz))z’z = f+(n15n2;a7bab_ C) 5c7b,a7d;
where d,, is Kronecker’s delta function. Although the coordinates (a,b, ¢, d) of the entry Bi(ni, ng))Z’z of

the operators By (n1, ng) are defined for 0 < a,b < ny and 0 < ¢,d < ng, the above formula makes sense for
all non-negative integers a, b, ¢,d. This will be important for us. The following lemma is obvious.

Lemma 3.1. The discrete functions By (nq, ng)z’_db are g-holonomic with respect to the variables (ny,na,a,b, ¢, d).

If we identify V(n) with the simple n-dimensional U,(slz)-module, with e;,4 = 0,...,n — 1 being the
standard basis, then B (ni,n2), B_(n1,ns) are respectively the braiding operator and its inverse acting on
V(n1) ® V(ng). This fact follows from the formula of the R-matrix, say, in [Jan, Chapter 3]. In particular,
B_(n1,n2) is the inverse of By (ni,n2). If one allows a,b,c,d in Bi(nl,ng);‘; to run the set N, then

B (n, ng)Z’z define the braid action on the Verma module corresponding to V(ny), V(nz).

Let B,, be the braid group on m strands, with standard generators o1,...,0,-1:
\
o= | S
1 i i+1

For each braid 8 € By, and (nq,...,n,,) € N™ we will define an operator 7(8) = 7(6)(n1,...,nm),

T(B) : V(n1) @ @V(nm) = V(ngay) @+ @ V(ngun)s
6



where 3 is the permutation of {1,... ,m} corresponding to 3. The operator 7(3) is uniquely determined by
the following properties: For an elementary braid o;, we have:

T(O’iil) = id®i_1 ®Bi(ni, ni+1) id®m_i_l .
In addition, if 8 = 8’8", then 7(8) := 7(8")7(8"). It is well-known that 7(8) is well-defined.
JFrom Fact 0 and Lemma Bl it follows that

Lemma 3.2. For any braid § € By, the discrete function 7(8)(ni,...,nm), considered as a function with
variables ny, ..., n, and all the coordinates of the matriz entry, is q-holonomic.

Let K be the linear endomorphism of V(n1) ® - - - ® V(n,,) defined by
K(es, @ @ ey, ) = vt tmm—2i—2in=m o o g0
The inverse operator K ~! is well-defined.
Corollary 3.3. For any braid 8 € B,,, the discrete function
7(8) = 1(B) (N1, ..., nm) X K1

is q-holonomic in ny,...,n.g, all all of the coordinates of the matriz entry.

In general, the trace of 7(3) is called the quantum trace of 7(5). Although the target space and source
space maybe different, let us define the quantum trace of 7(3)(n1,...,nm)) by

trg(B)(n1y ) = Y Y F(B)(na, . nm)al e

1<i<m 0<a; <n;

It follows from Fact O that try(8)(n1,...,ny) is ¢-holonomic in n1, ..., n,. Restricting this function on
the diagonal defined by n; = ng;,i =1,..., m, we get a new function Jg of p variables, where p is the number
of cycles of the permutation 3.

Suppose a framed link L can be obtained by closing the braid 5. Then the colored Jones polynomial Jy,
is exactly Jg. Hence Theorem [0 follows. 0

Remark 3.4. In general, Jic(n) contains the fractional power ¢'/%. If K has framing 0, then Ji/(n) :=
Jic(n)/[n] € Z[g™]. See [Ld].

Remark 3.5. There is a variant of the colored Jones function Jr, of a colored link L’ where one of the
components is broken. If § is a braid as above, let us define the broken quantum trace trQj by

0l (B) (1, mm) =YY F(B) (s ) 6 0.

2<i<m 0<a;<n;

Restricting this function on the diagonal defined by n; = ng;,i = 1,...,m, we get a new function Jg of p
variables, where p is the number of cycles of the permutation 3.

If L’ denotes the broken link which is the closure of all but the first strand of 3, then the colored Jones
function Jr, of L’ satisfies Jp = Jg.

If L denotes the closure of the broken link L, then we have:

JL = JL’ X [)\]
where ) is the color of the broken component of L'.

3.2. A multisum formula for the colored Jones function of a knot. In this section we will give
explicit multisum formulas for the sls-colored Jones function of a knot. The calculation here is computerized
in Section Bl

Consider a word w = Ufll . ofcc of length m in the standard generators o1, ...,0,_1 of the braid group
B,, with m strands, where ¢; = 1 for all 4.

w givs rise to a braid 8 € B,,, and we assume that the closure of 3 is a knot K. Let K’ denote long knot
which is the closure of all but the first strand of 3,



Place a variable in each half-arc of K’ and place a variable at each crossing of K in such a way that around
each crossing the following consistency relations are satisfied:

btk\ a—k b—k /aj—k
s

We call such a coloring of the part-arcs and the crossings of K’ admissible if in addition the lower-left incoming
part-arc is colored by 0. For an admissible coloring, we denote the variables at the crossings (the so-called
angle variables) by k = (k1, ..., ke).

Lemma 3.6. An admissible coloring of K' is uniquely determined by its angle variables k = (k1,...,k.).

Moreover, the labels of the part-arcs are linear forms on k.

Proof. Start walking along the long knot starting at the incoming part-arc. At the first crossing, whether
over or under, the label of the outgoing part-arc is determined by the label of the ending part-arc and the
angle variable. Thus, we know the label of the outgoing part-arc of the first crossing. Keep going. Since K’
is topologically an interval, the result follows. O

For an example, see Figure [I1

Figure 1. A word w, the corresponding braid 3, its long closure X', and an admissible coloring of K'.

Fix an admissible coloring of K’ determined by a vector k. Let b;(k) for i = 1,..., m denote the labels of
the top part-arcs of 8. Let z,(k) and y;(k) denote the labeling of the left and right incoming part-arcs at
the ith crossing of K’ for j = 1,...,c. According to Lemma B8, b;(k), z,(k) and y;(k) are linear forms on
k.

