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ASYMPTOTICS OF THE COLORED JONES POLYNOMIAL AND THE
A-POLYNOMIAL

KAZUHIRO HIKAMI

AsstrAcT. We reveal a relationship between the colored Jones poligiamd the A-polynomial for
twist knots. We demonstrate that an asymptotics ofNkmlored Jones polynomial in largegives
the potential function, and that the A-polynomial can be patad. We also discuss on a case of
torus knots.

1. INTRODUCTION

The N-colored Jones polynomidl(N) is a quantum invariant which is defined based on the
N-dimensional irreducible representation of the quantuaupgt)y(sl(2)). Motivated byVolume
Conjectureraised by Kashaev [16], it was pointed out that the coloretedgolynomial at a
specific value should be related to the hyperbolic volumenot komplement [21].

As another example of the knot invariant relate®t2; C), we have the A-polynomial [2, 3].
This is defined as an algebraic curve of eigenvalues dstl{€; C) representation of the boundary
torus of knot, and contrary to the quantum invariants suckhascolored Jones polynomial it
includes many geometrical informations such as the boyralapes of the knot.

Those two knot invariants are superficially independenouih, it is recently conjectured [4]
that the homogeneousftérence equation of thE-colored Jones polynomial for kngt with
respect ta\ gives the A-polynomial fofK (AJ conjecturg This fact was originally verified for
both the trefoil and the figure-eight knot with a help of cortgpalgebraic system [4], and was later
proved for the torus knots [10]. We should note that in Refa2écursion relation of the summand
of the colored Jones polynomial for the twist knots was shtiwgive the A-polynomial. See also
Refs. 6,7.

Recently pointed out is still another connection betweencbiored Jones polynomial and the
A-polynomial. It was demonstrated [8, 22] that the A-polymial has a relationship with an as-
ymptotic limit of the colored Jones polynomial for a caselad figure-eight knot. Our purpose in
this article is to show that this correspondence is also aueg for a case of the twist knots and
the torus knots.

We recall a fact [5] that th#l-colored Jones functiody(N) for knotX can be written in a form
of theg-hypergeometric function. Once we obtain an invariant exfdrm of theg-hypergeometric
series, we may define thé-function [20] for knotKX based on the integrand of an asymptotics of
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the N-colored Jones polynomial for kn@€ as
Je(N) ~ f f dx exp(l. Hac (X, n12)) (1.1)
2mir
in a limit
N — oo r = fixed (1.2)

Here we set a parametgiof the N-colored Jones polynomial as

27rir) (1.3)

q= exp( N
and define a parameterby

nm’ = q" (1.4)
— e27'(i|'

In this article we demonstrate for twist knok§, (Fig.[l) and torus knot$7p.1 (Fig.[@d) that the
H-function is regarded as the potential function [23, 28]emal constraint

. 6Hq<(x, m2) _
X; T =0 (1.5a)
and that we have
OHge(x, MP)

Note that a constrainf{1ba) denotes a saddle point eaqufatidhe integrall(T]1) in larg®l limit.
Eliminatingx from a set of eqs[{1l.5), we obtain an algebraic equatidreadn? which coincides
with the A-polynomial of knotK; the S L(2; C) representation of the meridianand the longitude
A of the boundary torus of kndX is given by the upper triangular matrices,

b0 =5 ] =[5 /)

up to conjugation. This shows [8] an intriguing correspormebetween the coldt of the quan-
tum knot invariant and the eigenvalue of tBé&(2; C) representation of the meridian.

This paper is organized as follows. In Sectldn 2 we study wisttknots%,. Using theg-
hypergeometric expression of the colored Jones polynaterated in Ref. 18, we show that the
function with constraint{{115) gives the A-polynomial tbe twist knots which was computed in
Ref. 15. We also discuss on a relationship with the volumgeobure, and study a limpp — +oo.

In SectiorB we show that this correspondence also work$éotdrus knot.
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Throughout this paper we use a standard notation [1]gtheoduct and thel-binomial coéfi-
cient are respectively defined as follows;

n

=060 =] [(1-xd7?)

i=1

[n] __ (@
Kl,  (@nk (@)
2. Twist KnNot

We study theN-colored Jones polynomial for the twist knéf,. A case ofp = -1 is the
figure-eight knot (see Figuké 1).

(2 () ()

Figure 1: Twist knots’, are depicted. There isg@full twist at the bottom of each figure. From left to right, dig-
eight knot p = —1), left-hand trefoil = 1), and Stevedore’s ribbon knat € 2).