It is easy to see that

tr;(ﬁ) = Z Fw(nak)

k>0

where . .
F,(n,k) := Hv%_bi(k) H fei(n, ;x5 (k), y;(k)).

i=2 j=1

is a g-proper hypergeometric function. Remark B3 then implies that

Proposition 3.7. The colored Jones function of a long knot K' is a multisum of a g-proper hypergeometric
function:

Jir(n) = Fy(n,k).

k>0
Remark 3.8. If a long knot K’ is presented by a planar projection D with ¢ crossings (which is not necessarily
the closure of a braid), then similar to the above there is a g-proper hypergeometric function Fpp(n,k) of c+1
variables such that Ji:(n) = >, < Fp(n, k). Of course, Fp depends on the planar projection. Occasionally,
some of the summation variables can be ignored. This is the case for the right hand-trefoil (where the
multisum reduces to a single sum) and the figure eight (where it reduces to a double sum).

D. Bar-Natan has kindly provided us with a computerized version of Proposition B [BN].
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4. THE CYCLOTOMIC FUNCTION OF A KNOT IS g-HOLONOMIC

Habiro [H] proved that the colored Jones polynomial (of slz) can be rearranged in the following convenient
form, known as the cyclotomic expansion of the colored Jones polynomial: For every framing 0 knot IC, there
exists a function

Ck : N = Z[g*]
such that
Je(n) = > Cx(k)S(n,k)
k=0
where
S(n,k) = {n+kloppr/(v—v7")
{n—k}{n—k—i—l}...{n—i—k}'

Note that S(n, k) does not depend on the knot K. Note that J is determined from C and vice-versa by
an upper diagonal matrix, thus C takes values in Q(g). The difficult part of Habiro’s result is Cic takes
values in Z[g*]. The integrality of the cyclotomic function is a crucial ingredient in the study of integrality
properties of 3-manifold invariants, [H.

Theorem 4. The cyclotomic function Cx : N — Z[qF] of every knot K is q-holonomic.

Proof. Habiro showed that Cx(n) is the quantum invariant of the knot K with color

vy T (V(2) — vt — ol 7%)
P’ (n) = 0 2t 1 ,

where V(n) is the unique n-dimensional simple slp-module, and (retaining Habiro’s notation) P”(n) is
considered as an element of the ring of sly-modules over Q(v).
Using induction one can easily prove that

P"(n) =Y R(n,k)V(k),

where R(k,n) is given by
n— {2k} 2n
B(n, k) = (=1) k{2n+ 1}112n] [ n—k }

We learned this formula from Habiro [H] and Masbaum [Ma]. Since
Cic(n) =D R(n,k)Jic(k)
k

and R(n, k) is g-proper hypergeometric and thus g-holonomic in both variables n and k, it follows that Cx
is ¢g-holonomic. O

5. COMPLEXITY

In this section we show that Theorem [ is effective. In other words, we give a priori bounds and compu-
tations that appear in Theorem 21
9



5.1. Finding a recursion relation for multisums. Our starting point are multisums of g-proper hyper-
geometric functions. Recall the definition of a g-proper hypergeometric function F(n,k) from Section
B2 and let G denote
G(n) =Y _ F(nXk)
k>0
thoughout this section.
With the notation of Equation [I), Wilf-Zeilberger show that [WZl, Sec.3.1]

Theorem 5. [WZl Sec.5.2] (a) F(n,k) satisfies a k-free recurrence relation of order at most
J* (4STB?)"

o rl

where B = max; 1 {|bs|, |v¢|, |as], |u¢|} + max,, o, |a, | where a, . are the coefficients of the quadratic form A.

(b) Moreover, G(n) satisfies an inhomogeneous recursion relation of order at most J*.

Let us briefly comment on the proof of this theorem. A certificate is an operator of the form
P(EvQ) + Z(E’L - I)RZ(EaEla s aETanle .- '7QT)
i=1

that annihilates F'(n, k), where P and R; are operators with P a polynomial in F,Q, with P # 0. Here F
is the shift operator on n, F; (for ¢ = 1,...,r are shift operators in k;, and @ is the multiplication operator
by ¢* and Q; (for i = 1,...,r are the multiplication operator by ¢*:, where k = (ki,. .., k).

The important thing is that P(FE, Q) is an operator that does not depend on the summation variables k.
A certificate implies that for all (n,k) we have:

P(E,Q)F(?’L,k) +Z(GZ(7’L, ki,..., ki1, ki + 1,/€i+1,...,k,~) — Gi(n,kl,...,ki_l,ki,ki+1,...,k,~)) =0,
=1

where G;(n,k) = R;F(n,k). Summing over k > 0, it follows that

G(n):= Y _ F(nk)
k>0

satisfies an inhomogeneous recursion relation PG = error(n). Here error(n) is a sum of multisums of g-proper
hypergeometric functions of one variables less. Iterating the process, we finally arrive at a homogeneous
recursion relation for G.

How can one find a certificate given F(n,k)? Suppose that F satisfies a k-free recursion relation AF = 0,
where A = A(E,Q, F1,...,F,) is an operator that does not depend on the @;. Then, evaluating A at
FEi=...F. =1, we obtain

A=AE,Q,1,....1)+ Y (B, = 1)Ry(E,Q, B, ..., E,)
=1

is a certificate.
How can we find a k-free recursion relation for F'? Let us write
A= Z 0i;(Q)E'FI

(i,)€S

where S is a finite set, j = (j1,..., ), B9 = E{l ... FEJr, and 0;;(Q) are polynomial functions in @ with
coefficients in Q(q); see [R]. The condition AF = 0 is equivalent to the equation (AF)/F = 0. Since F is ¢-
proper hypergeometric, the latter equation is the vanishing of a rational function in @1, ..., Q,. By cleaning
out denominators, this is equivalent to a system of linear equations (namely, the coefficients of monomials
in @; are zero), with unknowns the polynomial functions o; j. For a careful discussion, see [R]. As long as
there are more unknowns than equations, the system is guaranteed to have a solution. [WZ] estimate the
number of equations and unknowns in terms of F'(n,k), and prove Theorem

Wilf-Zeilberger programmed the above proof, see [PWZ7]. As time passes the algorithms get faster and
more refined. For the state-of-the-art algorithms and implementations, see [PRIl, [PR2] and [R], which we
will use below.
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Alternative algorithms of noncommutative elimination, using noncommutative Grébner basis, have been
developed by Chyzack and Salvy, [CS|. In order for have Grébner basis, one needs to use the following
localization of the g-Weyl algebra

Q(Q,Ql, N ,QT)<E1, N ,ET>
(Relg) '

B, =

and Grébner basis [CY].