The N-colored Jones polynomial for thetwist knot K, was computed skein-theoretically in
Ref. 18 as follows.

Proposition 1 ( [18]). The N-colored Jones polynomiak(N) for the twist knotK' = K, is given
as follows (we set p 0);

(9]

J7(p>o(N) = Z q(p—l) Sp (Sp+1)+sp (ql—N)sp (ql+N)Sp

Sp2-2$2520

p-1
X (n i (@t Ds [S‘;L) (2.1)

i=1
and

(o)

‘J'K—p<o(N) = Z (-1)% q—(p—%) Sp (Sp+1) (ql—N)Sp (ql+N)Sp

Sp2-2$252>0
p-1
X[l_[ q_%z+(2sp+1)a [S+1l ] o
i=1 S qt

Here the colored Jones polynomial is normalized such thatdN) = 1.
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We set a quantum parametgas in eq.[[L13), and study an asymptotic behavior of the guant
invariant in a limitN — oo [LA). A limitin a case of = 1,i.e.,, q = exp(2ri/N), corresponds to
the “Volume Conjecture” [16, 21].

Proposition 2. In a limit (T2) we have

3 (N) ~ f f dxo - -~ Xy 1 exp(% Hye, (Xor - -+ Xp1. n12)) 2.2)

Here m is defined by e.4), and we have
p-1
Hic (%0, > Xp1,1P) = > (109 (% /X0))* + Lio(P) + Lio(1/n7)
=
p-1 2
— Liz(Xo/NP) — Lio(n? Xo) — Liz(%o) + Z Lio(Xi/%i+1) — (P— 1)3 (2.3)
i=0
and
p-1
Hyc poo(X0s - - -+ Xp-1, TP) = — (10 X0)* — Z (log (% /%0))? + Lio(mP) + Lio(1/nP)
i-1

p-1 2
 Liz(x/1) = Lia(1P Xo) = Lia() = )" Lia(Xa/%) + (P~ D @)
i=0

where we have se,x 1.

Proof. From a definition of the-product, we have in a limil — o (seee.g.Ref. 1,24)

1000y ~ exp5— (Liz(x) ~ Lio(x ) (2.4)
Setting
q" =n? q% = Xp-i
we obtain theH-function [ZB) and(ZIB. O

Our main theorem is as follows.

Theorem 3. The function b (Xo, . . ., Xp-1, M) defined in eqgZ3)and (Z3)) is the potential func-
tion [23] for the p-twist knotX, under a constrainfl.5ad) Eliminatingx with a condition(I.50)

gives the A-polynomial of the twist krift,.
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To prove this theorem we rewrite a set of equati@nd (1.5%g6 as

The first equation is solved as

_1+¢n?
o+ mR
When we set
Xp-k = %o Ck(Xo)
fork=1,2,...,p— 1, we see that a rational functi@jy(Xx) is recursively defined by

1 N 1
Cin1(®)  C(¥)
where the first two rational functions are given by

Co(X) = )—];

Ck+2(x) = Ck+1(x) -

1-(1-%) (1-m?x) (1-x/m?)

Ci(¥) = ”

(2.5a)

(2.5b)

(2.5¢)

(2.6)

2.7)

(2.8)

In the same way, a set of equatiofsk1.5) for a negative @ases, is explicitly written as

1-m? X
Xo — MP

[plx]( )1 P Xo) (1 - Xo) = X (1—%)

i=1
2 1—i): .2(1—ﬂ), fori=1,...,p—1
%0 ( Xi-1 . X P
In this casex, is also fixed by eq[{216). When we also set

={,

Xp-k = %o C_k(Xo)

fork=1,2,...,p—1, arational functiorlC_,(X) is recursively defined from

Cok2(X) = Ci-1(X)

Cok1(¥) = Ck(¥)
5

= Ck1(¥) Cka(X)

(25a)

(.58)

(252)



where the initial conditions are

Co(X) = )}(

m? X
C—l(x) = 2
m2 x2 — (1 — X)(1 — m2 X)(m? — x)
As aresult, a set of equatiois{[1.5) reduces to an algelyaatien off/ andm;

Cp(x0) =1 (2.10)
where the rational functio@,(x) is recursively computed as above, ads defined in eq.[(Z]6).
Then to prove Theorefd 3, we must show that Eq.{2.10) giveAtpelynomial of the twist knot
Kp.