In case r = 1, By is a principal ideal domain [Coul, Chapter 2, Exercise 4.5]. In that case one can associate
an operator in B; (unique up to units) that generates that annihilating ideal of G(n). For a conjectural
relation between this operator for the sly-colored Jones function of a knot and hyperbolic geometry, see [G2].

Let us point out however that none of the above algorithms can find generators for the annihilating ideal
of the multisum G(n). In fact, it is an open problem how to find generators for the annihilating ideal of G(n)
in terms of generators for the annihilating ideal of F'(n, k), in theory or in practice. We thank M. Kashiwara
for pointing this out to us.

5.2. Upper bounds for initial conditions. In another direction, one may ask the following question: if
a g-holonomic function satisfies a nontrivial recursion relation, it follows that it is uniquely determined by a
finite number of initial conditions. How many? This was answered by Yen, [Y]. If G is a discrete function
which satisfies a recursion relation of order J*, consider its principal symbol o (g, @), that is the coefficient of
the leading E-term. The principal symbol lies in the commutative ring Z[¢T, Q*] of Laurrent polynomials
in two variables ¢ and Q. For every n, consider the Laurrent polynomial o(q, ¢") € Z[qT]. If o(q,q") # 0
for all n, then G is determined by J* many initial values. Since o(q, Q) # 0, it follows that o(q,q™) # 0
for large enough n. In fact, in [Y], Prop.3.1] Yen proves that o(q,q") # 0 if n > deg, (o), then o(g,q") # 0,
where the degree of a Laurrent polynomial in ¢ is the difference between the largest and smallest exponent.
Thus, G is determined by J** := J* + deg, (o) initial conditions.

Yen further gives upper bounds for deg, (o) in terms of the g-hypergeometric summand, see [Y, Thm.2.9]
for single sums. Extending her work to multisums, gives a priori upper bounds J** in terms of the g-
hypergeometric summand. These exponential bounds are of theoretical interest only, and in practice much
smaller bounds are found by computer.

5.3. Proof of Theorem 2l Theorem B follows from Proposition B together with the discussion of Sections
BT and O

Our luck with the colored Jones function is that we can identify it with a multisum of a g-proper hyper-
geometric function. Are we really lucky, or is there some deeper explanation? We, the authors, believe that
there is a underlying geometric reason for coincidence, which in a sense explains the underlying geometry
of topological quantum field theory. We will postpone to a later publication applications of this principle to
Hyperbolic Geometry.

6. IN COMPUTER TALK

In this section we will show that Proposition B1 can be implemented by computer.

For every knot, one can write down a multisum formula for the colored Jones function, where the summand
is g-hypergeometric. Occasionally, this multisum formula can be written as a single sum. There are various
programs that can compute the recursion relations and their orders for multisums. In maple, one may
use qEKHAD developed by Zeilberger [PWZ]. In Mathematica, one may use the qZeil.m and gMultiSum.m
packages of RISC developed by Paule and Riese [PRI], [PR2, [R].

6.1. Recursion relations for the cyclotomic function of twist knots. The twist knots Kp for inter
p are shown in Figure Bl Their planar projections have 2|p| + 2 crossings, 2|p| of which come from the full
twists, and 2 come from the negative clasp.
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full twists
%\_/)

Figure 2. The twist knot K, for integers p. For p = —1, it is the Figure 8, for p = 0 it is the unknot, for
p =1 it is the left trefoil and for p = 2 it is the Stevedore's ribbon knot.

Masbaum, [Mal, following Habiro and Le gives the following formula for the cyclotomic function of a twist
knot. Let ¢(p, -) denote the cyclotomic function of the twist knot Kp. Rearranging a bit Masbaum’s formula
[Mal, Eqn.(35)], we obtain that:

S - (45 Q)n
(2) c(p,n) = (=1)"Hgnn T2\ (q)kgh(hHLpER(=1)/2 (2R )
kZ:O (@ Dt k1 (G QDn—rk

The above sum has compact support for each n. Now, in computer talk, we have:
Mathematica 4.2 for Sun Solaris
Copyright 1988-2000 Wolfram Research, Inc.
-- Motif graphics initialized --
In[1] :=<< gZeil.m
q-Zeilberger Package by Axel Riese -- (ORISC Linz -- V 2.35 (04/29/03)

For p = —1 (which corresponds to the Figure 8 knot) the program gives:

In[2]:= qZeillq~(n(n + 3)/2) (-1)"(n + k + 1) q"(-k(k + 1))(q~(2k + 1) - 1)qgfaclq, q,
n]/(qfaclq, q, n + k + 1] qgfaclq, q, n - k1) g~ (k(k - 1)/2), {k, O,
Infinity}, n, 1]

Out[2]= SUM[n] == SUM[-1 + n]

which means that ¢(—1,n) = ¢(—1,n—1) in accordance to the discussion after [Mal, Thm.5.1] which states
c¢(—1,n) =1 for all n.

For p = 1 (which corresponds to the left hand trefoil) the program gives:

In[3]:= qZeillq (n(n + 3)/2) (-1)"(@ + k + 1) q"(k(k + 1))(q"(2k + 1) - 1)gfaclqg, q,
nl/(qfaclq, q, n + k + 1] qgfaclq, q, n - k1) g~ (k(k - 1)/2), {k, O,
Infinity}, n, 1]

1 +n
Out[3]= SUM[n] == -(q SUM[-1 + nl)
which means that ¢(1,n) = —¢""t¢(1,n — 1) in accordance to the discussion after [Mal, Thm.5.1] which
states ¢(1,n) = (—1)"¢"("*+3)/2 for all n.
Similarly, for p = 2 (which corresponds to Stevedore’s ribbon knot) the program gives:
In[4]:= qZeillq " (n(n + 3)/2) (-1)"(n + k + 1) q"(2k(k + 1))(q~(2k + 1) - 1)qgfaclq, q,
n]/(qfaclq, q, n + k + 1] qgfaclq, q, n - k1) q"(k(k - 1)/2), {k, O,
Infinity}, n, 1]
Out[4] := No solution: Increase order by 1
which proves that ¢(2,n) satisfies no first order recursion relation. It does satisfy a second order recursion
relation, as we find by:
In[5]:= qZeillq " (n(n + 3)/2) (-1)"(n + k + 1) q"(2k(k + 1))(q~(2k + 1) - 1)qgfaclq, q,
n]/(qfaclq, q, n + k + 1] qgfaclq, q, n - k1) g~ (k(k - 1)/2), {k, O,
Infinity}, n, 2]
2+ 2n -1 +n
Out [4]= SUM[n] == -(q 1-q ) SUM[-2 + n]) -
12



1+n n 2n
> q (1+9g-9g +q ) SUM[-1 + n]

Thus, the program computes not only a recursion relation, but also the order of a minimal one. Experi-
mentally, it follows that ¢(p, n) satisfies a recursion relation of order |p|, for all p. Perhaps one can guess the
form of a minimal order recursion relation for all twist knots.

Actually, more is true. Namely, the formula for ¢(p,n) shows that it is a g-holonomic function in both
variables (p,n). Thus, we are guaranteed to find recursion relations with respect to n and with respect to
p. Usually, recursion relations with respect to p for fixed n are called skein theory for the nth colored Jones
function, because the knot is changing, and the color is fixed.

Thus, g-holonomicity implies skein relations (with respect to the number of twists) for the nth colored
Jones polynomial of twist knots, for every fixed n.

6.2. Recursion relations for the colored Jones function of the Figure 8 knot. The Mathematica
package gMultiSum.m can compute recursion relations for g-multisums. Using this, we can compute equally
easily the recursion relation for the colored Jones function. Due to the length of the output, we illustrate
this by computing the recursion relation for the colored Jones function of the Figure 8 knot. Recall from
Equation @) for p = —1 and from the fact that ¢(—1,n) = 1 that the colored Jones function of the figure 8
knot is given by:

(3) Trnm) => ¢ (@ q Dela ).
k=0

In computer talk,
In[6]:= qZeillq~(n k) qfac[q”(-n-1),9"(-1),k] gfacl[q~(-n+1),q,k],{k,0,Infinity},n,2]

-1 -n n 2 n
q (@+q) (.q+q )
Qut[6]= SUM[n] == -—————————————————— = -
n
_1+q
-2 +n -1 +2n
(1-gq ) (1 -q ) SUM[-2 + n]
> e +
n -3+ 2n
1-q9q) @-¢q )
-2 -2n -1 +n 2 -1 +n
> (q 1-gq ) (1 +q )
4 4 n 3+n 1+2n 3+2n 1+3n
N (@ +q -q -q -q -q ) SUM[-1 + n]) /
n -3+ 2n
> (1-g9g) @-gq )

This is a second order inhomogeneous recursion relation for the colored Jones function. A third order
homogeneous relation may be obtained by:

In[7]:= MakeHomRec[%, SUM[n]]

2 +n 3 n
q (-9 + q ) SUM[-3 + n]
Qut[7]= - -
2 n 5 2 n

(@ +q) (-q +q )
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-2 -n 2 n 8 4 n 6 +n 7 +n 3+2n
> (q (@ -a) (@ +aq -2q +q -q +

4+ 2n 5+ 2n 1+3n 2+ 3n
> q -q +q -2q ) SUM[-2 + n]) /

n 5 2 n

> (+q) (@ -q9 )+
-1 -n n 4 4 n 2 +n 3+n 1+2n

> (q (- +q) (@ +qg +gq -2q -q +

2+ 2n 3+2n 1+3n 2+ 3n
> q -q -2q +q ) SUM[-1 + n]) /

1+n n
2 n 2 n q (-1 + q ) SUM[n]
> ((q +q9g) ((g+q )) + ————————————m——mmm o ==
n 2 n

(@+q9) (-9 )

Of course, we can clear denominators and write the above recursion relation using the g-Weyl algebra
A. Let us end with a matching the theoretical bound for the recursion relation from Section B with the
computer calculated bound from this section. Using Theorem B it follows that the summand satisfies a
recursion relation of order J* = 12 + 12 = 2. This implies that the colored Jones function of the Figure 8
knot satisfies an inhomogeneous relation of degree 2 as was found above. The program also confirms that

the colored Jones function of the Figure 8 knot does not satisfy an inhomogeneous relation of order less than
2.

7. THE COLORED JONES FUNCTION FOR A SIMPLE LIE ALGEBRA

Fix a simple complex Lie algebra g of rank £. For every knot IC and every finite-dimensional g-module
V, called the color of the knot, one can define the quantum invariant Jic(V) € Zg=/?P], where D is the
determinant of the Cartan matrix of g. Simple g-modules are parametrized by the set of dominant weights,
which can be identified, after we choose fixed fundamental weights, with N¢. Hence Jx can be considered as
a function Jx : N¢ — Z[¢*1/2P].

Theorem 6. For every simple Lie algebra other than Ga, and a set of fived fundamental weights, the colored
Jones function Ji : N¢ — Z[qF/?P] is q-holonomic.

Hence the colored Jones function will satisfy some recursion relations, which, together with values at few
initial colors, totally determine the colored Jones function Jx.

Remark 7.1. The reason we exclude the G2 Lie algebra is technical. Namely, at present we cannot prove
that the structure constants of the multiplication of the quantized enveloping algebra of G5 with respect to
a standard PBW basis, are g-holonomic; see Remark [A3l We believe however, that the theorem also holds
for Gs.

The proof occupies the rest of this section. We will define Jx using representation of the braid groups
coming from the R-matrix acting on Verma modules (instead of finite-dimensional modules). We then
show that the R-matrix is g-holonomic. The theorem follows from that fact that products and traces of
g-holonomic matrices are g-holonomic.

7.1. Preliminaries. Fix a Cartan subalgebra b of g and a basis {a1,...,as} of simple roots for the dual
space h*. Let b be the R-vector space spanned by a1, ..., ap. The root lattice Y is the Z-lattice generated by
{a1,...,a¢}. Let X be the weight lattice that is spanned by the fundamental weights A1, ..., A¢. Normalize
the invariant scalar product (-,-) on h% so that (o, ) = 2 for every short root . Let D be the determinant
of the Cartan matrix, then (z,y) € £Z for z,y € X.
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Let s;,i=1,..., ¢, be the reflection along the wall a-. The Weyl group W is generated by s;,i =1...,¢,
with the braid relations together with s? = 1. A word w = s;, ... s;, is reduced if w, considered as an element
of W, can not be expressed by a shorter word. In this case the length I(w) of the element w € W is r. The
longest element wy in W has length ¢ = (dim(g) — £)/2, the number of positive roots of g.