We introduce rational functioﬁp({’, m) by
1 - Cp(x0) = (1 - £) (1 - 1P) (¢, m) (2.12)

Egs. [Z8) andZIB are transformed into the recursion relation @(¢, m); in a case of positive
twist knotK,.o, we have

S=Cn (1- (-0 @-m)Ct.m) (1= (1 - 6) (1 - nP) Ceua(£. M) (2.12)
Ck+1 - Ck+2
with initial conditions
~ 1
Colt;m) = 1+ ¢m?
— £+mP
Cull-M) = T ey
and for a negative case
Corz=Coa (1-@-0@-m)Cl) (1-(1-0@-nm’)Czp) @©12)
C1—C
with
~ 1
Coltm) = 1+¢nm?
5—1(5’ m)

L+ emP+mt+2emt + 2mt+emP — emP

T P+ 2Pt +2(nf + 202nP + (3P — £ B + 2 2 + € M0 — £2 i
Proposition 4. Rational function satisfying eqZ12)is solved as
Ap(t, m)
By(¢, m)
Here polynomials A(¢, m) and B,(¢, m) are recursively defined as follows by use of a polynomial
Z(¢, m) defined by

Ze,m =+ +2tm =t +mt+ 2mt —mP + 26mP + M — e (2.14)
6
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e a positive casd,e. twist knotsk,.q

Api1(€, m) ~ =Z(¢,m) ~1-mA)(t-mb Ay(€, m)
(Bma m)] ) (mz (C+mPRPA-O(L-1P)  —mP(+nPY ) (Bp(a m)]
(Ap(f, m))
=M., (2.15)
Bp(£, M)
with

Al(f, m) 3 £+ mP
(Bl(f, m)] - (mz (¢ + mz)Z]

e a negative case,e., twist knotsk_ o

A pa(€, m) me (£ + n?)? —(1 =) (£ — mf)) (A_p(L, m)
[B-p_l(a m)) i ((1 —O@-m P+’ Z(em) ] (B_p(f, m))

™ (Ap(t’, m)] CI3)

B_p(¢, M)

with an initial condition
Ao(€, m) 1
(Bo({’, m)) B (1 + e mZ]
We note that we have

(M) oy - M, - oy = m* (£ + mP)* (2.16)
M, -M_=-m*(+n?)* (2.17)

with the Pauli spin matrixry = (? 6') and that the characteristic polynomialMt, is given by

F.(X)
=X+ x((t’2 +mY@+m)+o(-1+2mP +2mt +2mP — mB)) +mt(¢+m)* (2.18)

Proof of Prop[3.We assume thﬁp(f, m) is defined by eq[{2.13), and that the polynomiajs

and B, satisfy eqs.[[(Z5) and{ZI)5 Hereafter we usé, = A,(£,m) andB, = B,(£, m) for
brevity.

We first prove a positive cage> 0. We see from eq[[{Z]15) that
(1-0@1-m)A,—By=m2(l+nm) 2By

ApBpis — By Api = it (£ + 1P)* (Ap1 By — By g Ay)
With these identities we find that

( Ap+1 _ Ap+2
Bp+1 Bp+2

) (B~ (1= 0@~ m) Ap) (Bpr = (1= 0) (1~ 1) Ap)

= Ap Bp+1 - Bp Ap+1



which proves eq[{Z12).
For the negative casep < 0, we easily see from a recursion relatibn () 1bat

Bpi-1-0@Q-mP)A 1 =m?(l+nP)?B.,

Api1Bpo—B o Ap,=mt(C+m)* (A,Bp1-B A )

which leads
A, A,
(B—" “5 1)(B-p_1 ~(1-0@-m)Ap)(Bpz-(1-0(1-m)Ap)
» B
= A—p—l B—p—2 - B—p—l A—p—2
This is nothing but eq[Z1P |

Proposition 5. Polynomial A(¢, m) defined by eq@Z.13)coincides with the A-polynomial for the
twist knotk,.