7.1.1. The quantum group U. The quantum group U = U,(g) associated to g is a Hopf algebra defined over
Q(v), where v is the usual quantum parameter (see [Jan, [Lul]). Here our v is the same as v of Lusztig
[LuT] and is equal to g of Jantzen [Jan], while our ¢ is v?. The standard generators of U are E,, F,,, K, for
a € {ai,...,aq}. For a full set of relations, as well as a good introduction to quantum groups, see [lan].
Note that all the K,’s commute with each other.

For an element v €Y, v = kioq + - - - + keay, let K = Kf& .. Kf&

There is a Y-grading on U defined by |E,| = o, |Fo| = —a, and |K,| = 0. If = is homogeneous, then

K,z = U(O"M)IK.Y,
Let U™ be the subalgebra of U generated by the E,, U~ by the F,, and U° by the K,. It is known that
the map
U Ut — U
(.’L‘,CL'/,:EH) BN
is an isomorphism of vector spaces.
7.1.2. Verma modules and finite dimensional modules. Let A € X be a weight. The Verma module M (\) is

a U-module with underlying vector space &~ and with the action of ¢ that is uniquely determined by the
condition: (Here 7 is the unit of the algebra U/ ~)

E,-n = 0 for all «
Ky-n = ol@Ny for all «
F,-x = Fyx forall a€{ay,...,aqp},z €U

If (M) <0 for all i =1,...,¢ then M(A) is irreducible. On the other hand if (Aa;) > 0foralli=1,...,¢
(i.e., A is dominant), then M (A) has a unique proper maximal submodule, and the quotient L(\) of M (\) by
the proper maximal submodule is a finite dimensional module (of type 1, see [Janl]). Every finite dimensional
module of type 1 of U is a direct sum of several L(\).

7.1.3. Quantum Braid Group Action. For each fundamental root « € {a, ..., ap} there is an algebra auto-
morphism T, : U — U, as described in [Janl, Chapter 8]. These automorphisms satisfy the following relations,
known as the braid relations, or Cozeter moves.

If (o, 8) =0, then T, T = TsT,.

If (o, B) = —1, then ToTpT,, =TT, 15.

If (a, ﬁ) = —2, then T\, 7T, T =TT, TpT,.

If (a, ﬁ) = —3, then TaTgTaTﬁTaTﬁ = TﬁTaTgTaTﬁTa.

Note that the Weyl group is generated by s, with exactly the above relations, replacing T, by s, and
the extra relations s2 = 1.

Suppose w = s;, ...s;, is a reduced word, one can define

Ty =Ty, - Ta, .

Then T, is well-defined: If w,w’ are two reduced words of the same element in W, then T, = T,,. This
follows from the fact that any two reduced presentations of an element of W are related by a sequence of
Coxeter moves.
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7.1.4. Ordering of the roots. Suppose w = $;, Si, - .. Si
wo of the Weyl group. For r between 1 and ¢ let

, is a reduced word representing the longest element

Yr(W) = 84,84y - - - Sip_y ().

Then the set {7;,4 = 1,...,t} is exactly the set of positive roots. We totally order the set of positive
roots by 71 < 72 < -+ < 7. This order depends on the reduced word w, and has the following convezity
property: If (1, B2 are two positive roots such that 3; + 35 is also a root, then (31 4+ (2 is between 3; and 5.
In particular, the first and the last, 7; and ¢, are always fundamental roots. Conversely, any convex total
ordering of the set of positive roots comes from a reduced word representing the longest element of W.

7.1.5. PBW basis for U=,UT, and U. Suppose w = s;, ...8;
element of W. Let us define

. is a reduced word representing the longest

er(w) = ToyTaiy T (Ea,, ),
frw) = Tay Ty, - Toy  (Fa,)-
Then |e,| = v = —|fr|. (We drop w if there is no confusion.)

If ~, is one of the fundamental roots, v, = a € {ay,...,a}, then e,.(w) = E,, fr(w) = F, (and do not
depend on w).

Fort > j>1i>11let U [j,4] be the vector space spanned by f;”f;z_jf o f forallng,njoq,...,n; €N
and UT[i, j] the vector space spanned by e?ie?fjll ...e;”, for all nj,nj—1,...,m; € N. It is known that
U =U[t, 1] and UT =UT[1,1].

Forn = (ny,...,n:) €Nt j= (ji,...5¢) € Z* and m = (my, ..., m;) € Nt let us define f*, KJ and e™ by

2 (w) == f . K = Kja - Kja, e(w) :=eft...e}t.
Then as vector spaces over Q(v)U~, Ut and U have Poincare-Birkhoff- Witt (in short, PBW) basis
{f"|n € N'}, {e™|m € N}, {f"Kie™ | n,m € N',j € Z*}
respectively, associated with the reduced word w.
In order to simplify notation, we define S := N* x Z¢ x N*, and z, := f* K3 e™. Thus,
(4) {zs]0 € S}
is a PBW basis of U with respect to the reduced word w.

7.1.6. A commutation rule. For x,y € U homogeneous let us define
[z, 9]y == 2y — vI#LWD g

Note that, in general, [y, 2], is not proportional to [z, y],-

An important property of the PBW basis is the following commutation rule, see [KS]. If i < j then
[fi, filq belongs to U~ [j — 1,4+ 1] (which is 0 if j =i+ 1). It follows that &/~ [j,] is an algebra. This allows
us to sort algorithmically non-commutative monomials in the variables f;. Also two consecutive variables
always ¢g-commute: [f;, fiy1]q = 0.

Similarly, if i < j then [e;, e;], belongs to UT[i 4+ 1,7 — 1] (which is 0 if j = i + 1). It follows that Ui, j]
is an algebra, and two consecutive variables always g-commute, [e;, €;41]q = 0.

7.2. g-holonomicity of quantum groups. Suppose A : U — U is a linear operator. Using the PBW basis
of U (see Equation (@)), we can present A by a matrix:

Alze) =Y AT zor,

with A7 € Q(v). We call (o,0") the coordinates of the matrix entry A7 .

Definition 7.2. We say that A is ¢-holonomic if the matrix entry A9 , considered as a function of (o, ¢”) is
g-holonomic with respect to all the variables.

A priori this definition depends on the reduced word w. But we will soon see that if A is ¢g-holonomic in
one PBW basis, then it is so in any other PBW basis.
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7.2.1. g-holonomicity of transition matriz. Suppose z,(w’) is another PBW basis associate to another re-
duced word w’ representing the longest element of W. Then we have the transition matrix M2 " between the
two bases, with entries in Q(v). The next proposition checks that the entries of the transition matrix are
g-holonomic, by a standard reduction to the rank 2 case.

Proposition 7.3. Except for the case of Ga, the matriz entry Mg/ is g-holonomic with respect to all its
coordinates.

Proof. Since any two reduced presentations of an element of W are related by a sequence of Coxeter moves,
it is enough to consider the case of a single Coxeter move. Since each Coxeter move involves only two
fundamental roots and all T,,’s are algebra isomorphisms, it is enough to considered the case of rank 2 Lie
algebras. For all rank 2 Lie algebras (except G2) we present the proof in Appendix. O

7.2.2. Structure Constants. Recall the PBW basis {z, | o € S} of the algebra /. The multiplication in U is
determined by the structure constants c(o,0’,0”) € Q(v) defined by:

! "
Tolo! = E c(o,o' 0" ).

ol

We will show
Theorem 7. The structure constant c¢(o,0’,0") is g-holonomic with respect to all its variables.
Proof will be given in subsection 23

7.2.3. Actions on Verma modules are q-holonomic. Each Verma module M () is naturally isomorphic to
U™, as a vector space, via the map u — u - 1. Using this isomorphism we identify a PBW basis of Y~ with
a basis of M (M), also called a PBW basis. If u € U, then the action of u on M(X) in a PBW basis can be

written by a matrix «2 with entries in Q(v). We call (n,n’) € N* x N* the coordinates of the matrix entry.

Proposition 7.4. For every r with 1 < r < t, the entries of the matrices e, f¥ are q-holonomic with respect
to k, \, and the coordinates of the entry.

This Proposition follows immediately from Theorem [ and Fact 0.
7.3. Quantum knot invariants.

7.3.1. The quasi-R-matriz. Fix a reduced word w representing the longest element of W. For each r,1 <
r <t let

97‘ = chfrk ®elr€7
keN
where
I (R
o = (_1)kv%k(k 12 Uy Tr
[k:]'Y'r"

Here v, = v17)/2 and
ko —i
v —w
DRI | gt
1.1:[1 vy — vy
The main thing to observe is that ¢ is ¢-holonomic with respect to k. Note that although O, is an infinite
sum, for every weight A € X, the action of ©, on M(\) ® M(A) is well-defined. This is because the action

of e, is locally nilpotent, i.e., for every x € M (), there is k such that e¥ -z = 0.
The quasi-R-matriz is:

O .= 915616—1 e @1.

We will consider © as an operator from M (\) ® M () to itself. There is a natural basis for M (\) ® M ()\)
coming from the PBW basis of M(A).
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Proposition 7.5. The matriz of © acting on M (X) in a PBW basis is g-holonomic with respect to all the
coordinates of the entry and X.

Proof. Tt’s enough to prove the statement for each ©,. The result for ©, follows from the fact that the
actions of e¥, f¥ on M()), as well as ¢, are g-holonomic in k and so are all the coordinates of the matrix
entries, by Proposition [[4 . O

7.3.2. The R-matriz and the brading. As usual, let us define the weight on M (\) by declaring the weight of
Fa - tobe A= n;vy;, where n = (n1,...,n;). The space M () is the direct sum of its weight subspaces.
Let D: M(\) ® M(A\) — M(A) ® M(A) be the linear operator defined by

D @y) =v Ty gy,

Clearly D is g-holonomic; it’s called the diagonal part of the R-matrix, which is R := ©D.
The braiding is B := Ro, where o(z ® y) = y ® . Combining the above results, we get

Theorem 8. The entry of the matriz of the braiding acting on M () is g-holonomic with respect to all the
coordinates and A.

Remark 7.6. Technically, in order to define the diagonal part D, one needs to extend the ground ring to
include a D-th root of v, since (A, u), with A\, u € X, is in general not an integer, but belonging to %Z.

7.3.3. g-holonomicity of quantum invariants of knots. First let us recall the definition of quantum knot
invariant.

Using the braiding B : M(\) — M () one can define a representation of the braid group 7 : B, —
(M(X))®™ by putting

7(0;) = id® ' @B ®id®m L

Let p denote the half-sum of positive roots. For an element € U and an U-module V, the quantum
trace is defined as

trg(z, V) := tr(aK_s,, V).

Suppose a framed knot K is obtained by closing a braid § € B,,. We would say that the colored Jones
polynomial is the quantum trace of 7(3). However, since M (\) is infinite-dimensional, the trace may not
make sense. Instead, we will use a tryck of breaking the knot. Let K’ denote the long knot which is the
closure of all but the first strand of 3.

Recall that 7(3) acts on (M(\))®™. Let

.....

be the entries of the matrix 7(5)(\). We will take partial trace by first putting n; = n} = 0 and then take

the sum over all ny = n,...,n,, =n/,. The following lemma shows that the sum is actually finite.
Lemma 7.7. Suppose ny = 0. There are only a finite number of collections of (ng,ns, ..., n,,) € N'=1 such
that

T(B)N)mimn
s not zero.

Proof. Let M’(X) be the maximal proper U-submodule of M(A). Then L(A) = M(N\)/M’'()) is a finite
dimensional vector space. In particular it has only a finite number of non-trivial weights. Hence, all except
for a finite number of f,,n € N, are in M’()\).

We present the coefficients BL(\) graphically as in Figure Bl

Note that if (B+)m!an? is not equal to 0, then f, can be obtained from f,, by action of an element in U,
and similarly, f,, can be obtained from f,,, by action of an element in /. Thus if we move upwards along a
string of the braid, the basis element at the top can always be obtained from the one at the bottom by an
action of U.
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ny na n, n,
Figure 3. (B1)Ru02 and (B-)piame,

Because the closure of ( is a knot, by moving around the braid one can get any point from any particular
point. Because the basis element fy is not in M’(\), we conclude that if

7(8)(Mat

.....

is not 0, with n; = 0, then all the basis vectors fy,,...,f,, are not in M’()\), and there are only a finite
number of such collections. O

R ecall that 2p is the sum of all positive roots. Let us define
T () = > (K2, T(B)(A))pt .
na,...n, €Nt n; =0,

From g-holonomicity of 7(5)(\) it follows that Jis(A) is g-holonomic. Ji/(A) is a long knot invariant, and is
related to the colored Jones polynomial Jx of the knot /C by

Jic(A) = Jir (A) x dimg(L(N)),
where L(\) is the finite-dimensional simple /-module of highest weight A, and dim,(L(\)) is its quantum
dimension, and is given by the formula

. /U(>‘+p)0‘) — U_(>‘+p)0‘)
dlmq(L()\)) = H v(psa) — y—(p,a)

a>0

Since dim,(L(X)) is g-holonomic in A, we see that Jx(A) is g-holonomic. This completes the proof of
Theorem Bl O

Remark 7.8. The invariant Ji/ of long knots is sometime more convenient. For example, Jx(A) might contain
fractional power of ¢, but (if K’ has framing 0,) J/(\) is always in Z[gT], see [Le]. Also the function Ji/
can be extended to the whole weight lattice.