Proof. We define a polynomial

X(,m=—+2+20mP+mt+2emt+ 2mt+26mP + mP - e (2.19)
The recursion relatiof {Z15) givep £ 0)
Apa(6,m) = =X(.m) Ag(.m) — (¢4 1P)* Ay (e m) (2.20)

with
A6, m) = £+ P
Al m) =2 - -202mP —emt = 202mt + em® + 2
—2em - 2mt - 2emt? — mt 4+ emt
For a negative case-p < 0) we also see that the recursion relation (B. t&duces to
Apa(6m) = X(Em) A o6, m) — it (€4 11)" ALp,a(6,m) (2.21)
with
Ao(C,m) =1,
Ase,m=—+tmP+mt+2emt + 2mt +emP —emP
These recursion relations, eqgE.(2.20) dnd {2.21), cagnwiith those for the twist knoi,

derived in Ref. 15, and we can conclude that the polynodjiéf, m) defined by eq[{Z13) is the
A-polynomial for the twist knotk,. O

These propositions indicate that an algebraic equafiofd)2.which is a consequence of
egs. [.b) for the twist knokK, is nothing but an algebraic equation of the A-polynomial fo
the twist knotk,;

Ap(t,m) =0 (2.22)
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if we suppose # 1 andn? # 1. As we define the paramet&rwhich now represents the eigen-
value of the longitude of the boundary torus of knot, by awdsive of the functiorHg(x, n?) with
respect tan, we can identify thed-function with a constrainf{1.ba) as the potential functd the
twist knot. This proves the statement of Theof@me, the H-function defined from an asymp-
totics of the colored Jones polynomi@l{]1.1) is the potéritiaction under a constrainf-(T15a),
and it gives the A-polynomial with a conditioh{I15b). Thect may support th&olume Con-
jecture[16, 21] that the hyperbolic volume of the knot complemermsahates an asymptotics of
the colored Jones polynomial, as €q.(IL.5a) denotes théespoidt equation of the integrd[{1.1).
Indeed we see that under a constrdini{1.5aHHanction defined by eqd.(2.3) arid{®.Becomes

[pl-1

IM Hye, (X0, - .. Xpi-1, M = 1) = 3D(1/%g) + Y D(%/Xi:1) (2.23)
i=0

where &, . . ., Xp-1) is a solution of eqs[{ZBb)=(ZI5c¢), or edS(ASE5E), under a constraint
n? = 1. Here we have used the Bloch—Wigner functid(z) defined by

D(2) = ImLiy(2) + arg(1- 2) - log|Z (2.24)
which denotes the hyperbolic volume of the ideal tetrahedvith modulusz.

In the case ofi? = 1 we can simplify those equations as follows.

Proposition 6. We consider the saddle point equatiofl&bad) i.e. egs. @Z5D)Z5d) or
egs.ZR0)—-EEd), of the H-function in a case offm= 1. Let the polynomial M2) be defined by
(k>0

Vi(@) = ik: (k +JBJ) /i

j=0

) (2.25)
2k-1 i
k+ [EJ -
Vi@ =1+ ( 21127
2
¢ Positive case (p- 0);
Egs.(@50)and Z5g8)with n? = 1 are solved as
Vi(1 - X0)
Xpk = Xg 0————————, 2.26
Pk = %o Vi-1(1 = X%o) (2.26)
fork=1,...,p, and x is a solution of {(1 — xp) = Vp_1(1 - Xo), i.e,,
V_p(1-X%)=0 (2.27)
¢ Negative case{p < 0);
Eqgs.20) and @5d) with n? = 1 are solved as
V(% - 1)
Xpk = Xo 0———, (24
Pk = %o V1% - 1) )

fork=1,...,p,and ¥ is a solution of V(X0 — 1) = V_p,_1(% — 1), i.e,,
V(X —-1)=0 &21)
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Proof. We see that the polynomial4,(z) satisfy

Vo(@) ~ Vp-1(2) = 2 V()
(2.28)
V_p-1(2) = V_,(2 =2 V(2

which gives the 3-term relations
Vpia(d) = (7 +2) V(@) + Vpa(2) = 0
(2.29)
Vop1(2) = (Z +2) Voo + Vopua(2) = 0
To complete the proof, we need to show that the solution of @B) and[ZB with m? = 1 is
given by 0. gpg V=do-d) ragpectivelyj.e., the polynomial satisfies the bilinear equation

Vi-1(1-%0) Vok-1(%-1)
Vie2(@ - Vi@ = (Via(@)” = Viea(d) - Via(@ = (V@)
=-7
Va2 - Va@ = (Vaer(@)? = Vs (@ - Vaaa (@) — (Vai(@)?
=7
This can be done easily by induction using €q.(P.29). O

We note that the polynomial4(2) are written as a sum of the hypergeometric functions,

-k k+1 7 1-kk+1 7
Vk(Z):zFl( ;+ i——) kZ'ZFl( 3 " ;_Z)
? ) ? ) (2.30)
1-kKk 1-kk+1
V—k(Z):zFl( 1 ;_Z)+kz'2F1( 3 ’ ;_Z)
2 2

With these results we conclude that wheris a solution of eq[{Z27) ot (ZB#&ve have p > 0)

Im Hy, (Xo, - . ., Xp-1, MF = 1)

& [ Vi = %0) Vica(1 - Xo) Vi(1 - Xo)
= 3D(1/x) + Y D| 22 ) ( 1—) (2.31)
; [ (Via- Xo))2 Vo(1 = o)
and
Im Hy (X0, .- ., Xp-1, NP = 1)
(V-0 - 1)’

37)

P
= 3D(1/%) + JZ; P Voo - DV (e 1)

See Table[dl for numerical computation. We have checked thmatldrgest value of
Im Hy, (Xo, - .., Xp-1, M = 1) among solutions of eq{I]5a) coincides with the hypécbasl-
ume of the complement ot [27] as was proposed & lume Conjecturésee Ref. 25 for an ideal
triangulation of the complement of the twist knots). We hplatted zeros of the polynomi&k(2)

in Fig.[2 for convention.
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p | ImHy,| ,_, = VOI(S®\ Kp) Xo

-5 3.57388 0.99151-1.91177i
-4 3.52620 0.98405- 1.86641 i
-3 342721 0.96453- 1.77530 i
-2 3.16396 0.89512- 155249
-1 2.02988 0.50000- 0.86603 i
2 2.82812 1.21508- 1.307141
3 3.33174 1.05818- 1.69128i
4 3.48666 1.02317- 1.82953i
5 3.55382 1.01144- 1.89257i

Table 1: Hyperbolic volume of the complement of the twist kif6§ coincides with the largest value of IRy,. Given
are values ok, which give the hyperbolic volume V&€ \ K) by eq. Z3IL) or[ZJ). Knot K- is the
left-hand trefoil, which is not hyperbolic.

Imz

TN

o8,

.0.25 -0.2 -0.15 -0.1 -0.05 Rez

Figure 2: Zeros of the polynomial¥y(2) for k = 5(e), 10(¢), 30(e), 50(e). We only plot zero points in the upper half
plane.

In a limit p — oo, we may read fi from both the above table and a numerical computation that
X0 — 1-2i(see Fig[R). It is known geometrically that in the limit|pf — oo the hyperbolic
volume of the twist knofX, is that of the Whitehead link [19] (Fig] 3), which coincidegwthe

hyperbolic volume of the regular ideal octahedrod(d = 3.663862376708876Q6.. Applying
11



o

Figure 3: Whitehead link

identities
Vp(2i) = (1)’ 2p+1-2pi)
(2.32)
V_p(-20) = (-1)° (-2p+ 1+ 2pi)

for p > 0, which result from the Chu—Vandermonde identity, to eg31) and [Z:3), we may
obtain formulae for the Bloch—Wigner function;

4D(j) = 3D(2i) + i ((k+ i + 4)2) (2.33)

k=0

_3D2i) - Z (-2 )) @)

In fact these identities follow from the pentagon identigspecially an identityD(z%) =
2(D(@-D(z+1))".
3. Torus Knor

We apply above story to the colored Jones polynomial forahgstknot/ 5.1 (we study a case
of p> 0. See FigurEl4); we reveal a relationship between the Araohjal and theH-function.

(60 (£

Figure 4: Torus knotsj, 2p.1 With p > 0 are depicted. From left to righp,= 1 (right-hand trefoil) o = 2 (Solomon’s
seal knot), ang = 3.

We first recall theg-hypergeometric expression of the colored Jones polyrdoridhe torus
knot.

*Anatol N. Kirillov kindly pointed out this fact.
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Proposition 7 ( [10]). The N-colored Jones polynomiak(N) for the torus knotk" = 75 p.1 IS
written as

= 1-N 1+N
J’i'z,zp+1(N) = qp(l_Nz) Z q(p—l)sp(sp+1) (g )(sa)(q )sp
Sp

Sp2 2525120

p-1
X (n g —(@se+Ds [S‘;L) (3.1)

i=1
Here the colored Jones polynomial is normalized to hg.e(N) = 1

Applying eq. [Z#) to above expression, we easily obtairHHenction for the torus knot.