7.4. Proof of Theorem [

7.4.1. 14 is g-holonomic. We will need the linear maps 74,7, : Ut — U*, as defined in [Jan, Chapter 6].

[e3%
Their restriction to U~ is uniquely characterized by the properties:

(5) ra(zy) = ra(@)y + oV ara(y)  ri(ey) = riy) o@D (2)y
and for any two fundamental roots «, 3, (see [lan, Eqn.(6.15.4)]) and

n / n 1- ngn n—1
(6) To(Fg) =15 (Fg) = 6a>ﬁﬁFa )
where v, := v(®*)/2; see [Jan, Eqn.(8.26.2)].
Lemma 7.9. For a fized o € {a1, ..., a4}, the matriz entries of the operators (rq)*, (r')¥ : U~ — U™ are
q-holonomic with respect to k and the coordinates of the matriz entry. Similarly, (ro)*, (ri)* : UT — UT

are q-holonomic.
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Proof. We give a proof for ¥ : Y~ — U~. The other case is similar.

There is a reduced word w' = s, ... s;, representing the longest element wg of W such that a;; = a. Then
W = Si, ... S5 is another reduced word representing wg, where & := —wp(a).

For the PBW basis of U~ associated with w it’s known that v; = «, and thus f; = F,,. According to [Janl,
8.26.5], for every « in the algebra U~ [t — 1, 1], one has

ro(x) = 0.
Using Equations () and (@) and induction, one can easily show that for every x € U~ [t — 1, 1],

2nt 2142

k1o
(ra =[[—=—5—f""",

i=1

This formula, applied to = = f,""7" ... f{"*, proves the statement. 0

7.4.2. Uy(sl) is g-holonomic.
Lemma 7.10. Theorem [] holds true for g = sly.
Proof. The PBW basis for U is F*K?E™, with m,n € N and j € Z. First of all we know that

m rn - m n n—1u 95 _ . m—1
EaFa_z%[ ; ]U {’L Fr=ib(Ky;2i —n —m,i) B
where
j+1 K—l —a+j—1

Vo — Vot

b(Kqa;a,i) :HK ol ’

Here for any root vy, one defines v, = v(/2 and { WZ ] is the usual quantum binomial coefficient
Vo

calculated with v replaced by vq.
Hence

(FK*E")(F™ KF E™) =3 Fmt S a(m, kon,m! K ') YT
1=0
where

!
alm, k,n,m’ k', n' i) = p2k(i=m)+2k' (i-n) [ 121 } { WZ ] [i'O(K;2i —n—m' i) KM
The value of the function a is in Z[v*!][K*!]. Consider the coefficient of K" in a; one gets a function

of m,n, k,m’,n', k' i,r with values in Z[v™!] which is clearly g-holonomic with respect to all variables. The
lemma follows. O

7.4.3. E¥ FF :U — U are g-holonomic in k.

Proposition 7.11. For a fized fundamental root o € {a,...,ap}, the operators EX FX : U — U of left
multiplication are q-holonomic with respect to k and all the coordmates of the matrix entry. Similarly, the
right multiplication by E*, F* are q-holonomic with respect to k and all the coordinates of the matriz entry.

Proof. a) Left multiplication by F* and right multiplication by E¥.

Choose w as in the proof of Lemma [ Then f; = F, and ¢, = F,, and an element of the PBW
basis has the form f;" xKgye;". It’s clear that left multiplication by F,, and right multiplication by E, are
g-holonomic.

b) Left multiplication by EX.
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Choose a reduced word w = s;, ...s;, representing the longest element wp that begins with a: «;, = «a.
We have the corresponding PBW basis f;,e;, i =1,...,t with f; = F, and e; = E,. Thus a typical element
of the PBW basis has the form

(7) rE KpEo™y,

where x = f]'* ... f3%,y = ey*?...ef"t. By [Hanl 8.26.6], since x € U™ [t,2], one has 7/ (z) = 0. Using
formula [Janl 6.17.1], one can easily prove by induction that

(Bo)kz = viTik { . } 2 (1) (x)EE
[ ; q . ('Ua — vy 1)1 [¢] a
Using this formula one can move the E, past z in the expression ([), (there appear 7, and K, ), then one
moves E,, past F, using the sly case. The last step is moving past Kz is easy, since

EoKg=v"PK4E,.
Using Lemmas [9 and [T we see that each “moving step” is g-holonomic. Hence we get the result for
the left multiplication by EF.
¢) Right multiplication by FF.
The proof is similar. We use the same basis () as in the case b). For y, by Lemma 8.26 of [Jan], one has
ro(y) = 0. Hence using induction based on the formula (6.17.2) of [lan] one can show that

Pey | e

y a T — ('U(;l _’Ua)i Z . « [e] o y .
Using this formula, and the results for 7/, (Lemma [L3) and sly (Lemma [LT0) we can move F, to the
right. O

7.4.4. Ty, is g-holonomic.

Proposition 7.12. For a fized fundamental root o € {1, ... ,au}, the braid operator T : U — U and its
inverse Tt are g-holonomic.

Proof. By Proposition we can use any PBW basis.

Choose a reduced word w’ = s;, ...s;, representing the longest element wy that begins with a: a;, = .
Then w = s;, ... 8;, S5 is another reduced word representing wg, where & is the dual of a: & = —wp(«).

We use f, to denote f.(w), and f! to denote f,(w’). The relation between the two PBW basis of w and
w is as follows: For 1 <r <t —1,

Ta(fr) = f;+17 Ta(er) = e;"+1'
Besides, f; = Fo = f{,et = Eq = €}.
We will consider the matrix entry of T, : U — U where the source space is equipped with the PBW
corresponding to w, while the target space with the PBW basis corresponding to w’.
From [Tanl, Chapter 8], recall that:

To(Fy) = —K,'Ey,  Ta(Es) = —F,K,.
Hence
To(FY) = (~1)"op DK "EL, To(ED) = (=)o, ™" VEPKY

For a basis element z, = f;" ... f{"" Kge" ...e/", we have

To(25) = da(ne, me) K™ ELt X (ft/)mFl e (f{)nszaB(ell)mz e (e;s)mhl X F K™,
where
o (s, me) i= (—L)rebmege (D) =miom =),
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The left or right multiplication by K is ¢-holonomic with respect to n and all the coordinates. The left
multiplication by E™¢, as well as the right multiplication my F** is g-holonomic with respect to n: and all
coordinates, by Proposition [T1l One then can conclude that T, is g-holonomic.

The proof for T;;! : U — U is similar. One should use the PBW basis of w’ for the source, and that of w
for the target. 0

7.4.5. Proof of Theorem[] It is clear that for each j € Z*, the operator KJ : U — U of left multiplication is
g-holonomic.
Fix a reduced word w representing the longest element of W. It suffices to show that for each 1 <r <t
the operators ¥, f¥ : 1/ — U (left multiplication) are g-holonomic with respect to all variables, including k.
This is true if e, = E, and f, = F,, where « is one of the fundamental roots, by Proposition [LTIl But
any e, or f, can be obtained from E, and F, by actions of product of various T,,’s. Hence from Proposition
we get Theorem [1 O

APPENDIX A. PROOF OF PROPOSITION FOR As AND By

In this appendix we will prove Proposition [[3 for the rank 2 Lie algebras As and By. We will ahieve this
by a brute-force calculation.

First, let us discuss some simplification, due to symmetry. The transition matrix of ¢/ leaves invariant
each of UT,U~,U". On U the transition matrix is identity. Hence it’s enough to consider the restriction of
the transition matrix in &4~ and UT. Furthermore, the Cartan symmetry (the operator 7 of [lan]) reduces
the case of U™ to that of U~.

A.1. The case of A;. There are two fundamental roots denoted by « and 3. The set of positive roots is
{a, B, + B}. The reduced representations of the longest element of the Weyl group are w = s1s2s1 and
w' = s25182, where s1 = s, and sy = sg.

The total ordering (see Section [LTAl) of the set of positive roots corresponding to w and w’ are, respec-
tively:

(71772573) (ava_'—ﬁvﬁ)

(71’772'773') = (67a+ﬁ7a)'
Notice that v+ = v3_; fori =1,...,3.
The PBW basis of U~ (see Section [LTH) corresponding to w and w’ are, respectively:

{f5" 27 Imn,p e N}, {f§'f5 f | m,n,p € N},
where
(f3, f2, 1) = (Fp, Ta(Fp) = —v[Fp, Folqg = Fala —vEaFp, Fo)
(far; for, frr) = (Fa,Tp(Fa) = FaFjg — vFpFo, Fp).

From explicit formulas of [Lu2, section 5] it follows that

Lemma A.1. The structure constants of U™, in the basis of w, is q-holonomic.

Let us define a scalar product (-,-) on &~ such that the PBW basis of w is an orthonormal basis. Since
FEIS I = D U S S F S I 5 T
m,n.p

Proposition is equivalent to showing that

(f3" f3r f1, 13" 13 1)
is g-holonomic in all variables m,n,p,m’,n’,p’.
Since multiplication is g-holonomic in the PBW basis of w (see Lemma [AT]), it suffices to show that

(f5 313 1)
is g-holonomic in k, m,n,p for each ¢ = 1,2,3. This is clear for i = 1 or ¢ = 3, since f1» = f3 and f3 = fi.

As for fo, an easy induction shows that
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o0

n —n —k(k— — n n—
=0 e Ve |t
and the statement also holds true for 4 = 2. This proves Proposition for As.

A.2. The case of Bs. There are two fundamental roots denoted here by « and 3, where « is the short root.
The set of positive roots is {«, 3,2a + 3, + S}. The reduced representations of the longest element of the
Weyl group are w = s1525182 and w' = 3515251, where s; = s, and s3 = sg.
The total ordering of the set of positive roots corresponding to w and w’ are, respectively:
(717727’73774) = (a,2a+ﬁ,a+ﬁ,ﬁ)
(71'572’573’774/) = (670[4'6520‘_"670[)'
Notice that vy = v4—; fori=1,..., 4.
The PBW basis of U~ (see Section [[LTH) corresponding to w and w’ are, respectively:
{Fif 13 /0 Lmn,p €Ny, {fu 3 f3 f1 | Lm,n,p € N,
where
U2FQ2F5

2]
,FoFs — v FsF,, Fp).

FyF?
(fa, far for f1) = (Fﬁ,FgFa—&FaFg,%—vFaFng

— vF,FgF, +

, Fa)

’UQF'QF'O‘2
2]

F2F,

(f4'7f3/5f2'5f1') = (FOM [T]ﬁ
It follows from [LnZ] that

Lemma A.2. The structure constants of U™, in the basis of w, is g-holonomic.

Let us define a scalar product (-,-) on ¢~ such that the PBW basis of w is an orthonormal basis. Then
Proposition is equivalent to

(o f5 £ 1 Faf3 f3 1)
is g-holonomic in all variables I, m,n,p,l'm’,n’, p’.
Since multiplication is g-holonomic in the PBW basis of w (see Lemma [A2), it suffices to show that
(f5, FLf3 13 1D)
is g-holonomic in k,I,m,n,p for each i« = 1,2,3,4. This is clear for i’/ = 1 or i’ = 4, since f1» = f4 and
far = f1. As for i’ = 2 and ¢’ = 3, the formula of [Lull Section 37.1] shows that

n 21 1 n—1
BT 08 00 o

fo= > (-1

2 T = i1
2n iUiFSnfiFéLFOit

Bo= 2D

i=0
and since F, = fy and Fg = f1/, the cases of ¢/ = 2’ and i’ = 3’ reduce to the cases of i/ =1’ and i/ = 4.
This proves Proposition for Bs.

Remark A.3. If Lemma [Al holds for G2, then we can prove Proposition [[3 for Gs.
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