Proposition 8. The asymptotic behavior of the N-colored Jones polynoroiattfe torus knot
T 2.2p+1 IS Written in an integral form in a limit N— oo as

3 (N) ~ f f dxg - - dxp_lexp( L C rr12)) (3.2)
where m is defined by efC4), and

p-1
H7 s (0. - . Xp1, 1) = =P (log())” + " (log (x/%0))?
i=1

p-1 2
+ Liz(nF) + Liz(1/F) = Liz(0/MP) — Liz( Xo) + ) Liz(/%.1) = p% (3:3)
i=0

The theorem for the torus knots is as follows.

Theorem 9. The H-function3.3) is the potential function for the torus kn®% ,,,1 under a con-
straint (L54) and it gives the A-polynomial for the torus kift,p.1 by eliminatingx with a help
of a condition(T.50)

Proof. A set of equation[{115) gives

1-n? X
5 (Xo—— - L, (3.4a)
p-1
onp—Z (1 - rr12x0) (1 — —) (1 - —) [ X ) (3.4b)
i=1
xiz(l—E):xoz(l— )q) fori=1,2,...,p-1 (3.40)
K K+1
In this case we have L [ ryfe2
+ +
TP (1+ () (3:5)
and we see that
X« = %o Cpk(X0) (3.6)

13



whereCy is recursively solved as

1-m?x) (nm? — X
st = (1- ST DO e 3.7)
P (Cy(X) - - - Cu(X))
1
Co(X) = "
Then the algebraic equation féandm may reduce to
Cp(x) =1 (3.8)
wherexg is solved in eq.[{315). In this case we have
_(@A-0H@-n7)
1=Colo) = —

and we obtain an unwanted solutiés- 1 orm? = 1. This suggests that a solution of eds.](3.4) is
rather given by

X =0, X ==x1, fori>0
This gives an algebraic equation as
Az (€M) = 14 £+ (3.9)
which is the A-polynomial for the torus kn@t 2.1 [2, 15]. O

We note that an exact asymptotic expansioN i oo of theN-colored Jones polynomial for the
torus knot7; with q being theN-th root of unity,q = exp(27i/N), was studied in Refs. 12,14, 29
(see also Refs. 11, 13), and the invariant was identified thighEichler integral of the modular
form with half-integral weight 12 which is related to the character of the Virasoro minimateio
M(s,1).

We shall restate our theorems for the trefoik in more detail. ThéN-colored Jones polynomial
for the right-hand trefoil was computed explicitly also iefR 9,17, and collecting these results
we have

Irps(N) = g™ i a "™ (@), (3.10a)
— i q—n(n+2) (ql—N)n (ql+N)n (3.10b)

n=0
qt NZZ (@) (@M)n (3.10)

(Dn

All these infinite sums reduce into finite sums duedqb), = 0 fork > N > 0. Note that thoseg-
hypergeometric type expressions are respectively frors.R€f 17, eq[{211) witlp = 1 replacing

gby g, and eq.[[311) withp = 1.
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By use of eq.[[Z]4) we obtain thé-functions from three expressiois(3.10) as follows;

Ha(x ) = —(logx) (log(n?)) + Liz(%) - Liz(%) (3.11a)
Hp(x, n?) = — (log X)* + Liz(é) + Liy(m?) - Liz(%) — Liy(n? x) (3.11b)

2

Ho(x, mP) = — (log(m?))” + Liz(é) + Lip(m?) - Liz(%) — Lip(mPx) + Lig(x) — % (3.11c)

A set of equationd(]15) is solved as follows;
(a) We have from eq[{31lla)
~1+n? iy m — X
(m? — X) X nt
from which we havex = (1 — m?) m?. We thus obtain an algebraic equatié/, m) = 0,
with

A, m) =1+ ¢nP (3.12)

This is the A-polynomial for the (right-hand) trefolil [2].
(b) Substituting eq[{3.11b) for eqE_{lL.5), we get
—1+mzx_€ (M -x)A-nmfx) _
e — X e x2

This givesx = 1;]2@2 and an equation afandmis written as

(€ +n?) (1 + £nP) _o
me(l+¢mR)3

1

which suggests ed {3112).
(c) We have
1-mPx _, (M —-x)(1-nmfx)
m(m2—x) m2 (1 - X) B
which givesx = ﬁ% and
1-0@+emP) 0
(1+fm)(1-Cmf)
We may assumé # 1, and we obtain the A-polynomidl(3]12).

1

To conclude, all threél-functions given from an asymptotics of three expressiBoEY), give the
A-polynomial for the trefoil with constraint§(1.5).
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